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PKEFAOE. 

I HAVE here attempted to do for Determinants what has 
been already often enough done for various other branches 
of Mathematics, viz. to produce a text-book containing 
a full exposition of the theory in a form suitable for 
students, and having at intervals graduated collections of 
exercises to test the reader's progress and to prepare him 
for the succeeding stage of the subject. 

The First Chapter refers to determinants of the second, 
third, and fourth orders, but only by way of introduction 
to what follows, and is written in the simplest possible 
style. The reader who has already some acquaintance 
with general algebraical reasoning may pass it over. 

The Second Chapter treats of determinants in general 
and gives in one form or another all their important 
properties. At first, in the demonstrations recurrence is 
made to the definition oftener than is necessary for the 
purpose of mere proof, in order that thereby the reader 
may become thoroughly familiarized with the definition 
itself, which of course really contains the whole matter. 



vi PREFACE. 

For a similar reason the properties given towards the 
commencement are somewhat spread oat and dwelt upon. 
Afterwards, the style becomes gradually more condensed 
to suit the advancing stage of the reader's knowledge. 

The Third Chapter deals with those special forms of 
determinants which most commonly occur in Analysis — 
Continuants, Alternants, the various forms of Symmetric 
Determinants, Skew Determinants and Pfaffians, Com- 
pound Determinants, and the different kinds of Deter- 
minants whose elements are Differential Coefficients of a 
set of Functions. 

The Fourth Chapter contains a summary of the History 
of the subject, together with a short list of previously 
published writings likely to be of use to the student. 

I have only further to say that the book was begun 
to be printed in the spring of 1879, but was delayed in 
order that a list of all published writings on determin- 
ants might be appended. This list when completed was 
found to be much too lengthy to appear in such a con- 
nection, and has already been published elsewhere. 

T. M. 



Bkechcroft, Bishopton, N.B. 
24th Dec. 1881. 
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CHAPTER I. 

INTRODUCTION. 

§ 1. If a particular form of algebraical expression be 
lengthy and of frequent occurrence, it becomes desirable 
to introduce a suggestive name and symbol for it ; and if 
the form be one of a family, it is also desirable that the 
names and symbols of all of them should indicate this 
relationship. Such a nomenclature and notation are ad- 
il- vantageous, not merely from the convenience thereby 
^ afforded in speaking and writing, but as helps to the 
actual discovery of the properties of the forms in ques- 
tion. 

Tlie following — with which the learner is probably already familiar — may be 
taken as an instance of this. Early in the histoiy of the science, it being a 
common requirement to make use of the product resulting from the multipli- 
cation of a number by itself, this product was named the power of the number, 
and was symbolized in various ways ; also the product resulting from the multi- 
plication of the * power ' (as thus understood) of a number by the number itself, 
was caUed the CUBE of the number, and was variously expressed by means of a 
sjrmbol ; and similarly with other such products. Then, in the latter half of the 
sixteenth century, the fact that these products were members of a family was 
recognized in the nomenclature by calling them all powers, and distinguishing 
them as second power, third power, &c. ; and in the next century there came 
into use a like improvement in notation, the second power of a, third power of a, 
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&c., being denoted by a\ 'a\ . . . Thence arose the subsidiary terms exponent 
and hasej and thus the known truths regarding powers became easily expressible 
either in words or symbols, and the way was opened to the generalization of 
these truths, and to the suggestion and discovery of others. 

§ 2. The expression 

aeh + dhc + ghf - gee - dhk - ahf 

is an instance of a form which often occurs, and it is one of 
those with which the present text-book is especially con- 
cerned. It is seen to consist of six terms, and it involves, 
or is a function of, nine quantities — 

a, 6, c, d, e, /, gr, h, k, 

« 

these letters being taken in threes, in accordance with some 
law, to form the terms. The expression 

is another of the same kind. It is formed from the quan- 
tities 

^1' Vv ^v ^2» ^2* ^2» ^8' y^y ^3 

exactly as the other is formed from a,b,c, . . . , x^ occurring 
in it wherever a occurs in the other, and so of y^, 2^^ . . . . ; 
in other words, the second expression is the same function 
of x^y y^^ ^1, . . . as the first expression is of a, 6, c, ... . 

§ 3. Now it has been agreed to employ for expressions of 
this kind a special notation. In accordance with this the 
first of the expressions above is denoted by 

a b c 
d e f 
g h k 
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and consequently the second by 



X, 



Vi 



^a 2^3 ^2 1 



X„ 



y. 



the nine letters being written in a certain order in three 
rows of three letters each, and bounded on the left by an 
upright line and on the right by another. Also it has been 
agreed that each expression when written in this form shall 
be called a determinant. 

The comparative shortness of this notation is at once 
evident; the appropriateness of it and its advantages will 
afterwards appear. The origin of^the name will also be 
given in its proper place. f 



§ 4. Comparing the form ^ 


X 




< b 


c 






1 


with the form 


a '\^ 


K 



aek + dhc + gbf - gee - dbk - ahf, 

we see that the first term aek is got by taking the letters 
which occupy the line from the left-han.d top corner of the 
square to the right-hand bottom corner ; that the letters of 
the second term dhc are those in a lower line parallel to this 
diagonal, supplemented by the letter at the right-hand top 
comer ; that the letters of the third term gbf are those in a 
higher line parallel to the same diagonal, supplemented by 
the letter at the left-hand bottom corner ; and that the next 
three terms, which are negative, are formed in a perfectly 
similar way, beginning with the other diagonal of the square. 
If a line be drawn through each triad of letters forming a 
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term, we have the following diagrams, which may assist the 
learner's memory, viz., for the positive terms : — 



Ist term, 
2nd term, 
3rd term. 



X 









\it. 



and for the negative terms— 



i 






3rd term, ^ 



2nd term, 
Ist term, 



>' 



^ 









/ / 



Exercises. Set I. 



Write the following algebraical expreasions in the tutud notation :- 



1. 


c 


dT 


e 


v\K 


/ 
k 


9 
I 


h 
m 


4. 


a 


h 


-c 




d 


-e 


f 




9 


h 


-k 


7. 


X 





y 


I 





X 


y 



c &- 

I 

k ' 



2. 



6. 



-X 



y 



8. 



X y z 

V w u 

t r 8 

a -2a h 

36 - c 4d 

2c M - 46 

X -22 -y^ 

-y -2x 2* 

-z 2y -7? 






3. 



6. 



9. 



Oi Oj Oj 

6i 62 63 

C\ C2 Cg 

a h c 

e f 

9 h 

-a -b -c 

-6 -c -a 

-c -a -6 



Find the single numbers to which the follovring determinants are equivalent : — 



10. 



1 
2 
3 



2 3 

3 4 

4 5 



11. 



1 4 h 
i i i 
h i I 



12. 



4 5 
1 2 
6 -4 



2 
3 
5 
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13. 



1-11 


14. 


4 -1 -2 


15. 


4-3 




3 




3 2-5 




3 -.7 4 


. 



-1 -1 1 

-3 1 -4 
2 -3 -5 



Write the following expressions in determinant form: — 

16. b^ + eid + heg - hfd - ecj - big, 

17. wiiWafj - THiWjrj + tn^n^ri - m^niV^ + mgiixf^ - man^fi. 

Find the valaes of a; in the following equations : — 



18. 



a; -4 1 

-6 3 -2 

a; 2 1 

20. 











19. 


1 


1 1 


-0. 






a 


X c 






t 


b 


b X 


X 


a 


a 




b b 


X 


* 


a 


X 


a 


+ 


b X 


b 


= 0. 


a 


a 


X 




X b 


b 





0. 



21. Find the expression in the ordinary notation which is the eqidvalent of 

2c a + b + c a + b + c 

a + b + c 2a a + b + c 

a + 6 + c a + 6 + c 26 

§ 5. The expression 

aek + dhc + ghf - gee - dbk - ahf 

is an instance of only one of a family of forms to all of 
which the name determinant is applied, and for all of which 
the mode of notation which has been given above is 
employed. A simpler form is that in which the terms are 
products of two factors, e.g,, 

ad - be, x^y^ - x^^, .... 
which are denoted by 



a 
e 



b 
d 



OJ, 



x„ 



Vi y. 



« • • • 



The more complicated forms are those in which the terms 



6 THEORY OF DETERMINANTS. chap. i. 

are products of four factors, products of five factors, and so 
on. The chamcteristics which the various forms possess in 
common will soon be fully referred to. 

§ 6. The quantities which in the determinant notation 
stand unconnected in lines, and which are taken as factors 
to form the terms of the determinant, are called the 
ELEMENTS of the determinant: thus the elements of the 
determinant 

2a + 3b 6 4 

1 -3 

-8 5 a-b 

are 2a + 36, 6, 4, 0, 1,-3,-8, 5, a-b. The elements 
standing in any line from left to right constitute a row of 
the determinant; those standing in any line from top to 
bottom constitute a column of the determinant. The rows 
are numbered first, second, etc., beginning at the top, and 
similarly with the columns beginning on the left. Thus, 
in the determinant just given, the second row has the 
elements 0, 1,-3, and the third column has the elements 
4,-3, a-b. In like manner the elements of a row are 
numbered first, second, etc., beginning on the left, and 
similarly with the elements of a column beginning at the 
top. From the appearance which a determinant presents, 
we are also led to speak of it as having two DLA.GONALS, 
which are called principal and secondary, the elements 
standing in a line from the left-hand top corner to the 
right-hand bottom corner constituting the principal dia- 
gonal. 

When the determinant has four, that is 2x2, elements, 
it is said to be of the second order or degree ; when it has 
nine, that is 3 x 3, it is said to be of the third order or 
degree, and so on. 
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§ 7. In order to be able to derive the full benefit obtain- 
able from the introduction of the notation of determinants, 
it is necessary first of all to become acquainted with their 
properties, and to learn how to perform with them, when 
possible, the various operations that fall to be performed 
with algebraical expressions of every kind. 

§ 8. As an example of the properties of determinants, we 
may for the present take tho following, and establish its 
truth for determinants of the second and third orders. . 

If each element of a row of a determinant be multiplied 
by the same number, the determinant ia thereby so mul- 
tiplied. 

Taking the determinant 

6 



a 



and the determinant 



c d 



ma mb 
c d 



we know that the former equals 

ad - be, 



and the latter 



so that 



mad - mbcy 



ma 


mb 


= m 


a 


b 


c 


d 




c 


d 



Now, taking the determinant 



»I 


% 


"3 


h 


h 


h 


h 


^2 


"» 



8 
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and the determinant 



ma. 



7na„ 



ma. 



got from the former by multiplying each element of the first 
row by m, we know that the first determinant equals 



and the second 

i.e.. m («i6/g + b^c^a^ + c^ctjb^ - c^fe^aj - 
so that 






T/ia^ TTia^ mttj 



= m 



a. 



«2 «3 



And what has thus been shown to be true in the case of 
the multiplication of the elements of the first row can in the 
same way be shown to hold in the other cases. 

Another law which we may examine in like fashion is 
the following : — 

If a determinant be formed whose cohimns are in order 
the rows of another determinant^ the two determinants will 
be equal. 

This is at once evident for determinants of the second 
order. 

For the case of the third order, consider the determinant 

a b c 
d e f 
g h k 
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/ 



which we know equals 

aek + dhc + gbf - gee - dbk - cJif. 
When the rows are changed in order into columns, we have 



a d 


9 


b 6 


h 


c f 


k 



and this in the ordinary notation is 

aek + bfg + cdh - ceg - bdk - afh, 
whence evidently 



a b c 




a d g 


d e f 


^ 


b e h 


g h k 




c f k 



Exercises. Set II. 

1. Find what relation exists between the two algebraical expressions 



a 


b 


c 




a 


h 


c 


d 


e 


f 




9 


h 


k 


9 


h 


k 


i 


d 


e 


f 



2. Find how the expressions 



a 


b 


c 




d 


e 


f 




d 


e 


f 




a 


b 


c 




9 


k 


k 


9 


9 


h 


k 


t 



d 


e 


f 


9 


h 


k 


a 


b 


c 



are related to each other. 

3. State the probable theorem regarding determinants, to which the results of 
Ex. 1 and 2 point. 

4. Show that 



0. 



a 


b 


c 


a 


b 


c 


d 


e 


f 
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0, 



5. Without changing from the determinant notation, show that 

a b c 
d e f 
a b c 

by using what has already been proved. 

6. Enunciate the probable theorem of which the identities of Ex. 4 and 5 are 
particular cases. 

7. Show that 
Xi Vi 2i 
x^ Pi Zi 

«8 Pz ^ 





y% 


Zi 


- 


Xj 


2s 




^ 


y^ 


= Xl 






- Vi 






+ 2i 








Pi 


Zs 


aJ« 


Zz 




«8 


yz 




Pi 


z% 




y\ 


2l 




2^1 


h. 


= aci 






- «2 






+ ^ 








Pz 


^ 




Pz 


2» 




y% 


2s 



8. Supply the elements in the following blank determinant-forms of the second 
order : — 





Xi 


yi 


h 










1 






















«8 Vi 


2s 


- 2i 






- 2a 




+ 


88 




• 




Xt Pz 


28 


1 








1 


7 




--052 






+ ^8 




— 


2a 






9. Show that 




1 1 


1 • 


Ol h 




Xi 


yi 


_ 


<h 


&1 




aa 6a 


+ 


(h 


6i 




ai Pi 


Oa &j 




«8 


ys 




«i 


yi 




«8 y? 




aJa 


ys 




Oa 2>a 




„ 


ai 


h 




oi yi 


+ 


yi 


61 




Xi Oi 












a 


ii 


b. 




«8 


ya 




ys 


I 


^a 




aJa 


Oal 



10. Show that 



a + X 
d + p 
g + z 



b 
e 
h 



c 




a 


f 


= 


d 


k 




9 



b 
e 
h 



c 

f 
k 



X 

y 

z 



b 

e 
h 



c 

f 
k 



11. Show that 



a + mc 


b 


6 




a 


b 


c 




a - mb 


b 


c 


d + mf 


e 


f 


- 


d 


t 


f 


- 


d - me 


e 


f 


g + mk 


h 


k 




g 


k 


k 




g - mh 


h 


k 



12. Without changing the first determinant into the ordinary notation, show 

that 

aA X 6B 

cA + dB 



aC + 6D 




a b 




A 


B 


cC +dD 




c d 




C 


D 
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0. 



13. Without passing from the determinant notation, show that 

1 a 6 + c 
1 h c + a 
1 c a + 6 
Write the following expressions in determinant form : — 

14. ayp - myc + xnc - anz + mhz - bxp, 

15. a5iy, - x^i + Xii/i - x^i + Xi^i - x^y^. 

16. dabc - a« - 6» - c«. 

17. acf + 2bed - ccP - V^ - ae». 

Find single determinants of the third order equivalent to the expressions 



18. 



19. 



X 



20. 



X c 

C X 

Oj a^ 

6i 64 

Ci Ci 

a h 
d e 



- a 



a b 
c X 



+ b 



a 



X 



+ Oi 

e f 
y z 



6, 


+ b^ 





"4 


+ C4 


a. 


Ca 




Ci 







&i 



+ %63C4. 



d e 
X y 



b c 

e f 



^ e. 



§ 9. As an instance of how determinants come into use in 
Algebra, there may be taken the case of the solution of a 
set of simultaneous equations of the first degree. 



If 



and 



a^x + b^y = c^ , . . , (1) 



then we have 






Hence, by addition, 



{ap^ - ap;) X = bf^ - \c^, 
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then, using 






X = 



and, similarly, y 



Again, if 



y = 




<^^ + \y + cjs ^ d^ 
^8^ + Ky + ^,0=^3 



'3 ' y 









as multipliers, we have 





&. 


Cj 




6, 


K 


c. 








6. 


c. 


a. 






« + 






// 


+ 


c. 






1 


K 


c. 




1 


K 


^'» 




1 


fc. 


c» 




h 


Cl 




&, 


K 


Ci 








^ 


Cl 


- «s 


h 


Cs 


OJ - 


b. 


^, 


y 




Cj 


h 


c. 


»s 






X + 


K 






y 


+ 


^3 




^1 



= 



d 



2 = - d 



= d 



Hence, by addition, we have (Exercises, Set II. 7) 




K 


c. 


K 


c, 


K 


Cl 


K 


c. 


br 


Cl 


h 


"a 



«!. K <^1 



X + 



6, 6j c, 

K K Cj 
^ ^ Cj 



^ + 



Cj 6i Cj 

C, &2 ''a 
Cs ^ C3 



2 = 



d^ h <^^ 
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Now, the second and third determinants in this equation 
are each equal to (Exercises, Set II. 6) ; 



X = 



d, 6, c. 




«i ^ <'i 


d^ b, c. 


• 
• 


«2 h 0, 


rf, 63 c. 




». K % 



In a similar way, or, more shortly, by using the result just 
obtained, we may show that 



y = 



«! ^1 Ci 




«1 \ c, 


«a d^ C, 


• 
• 


a, 6, c. 


«. ^z C, 




^3 ^s c, 



and 



a. 



z = ' a^ 



a„ 



h ^x 




«i \ Ci 


K d. 


• 
m 


«2 K c. 


h d. 




«» ^ c. 



The learner should compare the values of x, y, z just 
found with those of x, y in the case of the preceding set of 
equations, noting that the denominator is always the deter- 
minant whose elements are in order the coefficients of the 
unknown quantities in the given equations, and that the 
numerator of the value of any of the unknown quantities 
differs from the denominator simply in having the right- 
hand members of the equations occupying in order the 
places of the coefficients of the unknown quantity in 
question. 

§ 10. One advantage of these solutions lies in the fact 
that the results obtained are such as can be exceedingly 
easily remembered, so that we are thus enabled to derive 
the benefit usually attached to remembered results, viz., 
of being able to utilize them in the solution of similar 
problems. Thus, if the given set of equations be 
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2x - 3y + = - 1 
4aj + y - 2z = 

and it be required to find the value of y, we have at once 



y = 



3 -5 -4 
2-1 1 

4 0-2 



3 2-4 
2 -3 1 

4 1-2 



6 +0-20-16-20-0 
18-8+ 8 -48+ 8 -3 

-50 



25 



= 2. 



Exercises. Set III. 

Tell immediately the values of x and y whicli satisfy the following pairs of 
equations : — 



1. 



3. 



4aj + 3y = 24 
5a; + 2y = 23 
6x - 4y = 6 
7x - 3p =- 12 
5. - ax + by 
bx - ay 



} 



2. 



3a; + 5y = 17 ) 
2x + 3y - 11 i 



4. 4x - 5y =• 15 
- 3a; + 17y - 2 
6. - 4aj + 7y - 10 
7a; - 4y 



! 

- 10 = I 
+ 1 = 0) 



Find, by means of determinants, the values of x, y, and z which satisfy the 
following sets of equations : — 

7. 3a; - 42/ + 22 = 1 ^ - 8. 3a; + 4y - 52 = - 2 \ 

2x + 'dy -Sz — 1 I- 4a; + 5y - 32 - 11 > 

6x - 5y + 4z = 7 } 5x + 3y - 4z => S ) 

9. 4x - 7y + z = 16 \ 10. 6a; + 8y + 32 = 6 

3a; + y - 22 = 10 J- 5a; + 6^ - 92 =* 1 

) 



) 



5x - &y - 3x ^ 10 



7a; - lOy - Sz 
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11. 5x"4z^ 42\ 
3z + 5y ^ IV 
4y -3x =-10 J 


12 


. 6 _ 2 

« y 

2 . ? 

a; y 


.1 . 

_ 2 _ 
2 




5 _ 1 

X y 


2 


61 


13. Having given 






ctix + biy + Ci- . . . . (1) ^ 






aaaj+6ay + C8 = 0....(2)> 






OjOJ + 6ay + Ca - . . . . (3) J 






show, by solving for x and y in (2) and (3) and substituting the results in (1), 

that 

% 6i Ci 




O^ 62 Cj 


- 0. 








Os 63 Cs 









§11. Knowing that by definition 

a b 
c d 



= ad - be, 



and that 



a b c 
d e f 
g h k 



= aek + dhc + gbf - gee - dbk - ahf, 



we are now naturally led to inquire what the general defi- 
nition of a determinant is, and what, in accordance with 
this definition, is the expression of the fourth degree de- 
noted by 



a 



b 


c 


d 


f 


9 


h 


t 

3 


k 


I 


n 





P 



It is evident that the definition must inform us on two 
points, viz., first, how the terms are got from the elements ot 
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the determinant ; and, second, how the signs of the terms 
are fixed. 

§ 12. The law of the composition of the terms of a deter- 
minant is that in everj^ term there shall be present as a 
factor one, and only one, element from each row of the 
determinant, these being so chosen that there shall also be 
only one from each column ; and every product composed of 
elements in accordance with this law is a term of the deter- 
minant. Thus, in the case of the above determinant of the 
fourth order, 

bipg 

must be a term, for there is in it from the first column i, 
from the second fe, from the third g, from the fourth p; and 
from the first row fe, from the second gr, from the third i, 
from the fourth p; that is, one and only one from each row 
and column. Also, we have clearly an example in the 
elements of the principal diagonal, which constitute a term 
known as the principal diagonal term. 

§ 13. Having got one term of a given determinant, it is 
easy, as will now be seen, to find others by means of it, and 
in this way ultimately to arrive at them alL -Let us con- 
sider the deterrainant,of the fourth degree 



a 


h 


c 


d 


e 


f 





h 


• 


• 


k 


I 


m 


n 





V 



and begin with the diagonal term 

afhp. 



(1) 
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Taking af to be part of another term, and seeking to find 
other two elements to complete it, we at once see that we 
cannot get them from the first or second row, nor from the 
first or second column ; that is to say, our choice is restricted 
as shown by the deletions in the diagram 

"4 — -^— e^ — ^ 

i J k I 

I "^i 
I I 

in n o p 

Now, having already taken kp along with af, it is clear 
that there only remains ol to be taken; thus we have 
the term 



afol, 



(2) 



and know likewise that there can be no other term with the 
elements a,/ occurring in it. Proceeding in the same way, 
we now take ao to be part of another term which we wish 
to complete, and, looking back to the determinant, we see 
that a being in the first row and first column, and o in 
the fourth row and third column, these rows and columns 
must be left out of our choice. Deleting as before, we 
therefore have 

h 
I 

--Pi, 



i» — -n 





Ik 



—0. 



whence it is evident that, besides the term afol, only one 
other can contain the elements a, o, viz.. 



ajoh. 



(3) 



B 
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Again, retaining a, y, two of the elements of the term last 
found, our determinant, with deletions, is 



■ 

■-4 — h — 

^ / 

: : 

• m 

i I 



-e — d- 

9 h 

■^ — I- 

p 



and, as before, it is clear that, besides the term ajoh, there 
is only one other containing the elements a,j, viz., the term 



mp- 



W 



Similarly, retaining the elements a, g of this term, we 
obtain another term, 

angl, (5) 

and, retaining the part an of this, we arrive at the other 
term containing this part, viz., 



ankh. 



(6) 



If now, in continuing our process, we still select a as one 
of the elements to be retained, we shall find that no new 
tera^ is to be got from any of the above six, and that indeed 
no other term of the determinant contains a. But, retaining 
two elements other than a, say n, k, we find the new term 

enkd, 

and proceeding as before, we readily obtain all the other 
terms containing e. Then we should pass to the terms 
containing i, and from these to the terms containing vi; 
and this would complete the work, for by the definition 
every term must contain one of the four a, e, i, m. 
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Exercises. Set IV. 

In the above determinant of the fourth degree, mbkh is a term; find— 

1. the other terms involving m ; 

2. the other terms involving 6; 

3. the other terms involving k; 

4. the other terms involving K 

5. From the term mbkh derive any term involving n, and thence all the 
other terms involving n, 

6. Similarly find all the terms involving o. 

7. Similarly find all the terms involving p. 

In the determinant 



aji 


Vi 


Zl 


Vl 


V>i 


«i 


Vi 


2a 


Va 


Wa 


«8 


Vi 


«3 


v» 


Ws 


X^ 


Pi 


24 


Vi 


Wi 


Xi 


ys 


25 


Vi 


Ws 



find- 



8. the terms containing x^Wi ; 

9. the terms containing ytiOsi 
10. the terms containing os^t'i. 



§ 14. We come now to consider the fixing of the signs of 
the terms. Taking as an example the case of the term 

bipg, 

mentioned in § 12, we proceed as follows. Finding the 
numbers of the rows from which the elements b, i, p, g are 
taken, and also the numbers of the columns, we note them 
down in separate lines in the order in which the elements 
occur, the result being 



1, 3, 4, 2, ) 

2, 1, 4, 3. ) 



Now, looking at the first of these lines, and contrasting the 
order in which the numbers come with the natural order 
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1, 2, 3, 4, we observe that 3 precedes 2 instead of following 
it, and that there is only one other such inversion (as it is 
called) in the line, viz., that in which the 4 and 2 are con- 
cerned. Noting this, we proceed to the other set of numbers, 
and find that the number of inversions of order in it is also 
two. The total number of inversions in the two sets is 
therefore four, and it is this number which fixes whether 
the term bipg is positive or negative, the sign-factor being 
(-1)*. Had the number of inversions of order been five, the 
sign-factor would have been (-1)", and so on ; in other words, 
the sign is + or - according as the number of inversions of 
order is even or odd. 

The process necessary for fixing the sign of a term is thus 
seen to consist in writing down in order the numbers speci- 
fying the rows from which the elements in the term are 
taken, and in another line the numbers specifying the 
columns, and counting how many instances there are in 
each line of a number preceding another which it would 
follow if the numbers were in their natural order, the sign- 
factor of the term being (-1)" if n be the total number of 
such instances. 

This process may be shortened if we first arrange the 
elements of the term so that the element which comes from 
the first row is placed first, the element from the second row 
placed second, and so on ; because then the number of inver- 
sions of order in the first of the two series will be 0, and we 
shall have only to count the number of inversions in the 
second series. Thus, writing the term above considered in 

the form 

bgip, 

the numbers indicating the rows and columns are 

1, 2, 3, 4, 

2, 3, 1, 4, 



SEC. 15. INTRODUCTION. 21 

so that the number of inversions of order is 

+ 2, 
and we have the sign + as before. 

§ 15. If we now take the terms of the above determinant 
of the fourth degree in the order in which they are found 
in § 13, we see at once that afkp is positive — indeed it is 
evident that the sign of the principal diagonal term must in 
every case be positive — that the next term afol is negative, 
the next ajoh positive, the next ajgTp negative, and so on. 
It would thus appear that, beginning with the principal 
diagonal term, we may with ease deduce from it aU the 
other terms, each of them with its proper sign. The prin- 
cipal diagonal term is on this account also called the leading 
term of the determinant. 

Example. — Find the number of inversions of order in the series 

7, 8, 4, 1, 3, 2, 9, 6, 5. 

Taking 7 along with each of the numbers which follow it, we have the couplets 
(7, 8), (7. 4), (7, 1), (7, 3), (7, 2), (7, 9), (7, 6), (7, 5), 

and of these it is evident that six are instances of inversion of order ; taking 8 
along with each of the numbers which follow it, we obtain other six inversions ; 
and proceeding in like manner with 4 and the other numbers of the series, we 
find that the total number of inversions 

= 6 + 6 + 3 + + 1 + 0+2 + 1, 
-19. 

Exercises. Set V. 

1. Count the number of inversions of order in 

3, 6, 4, 1, 5, 2; 

7, 1, 6, 5, 3, 4. 2; 

3. 2, 9, 4, 1, 6, 7; 

4, 8, 6, 7, 2. 5. 3; 

7, 8, 3, 2, 1, 4, 6, 6; 
3, 1, 9, 8, 2, 6, 5, 7, 4. 



22 



THEORY OF DETERMINANTS. 



CHAP. I. 



2. Tell the signs of the terms 

ingdf Igbm, gc^m, nkah 
of the determinant 



a 


e 


% 


m 


b 


f 


• 




n 


c 


9 


k 





d 


h 


I 


P 



S, Find the fall expression for the preceding determinant in the ordinary 
notation. 



4. Tell the signs of the terms 




















af^b^c^-^i, a^^4,dibs» b^e^^d^, bjfi^d^^ 


of the determinant 




Oi Os Os a^ a^ 






&1 &8 b% &4 &5 






Ci C% Cs C4 C5 






di di di di d^ 






€1 €a Ca ^4 ^b 


• 


5. Show that the determinant of Ex. 2 and 3 ahove 




f j n 




b j n 




b f n 




h f j 


= a 


g k 4> 


- e 


c k 


9 

+ t 


ego 


-m 


c g k 




hip 




dip 




d h p 




d h l 




f j n 




e i m 




e i in 




e i m 


« a 


g k 


- b 


g k 


+ c 


f J n 


-d 


f j n 




h I p 




h I p 




hip 




g k 


6. Show from the preceding that 




xa e % m 




a e i m 






xb f j n 
xc g k 


= x 


b f j n 
c g k 






xd h I p 




d h I p 


• 


7. Prove that 




a + X e % m 




a e i m 




X e i m 1 




b + p f j n 
c + z g k . 


= 


b f j n 
c g k 


+ 


y f j n I 
z g k \ 




d + w 


h 


I 1 







( 


i 


h 




I P 




w 


h 


1 
I p i 
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iJ 


N'l 


KU. 


uut 




LU 


JM. 




8. Prove that 






















a 


e 


• 

% 


m 




a 


I 


» c 


d 




h 


/ 


• 

J 


n 




€ 


J 


> 

9 


h 




e 


9 


k 







• 




k 


. I 




d 


h 


I 


P 




m 


n 


P 


9. Prove that 








a 


e 


• 


• 














b 
c 


ff 


• 

k 


• 

J 
k 


-0. 












d 


h 


I 


I 






10. Prove that 






















a 


e 


• 


m 




a 


e 


m 


m 

I 




h 


f 


• 

J 


n 




b 


f 


n 


• 

3 




c 


y 


k 







c 


9 





k 




d 


h 


I 


P 




Sf 


h 


' P 


I 
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CHAPTER II. 

DETERMINANTS IN GENERAL. 

§ 16. J. DETERMINANT coTisists of 8uch a number of quan- 
tities 80 situated that they may he viewed as arranged either 
in successive lines {called rows) running froTYi left to right 
and each containing as many quantities as there are lines, 
or in successive lines (called columns) running perpen- 
dicular to the former; and it is used to denote tlie expression 
which consists of all the terms that can be formed by taking 
the product of as many quantities as there are rows — one 
quantity from each row and thereby one from eaxih column, 
the sign preceding any term being determined by uniting 
in succession the numbers of the rows from which the quan- 
tities composing it have come, and in a separate series the 
numbers of the columns, and taking -\- or — Ojccording as 
the total number of inversions of order in these two series is 
even or odd. 

The terms referred to are spoken of as the terms of the 
determinant, and the expression which consists of aU the 
terms is called the expansion or ordinary expansion of the 
determinant. 

The rest of the subsidiary nomenclature has been already fully explained in § 6. 

§ 17. If all the elements of a row or column of a deter- 
minant be zero, so also is the determinant itself. 
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§ 18. The full numher of terms of a determinant of the 
n^ order is 1.2.3 n. 

If in forming any term we be careful to take the elements 
which are to compose it from the rows in order, viz., the 
first element of the term from the first row, the second 
element from the second row, and so on, then the first 
element may be taken from any of the n columns, the 
second element from any of the ti columns except the 
column from which the first element has been taken, the 
third element from any of the n columns except the columns 
which have already been drawn upon, and so on. Hence 
the numbers of the columns from which the elements 
necessary to form a term are taken constitute a permutation 
of the numbers 

« 

1, 2, 3, 4, .... , n, 

and every such permutation gives rise to a term. Therefore 
the number of terms is the same as the number of permuta- 
tions of the first n integers, i.e., 1.2.3. . ..n, 

§ 19. When the elements of a determinant are suflixed 
letters, only one letter being used in each row, and the set of 
suffix numbers for all the rows being the same and in order 
of magnitude, the finding of the expansion of the deter- 
minant is more readily accomplished, both as to the forma- 
tion of the terms and as to the fixing of the signs, than in 
cases where suffixed letters are pot employed. For in the 
symbol denoting an element the letter will indicate the row 
to which the element belongs, and the suffix will indicate 
the column, so that to form a term we have only to write 
all the letters in succession and attach one of the suffixes to 
each, and to fix the sign of the term we have only to count 
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the number of inversions of order in the suffixes as there 
written. Thus, in the case of the determinant 

a, a^ a, 
6, 6, &, 



we write all the permutations of the suffixes, viz.. 



1 
1 
3 
3 
2 
2 



2 
3 
1 
2 
3 
1 



3 
2 
2 
1 
1 
3, 



and taking each peimutation along with the letters a, b, c, 
we have at once the expansion 



§ 20. It is also possible in the case of such determinants 
to use an abridged notation. One form of this consists in 
writing one of the terms, viz., the leading term, as a type of 
them all, prefixing to it the symbol ± to indicate the varia- 
bility of the signs, enclosing this in brackets, and before all 
placing the symbol of summation 2. Thus the determinant 



«! 


a, 


«. 


\ 


h 


K 


Cl 


^2 


«. 



is denoted by 



2(±«Ac.) 
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Equally efficient notations are 

which do not, like the other, aim at a partial definition, but 
are meant merely as suggestive contractions for the longer 
form, or for the determiTiant of which the first row consists 
of a's, the second row of Vs, the third row of c's, and of 
which the elements in the first column have the suffix 1, 
those in the second column tite suffix 2, and tjtose in the 
third column the suffix 3. A fourth but less distinctive 
form than these is also in use when no ambiguity is likely 
to result, viz., for the case of the same determinant 

The learner should accustom himself to the use of these 
shorter forms, and especially to pass mentally from them 
with ease to the standard notation. Thus, to take another 
instance, 

I^(«'o2/A^6)> 2(±aJ,2/a2^,'w;J, or \x^y^^w, 
should readily suggest 



a'. 


X, 


a'^ 


^» 


Vo 


y. 


y. 


y. 


«0 


^, 


«4 


«. 


n 


w. 


w. 


«'. 



§ 21. Lemma on inversions of order. — If in a smes 
of integers which are all different any adjacent pair be 
transposed, the number of inversions of order is thereby 
increased or dimi/nished by one. 
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Let the series of integers be 

m, j9, . . . . r, ^, ^, ^, . . . . ti, 8, 
and let /8 and ^ be transposed, so that we have 

7)1, p, . , , , r, (f>, Pf t, . . , . n, 8. 

In counting the number of inversions in the first series, we 
take m along with each of the integers following m, and 
note how many of the couplets thus got are instances of 
inversion of order, then we take p along with the integers 
following p, and so on. Now it is clear that the couplets 
beginning with m are the same for both series, and that 
indeed no difference can occur until we have finished the 
couplets beginning with r. Similarly it is clear that the 
couplets beginning with t are the same for both series, and 
that so also are the couplets beginning with any of the 
integers after t Any difference that may exist is thus 
shown to be confined to the couplets beginning with ^ and 
with <j>. Examining these we finally see that the couplets 
for both series are exactly the same, except that for (^, 0) 
in the first we have (0, ^) in the second. Now if (fi, <f>) be 
an inversion of order, (0, ^8) is not, and vice versd; hence the 
first series has either one inversion more or one less than 
the second. 

§ 22. In a determinant of the n** degree two and not 
more than two terms can have n— 2 elements in common, 
and of such a pair of terms the one is positive and the other 
negative. 

Suppose that in the process of forming a term we have 
taken n-'2 elements out of ti — 2 rows and ti — 2 columns, 
and that the rows which have not been drawn upon are the 
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6^ and p^, and the columns the d}'^ and t^^. To complete 
the term we have only four elements to choose from, viz., 

the element of the 6**^ row and d^ column, \ 
the element of the }fi^ row and t^"^ column, f 
the element of the p^^ row and cZ**^ column, C 
and the element of the p^ row and t^^ column, j 

It is therefore clear that we can have one complete term by 
taking 

the element of the 6*** row and d*** column, 
and the element of the p^^ row and f'^ column ; 

and another by taking 

the element of the U^ row and V''^ column, 
and the element of the _p*^ row and d^"^ column ; 

and that no other selection is possible. 

The sign of the former term is fixed by the number of 
inversions of order in the series 

by P, 

d, t) 

the sign of the latter is similarly dependent on the series 

t, P, 

t, d] 

the portions indicated by the dots being the same for both 
terms. This shows that there is one more inversion in the 
one case than in the other, and consequently the sign of the 
one term is + and of the other — . 
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§ 23. Of the full number of terms of a determinant, 
exactly as many are positive as are negative. 

Suppose the positive terms of the determinant are taken 
and placed in a column, the elements in each term being 
arranged in the order of the rows from which they come, 
and that a line is drawn cutting off the' last two elements in 
each term, thus : — 



hef 
cgh. 



,ah 



xln 



Im, 
pq 



Then we know that the portions to the left of the line are 
all different, because if two terms were alike in this portion, 
the one would be positive and the other negative (§ 22), 
which is not the case. Further, corresponding to each term 
in the column a negative term may be found differing from 
the positive term in the last two elements (§ 22), and all 
these negative terms would be different, for, as we have 
seen, they would all be different even if we looked only at 
the elements preceding the last two in each. There are 
thus at least as many negative terms as positive. In the 
same way we can show that there are as many positive 
teims as negative ; and thus the theorem is established. 

Exercises. Set VI. 



Find directly from the definition the expansion of the determinants — 



1. 



Oi 

&i Os 

Ci &3 Os 

di Ci &8 a^ 



2. 



Oi 6i Ci 

O] 63 Cj 

(2, 

c/s 



3. 



hi 6s &4 65 

c, 

d^ di d^ 

e, e« 
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4. 



X 











y 


6. 


^4 





Cfl 





X 


y 


X 













<h 





Ci 


X 


di 
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X 










<h 





X 














y 


X 







«i 


X 


bi 


62 


h 











y 


X 


• 


X 















6.. Write the terms of | x^iZiW^ | which contain y^tOf 

7. What other term of IVi^^s/^l* besides the secondary diagonal term, 
contains the eJements /qCs^i ? 

8. Find the number of inversions of order in 



n, n-1, n-2, 



3, 2, 1. 



9. What other term of lambnC^^erl besides anbpCmdr^q contains the elements 

bpCtnfq^ 

10. What is the sign-factor of the secondary diagonal term in a determinant 
of the n**» order? 

11. Write the terms of \(ij>^^\ which contain the element 65. 

12. If the integral numbers 

rf, e, /, fif, h, t, j, k 
be * cyclically* transposed so as to become 

*» df «> ft fft K h Jt 
how many more or fewer inversions of order will there be ? 

13. Find how many terms of a determinant of the n^ order contain any 
particular element. 

14. If in a series of integers which are all different any pair be transposed, 
the number of inversions of order is thereby increased or diminished by an odd 
number. 

15. If the sign of a term be determined from one arrangement of the elements 
composing it, show that the same sign would be got from a different arrangement. 



§ 24. Two determinants, which differ only in that the rows 
of the one are in order the columns of the other, are equal. 

Every term of the first determinant must contain one and 
only one element from each row and each column of that 
determinant; therefore it must contain one and only one 
element from each column and each row of the second 
determinant, and therefore it must be a term of that deter- 
minant also. Similarly we can show that every term of 
the second determinant is a term of the first ; therefore the 
terms of the two determinants are alike in magnitude. 
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Now suppose that the first element in any term of the 
first determinant is from the a^ row and a*^ column, the 
second element from the b^ row and jS^^ column, and so on ; 
then the sign of the term is fixed by the number of inver- 
sions in the two series 



Q/f 0, Cf . . . , J 

a, ^, y, . . . . ) 



But the element which is in the a^ row and a*^ column in 
the firat determinant is in the a^ row and a*^ column in 
the second determinant, and so of the other elements. Hence 
the sign of the term in question in the second determinant 
is fixed by the number of inversions in the two series 

a, P, y, . • . , 
c*', 0, c, .... 

And the number of inversions here being the same as before, 
the sign of the term is the same in both determinants. 

Thus the two determinants being shown to be alike both 
in magnitude and sign, the theorem is established. 



§ 25. From this it is evident that any theorem, in the 
statement of which the word row or the words row and 
column occur would also be true if the word column or the 
words column and row respectively were substituted. For 
in proving the former theorem in regard to the determinant 



«1 


a> 


a, . 


. . a„ 
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b, .. 
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we are proving the latter theorem in regard to the deter- 
minant 



«! 


h 


c, . . 


• k 


a. 


h 


c, . . 


• h 


a. 


h 


c, . . 


■ h 


«» 


K 


Cn • . 


. In 



§26. If all the elements of a row of a determinant be 
mvltiplied by the same quantity, the resulting determinant 
equals the product of the original determinant and the said 
quantity. 

Let m be the multiplier referred to. Then, if we form 
any term of the original determinant, and form at the same 
time the corresponding term of the new determinant, no 
difference can possibly occur unless at the row mentioned, 
where the element taken from the new determinant is m 
multiplied by the element taken from the original deter- 
minant. Now since one element and only one must be 
taken from this row or column for the formation of every 
term of the deterininants, it follows that each term of the 
new determinant is m multiplied by the corresponding term 
of the other. Hence the new determinant equals the original 
determinant multiplied by m. 



Examples : — 
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ma 


mb 


mc 




a 


mb 


c 


d 


€ 


/ 


= 


d 


me 


f 


9 


h 


k 




9 


mh 


k, 


a 


mb 


c 




a 


mb 


c 


md 


mH 


mf 


= w 


d 
m 


e 


f 
m 


9 


mh 


k 




9 


mh 


k 
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1 7 

3 21 

4 -28 



■1 

6 



11-1 

3 3 

4 -4 -6 

1 



7x2x3 



-7x2 3 3 
,2 -2 

1 -1 



-1 



-3 



110 
2 -2 -3 , 

7x2x3x(-3 + 2 + 2 + 3), 
168. 



§ 27. If two TOWS of a determinant be identical, tJie deter- 
minant is equal to zero. 

Let the determinant be 



«1 


Ctr. ... a^^ * . t a^ ... It'll 


«1 


a^ • • • aJ^ • • • a^ • • • a^^ 



the two rows which are identical being the h^ and p^^\ 
and, thinking of any term whatever of the determinant, 
suppose that the element taken from the IP^ row to form it 
is aj^ and the element from the p^ row a^, so that the term 
may be represented by 

Aa^ar, 

A standing for the product of all the elements of the term 
except aj^ and ct,.. Then proceeding as in § 22 to find the 
other term which contains A we obtain 

Aa/ij,y 

which equals the former term, but must (§ 22) be of opposite 
sign. Thus the positive and negative terms of the determi- 
nant are equal in magnitude: hence the truth of the theorem. 
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§ 28. If each of the elements of a row of a dete'rminant 
consist of two terms, the determinant may be expressed as 
the sum of two determinantSy tlie first of which is got from 
the original determinant by excluding one term of each of 
the elements in question, and- the second by replacing these 
and eoccluding the other terms. 

If A+B be one of the binomial elements referred to, 
then it is clear that if we fix on any term containing A+B 
in the original determinant, we shall find the corresponding 
term of one of the pair of determinants to differ from this 
term only in having A for -4 + B, and the corresponding 
term of the other determinant to differ from it only in 
having B iov A+ B. That is to say, any term of the 
original determinant being 

{A+B)efh,...y 

the corresponding terms of the pair of determinants are 

Aefk,... and Befh,.,, 

Hence the first determinant equals the sum of the two other 
determinants. 



Examples :— 



and 



a 
h 
c 



a 
d 



A + B h 
C+D k 
E-F I 

h 
e 





a 


A 


h 




a 


B 


h 


= 


b 


C 


k 


+ 


b 


D 


k 




c 


E 


I 




c 


-F 


I 



g + ?b k 



c 




a 


b 


c 




a 


b 


c 


f 


:= 


d 


e 


f 


+ 


d 


e 


f 


l + m 




9 


k 


I 




h 





m 



§ 29. More generallj^, if each of the elements of a row 
consist of n terms, it is evident that the given determinant 
can be partitioned in similar fashion into n determinants. 
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Further, if the elements of one row be ii-termed and the 
elements of another row be TWr-termed, the determinant can 
be partitioned into n determinants, each of which will 
have a row consisting of m-termed elements and each of 
which can therefore be partitioned into 7n determinants, so 
that finally the original determinant can be expressed as 
the sum o{ mxn determinants. 

More generally still, if the elements of the first row 
consist each of m^ terms, the elements of the second row of 
mg terms, and so on, the determinant can be partitioned 
into m^m^Tn^.,.. determinants. 



Example : — 

tti + bi + Ci dx €i -/i 

02+^2 + ^2 d^ ^2~/2 

aa + ftj + Ca d^ ^3-/3 



«! di C1-/1 
flta d^ Ca "/a 
<*s <*8 €3 — /8 



«! di e-i 
Oj d^ €3 



^1 di ei -fi 
62 dg 62-/2 
h di <*«-/» 



«i «^ /i 
(h di fa 

<H ^ h 



h «^ /i 




Ci d^ Ci 




Ci di /i 


h d^ h 


+ 


C2 da €2 


— 


Ca da fa 


\ di /« 




Ci di e^ 




Cz di fi 



Ci di Ci -fi 

Ca (*a ^ ~J7 
Ci di Ci -fi 



bi di Ci 
62 da Ca 
h <h Ci\ 



S- 



§ 30. The identity established in § 28 may be otherwise 
viewed as a theorem for the addition of two or more deter- 
minants which are related to each other in a particular 
way ; that is to say, beginning with the second member of 
the identity, the theorem is : — The sum of any number of 
deterTYiinants which are alike except as regards a particular 
row, the r*^ say, is equal to a determinant which is like eojch 
of the given determvnants eoocept that any element of its 
fth ^Q,^ ^ ^^ g.^^ qJ^ fj^ corresponding elements of all the 
given determinants. 
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Examples :— 



4 


3 


4 


4 


3 4 




5 -12 


3 




4 


3 4 




7 


-1 


3, + 


5 


1 -3 


+ 


3 


8 


aa 


12 





+ 


2 


8 


el 


2 


8 6 




4 


6 




2 


8 6 
















9 


3 4 














- 




























5 


8 6 


1 



-0. 



5 

-12 

3 



3 


8 



4 

6 



I > 



m\aibiCidi\ + nloib^c^eil - \<iih2Ctmdi+nei\ , 



§ 31. If the first element of a row of a determinant be 
i/ncreased by any multiple of the first element of any other 
roiu, the second element of the former row be increased by 
the same multiple of the second element of the latter, and so 
on with all the other elements of the two rows, the n^w deter- 
minant thus obtained is equal to the original one. 

Let the given determinant be 



a 


b 


C 


X 

• 


y 


z 



or A, 



and let the common multiplier be m, so that the new deter- 
minant is 




or A'. 
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On account of the row of binomial elements in A' we have 
(§ 28)- 



A' = 



* ■ 

a 


h c . . . . 


X 


y z . . . . 




a 


b c . . . . 


X 

• • 


y ^ . . . . 



A. 



mx my mz . . . 



X y z 



+ m 



+ mxO, 




(§ 26), 



(§ 27), 



§ 32. If another row of the determinants A, A' in the 
preceding be 



P. q> r, 



• • • • 



it follows that 



a + mx + np b + my + nq c + mz + nr . 



X 



y 



= A', 



and therefore also 



= A; 



80 that from a continued application of the theorem of § 31 
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we have a more general result, viz.; If the elements of any 
row of a determinant be increased by any equi/multiples of 
the corresponding elements of a second row and by any 
equvmultiples of the corresponding elements of a third row, 
and so on, the resulting determinant is equal to the 
original one. 



§ 33. This theorem may be advantageously employed in 
the simplification of determinants, more especially of those 
whose elements are expressed in figures. 

For example, consider the determinant 



14 15 11 
21 22 16 
23 29 17 



Subtracting each element of the third column from the 
corresponding element of the first and second columns we 
have the equivalent determinant 



3 4 11 

5 6 16 

6 12 17 



f 



and this we know (§ 26) is equal to 

3 2 11 

5 3 16 

6 6 17 



Now subtracting each element of the second column from 
the corresponding element of the first column, and multi- 
plying each element of the second column by 5 and sub- 
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tracting the result from the corresponding element of the 
third column we have 

12 1 
2 3 1 
6 -13 

which if we please we may alter similarly into 

12 1 
-1 -1 
6 -13 

the given determinant being thus equal to 

2(13 + 6) i.e., 38. 

Operating on the rows instead of the columns, we might 
have proceeded thus : — 





14 


15 


11 






14 15 


11 






21 22 


16 


= 


7 7 


5 


= 




23 29 


17 




2 7 


1 






= 35 + 8 - 


5 = 


as before. 






Example 1. Show that 






a b c 


d 








bed 
c d a 


a 
b 


^{a + b + c + d){-a + 


b-c + d) 




dab 


c 










a+b+c+d b 


c d 




The given determinant « 


b +c + d+a e 
c+d+a+b d 


d a 
a b 














d + 


a+b + c a 


b c 


) 



1 
5 

2 7 



1 
4 
1 



= 38, 






1 


-1 


1 


1 


c 


d 


a 


1 


d 


a 


b 

1 


1 


a 


b 


c[ 



(§32), 
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1 
1 
1 
1 



1 
1 
1 



1 
1 
1 

Example 2. Show that 



h c 

c d 

d a 

a h 



d 
a 
b 
c 



{a + h + c + d), 



(§ 26), 



b-c+d-a c-d+a-b d-a+b-c 



c 
d 
a 

1 -1 
c d 
d a 
a b 



d 
a 
b 



a 

b 
c 



(a + b + c + d)f 



1 
a 
b 
c 



(a+6 + c + d) {-a + b-c + d). 



1 
1 
1 
1 



a 
b 
c 
d 



a* 






(b-a) {c-a) (c-b) (d-a) (d-b) {d-c), 



without finding the expansion of the detenninant. 

If each element of the first row be subtracted from the corresponding element 
of the second row, it is at once clear that 5 - a is a factor of the determinant, 
and that c-a, c-b, d-a, d-b, d-c are factors follows equally readily in the 
same way. Further we see that, if these factors were multiplied together, the 
first term of the product would be b<^, and that all the other terms would be 
unlike this, so that the coefficient of &c^ in the product is+1. On the other 
hand, looking at the principal diagonal, we see that the coefficient of b(N^ in the 
expansion of the determinant is also + 1. Thus the identity is established. 

Example 3. Show that 







a* 6* 
7* 
V* 



a' 










aa 


6/3 


cy 


oa 





C7 


6/3 


6/3 


C7 





oa 


C7 


6/3 


aa. 






Taking the first determinant and multiplying the elements of its first and second 
rows by a, and the elements of its third and fourth rows by a, we obtain as its 
equivalent 








d^a 


6«a 


<r»a 


1 


a?a. 





7»a 


^a 


aV 


6«a 


ya 





a*a 




.(?a 


^a 


a^a 
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and dividing the elements of the first and second columns of this new deter- 
minant by a, and the elements of the third and fourth by a, we thus have the 
original determinant equal to 









aoL 


fta 


c« 










aa y" ^ 










6« V oa 










c^ ^ aa 


• 




; in exactly similar fashion we find it 











aaj3 


6*^ c^/S 







aa 


6/3 c« 


1 


aab 





y& /S^6 




oa 





7* 6/3 


¥^ 


b^^ 


y^ 


aafi 




6/3 


>» 


oa 




<^h 


^h 


aab 




(r« 


6)3 


CM. 







aay 


&i9y cV 







aa 


2»/3 cy 


1 


aac 





Vc ftjSc 




aa 





C7 6/3 


cV 


hpc 


7*c 


aac 




6^ 


C7 


oa 




cV 


fejSy < 


aa7 




«7 


6i3 


aa 



as was required. 

By a further combination of multiplications and divisions the process assumes 
a neater form, thus : —Taking for the rows the multipliers 

a/37, a^» ct/3c, dby, 

respectively, that is, multiplying in all by {ahca^y)\ we have 

aV7 ^^^ <^o.^ 

a^abc ya6c /3*a6c 

6-a/3c ya/3c a^a/3c 

c"a67 ^aby a^aby 

and then all that is required is to divide by {ahcafiyY by operating on the columns 
with the divisors 

a6c, aPy, a6y, a/3c, 
respectively. 

Exercises. Set VII. 

Find the simplest forms of the following numerical expressions :— 
1. 



15 


17 


16 


2. 


15 


13 


10 


3. 


20 


15 


25 


12 


18 


14 




12 


17 


10 




17 


12 


22 


19 


17 


13 


• 


16 


11 


19 


• 


19 


20 


16 
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4. 



27 


37 


47 


6. 


22 


29 


27 


6. 


30 


36 


35 


33 


23 


29 




25 


23 


30 




33 


31 


37 


25 


28 


24 


« 


28 


26 


24 


• 


38 


34 


32 



7. "What effect is produced on a determinant of the n^ degree by multiplying 
all its elements by -1? 

8. Find the simplified expansion of the determinant 

a a+3 a+6 



a + 1 
a + 2 



a+4 
a + 6 



9. Show that 



111 
1 1 + x 1 
1 1 1+y 
111 



a + 7 
a + S 

1 
1 
1 

1 + 2 



= xyz. 



10. Find the simplified expansion of 

6i - Ci b^-c^ 2>8 - Cg and of 
Ci-Oi C2-(h <hi-<h 



a+c 
c + b 



2a-b 
2b -c 
2c -a 



b + 2c 
c + 2a 
a+2b 



11. Prove that, if the sum or difference of every pair of corresponding elements 
of two rows cf a determinant be a constant multiple of the corresponding element 
of another row, the determinant is equal to zero. 

12. Express 







«! + 


hi + l 


h 


Os+^i 


+ ^2 (h+h 


+ *i 


1 






61 + 


^2 + ^1 62 + ^ + ^2 2>8 + ^ + i8 


1 






Ci + 


h^ + ki C2 + As + *2 Cg + As + ^s 

111 


1 
1 




in a'simpler form as 


a determinant of the fourth order. 




13. Show that 










<h 


Oo 


(h 


1 


1 1 


1 




bi 


62 


bs 


a^bi 010362 


OiOafta 




Ci 


Ci 


Ci 


k St 


(hfhPi (h(hP% 


OiOaC, 


14. Show that 













<H 


«8 




oil 








bi 


h 


h 


= 


1 <hb-:fii a^i 








Ci 


Ca 


Cz 




1 «i 


»V2 o4>\Cz 


• 
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15. Solve the equation 



Oi + biX Ci di 
0] + h^ Cg d^ 
a^ + b^ Ct di 



0. 



16. Prove that 



a+ c b+d a+ c b+d 

b +d a + c b +d a+ c 

a+ b b + c c +d d + a 

c +d d+a a + b b + c 



-0. 



17. Find the i 


siTTiplified expansion of 






X 


a b c + d 




a 




X 

X 


b c d + a 
c d a + b 


and of 


b 
c 




X 


da b+c 


9 


d 


18. Expre 


BS 









b + c + d a + b c + d 

c + d + a b + c d + a 

d+a + b c + d a+b 

a + b + c d + a b + c 



a^ + OfiX + a>Q Os a^ 
b^ + b-iX + 6o ^ &4 

C^ +CxX + Cq Ct Ci 

in terms arranged according to ascending powers of x, 

19. Prove that, if the sum or difference of every pair of corresponding elements 
of two rows of a determinant be a constant multiple of the sum or difference of 
the corresponding pair of elements of two other rows, the determinant is equal 
to zero. 



20. Show that 






a 


b 


c 




a 





c 


b 




b 


c 





a 




C 


b 


a 








111 

1 c^ b^ 
1 c« a* 
1 6« o2 



21. Express either determinant of the preceding exercise as the product of four 
linear factors. 

22. Prove that a determinant remains substantially the same if the signs of the 
elements be changed in every alternate member of the set of lines consisting of 
either dii^onal and the lines parallel to it, the diagonal itself being one of the 
lines left unaltered. 
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23. Prove that 







\ a b c 


' 







-a 


6 c 






b a c 




b -a c 




> c a b 


?s 


c -a b 




e b a 




c b -a 


• 


Kesolve the following determinants into simple factors : — 


24. 


abed 
bade 
c d a b 




25. 


a; 1 1 1 
1x11 
1 1 a; 1 j 




d c b a 


• 




Ilia;. 


26. 


a a a a 
a b b b 
a b c c 
abed 




27. 


a? ax^ ahi a* 
y" by^ l^ V^ 

2? en? <?Z C* 

w* dv^ dN> d* 


28. Show that 






bed a a^ a^ 




1 a« a« a* 






cda b 62 6* 




1 62 6» 6* 






dab c c^ <^ 




1 c2 c» c* 








abc d d? 




d« 




1 


d« d» d* 


• 



Find a single determinant equivalent to 

29. I ai64Ca | + | 036406 | - | a^b^e^ \ , 

30. I ao6aCj | - | a^biCs \ - \ Oi^c^ \ + \ aib^c^ 



§ 34. If two adjacent rows of a determinant be trans- 
posed, the new determinant differs only in sign from the 
original one. 

Suppose that the rows which change places are the 
m*^ and (m + 1)^^, and that the elements taken from these 
rows towards the formation of a particular term ...eh^rps.,, 
of the original determinant are /8 and r, viz., jS from the 
^th YQj^ ai^^ ^ from lYj^Q (m + iy\ Then ...eh^rps.,. is a 

term of the new determinant as well, for there is in it one 
and only one element from each row of that determinant, 
viz., j8 from the (m + l)*^ t from the m^, and from the 
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other rows exactly the same elements as in the ease of the 
original determinant. Further, ...eAjSrps... contains one 
and only one element from each column of the new deter- 
minant, for the columns in order furnish each the same 
element as did those of the original determinant, the trans- 
position of two rows not aflFecting the number of the column 
to which an element may belong. It follows therefore that 
...ehlSrps.,. is a term of the new determinant. 

For fixing its sign as a term of this determinant we know 
that the series of numbers indicating the columns from 
which the elements come is exactly the same as in the case 
of the original determinant, and that the series indicating 
the rows differs only in that two consecutive numbers have 
changed places. Consequently the difference in the number 
of inversions in the two cases is 1 (§ 21), and therefore the 
sign must be different in the one case from what it is in 
the other. 

Every term of the original determinant being thus shown 
to occur with a diflFerent sign in the new determinant, and 
the number of terms being the same in both cases, it follows 
that the two determinants differ only in sign- 



Examples :- 



and 



a 


h 


c 




a 


b 


c 




b 


a 


c 


d 


e 


f 


= - 


9 


h 


k 


=3 


h 


9 


k 


9 


h 


k 




d 


e 


f 




e 


d 


f 



I (Hh<^^i I = - I <h^sCi<^i I ■= I (h^sCid^ | = - | OiCsbidi 



§ 35. If from a determinant A another determinant A' 
be got as if by making one of the roivs of the former pass 
from its place over p rows, then A = (-1)^ A'. 

The transference may be effected by transposition of the 
row in question with the p rows in succession, beginning 
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with th6 nearest of them. This would occasion p changes 
of sign ; hence the truth of the theorem. 



Examples :— 

abed 
e f g h 
k I m n 
p q r 



(-1)' 



bed 
f ff h 
I m n 
p q r 



a 
e 
k 





- (-ly 



5 


e 


d 


a 


P 


Q. 


r 





f 


9 


h 


e 


I 


m 


n 


k 



and 



-0. 



§ 36. If any two rows of a determinant be transposed^ 
the new determinant differs only in sign from the original 
one. 

Suppose that r rows lie between the two rows, A and B 
say, referred to ; and denote the original determinant by A 
and the other by A'. A' may be got from A by making 
the row A pass over the r rows and thus come alongside of 
the row B, and then making the row B pass over the row A 
and the r rows. By the first operation r changes of sign 
are occasioned and by the second r + 1 changes ; that is, in 
all 2r + l. Hence 

A' = (-ir^'A, 

since the index 2r + 1 is an odd number. 



Example :— 



oifiaCgdiCfi I ■= ~ I (h^c^^i^i I =" I ff4<^ci<^&« 



§ 37. The theorem (§ 27) in regard to the result of the 
identity of two rows of a determinant is usually established 
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by means of the foregoing theorem. The mode of proof, 
which is worth the learner's attention, is as follows : — 

Let the determinant be A. Then, transposing the two 
rows referred to, we get a determinant which is equal to 
-A (§ 36). But this new determinant is exactly the same 
as the original, on account of the identity of the two rows 
transposed. Hence we have 

A = -A, 

so that 2A= 0, 
and .'. A= 0. 

§ 38. If two determinants A, A' of the n'* degree be such 
that the first row of the one is the same as the last row of 
the other, the second row of the one the same as the (n-1)^* 
row of the other, the third row of the- one the same as the 
(n -2y^ row of the other, and so on, then A = (-1)*'*<""''A'. 

The transformation of the one determinant into the other 
may be effected by making the first row of A pass over the 
n-1 other rows, then making what was before this the 
second row pass over 7i-2 rows, next making what was 
formerly the third row pass over 72-3 rows, and so on until 
what was originally the {n-iy^ row is made to pass over 
the one next it, viz. that which originally was the Vi*^. The 
number of changes of sign consequent upon these altera- 
tions is 

(71-1) + (n- 2) + (71-3) +.... + 2 + 1. 

But the sum of this equidifferent progression is 

|7l(7i-l); 
hence the truth of the theorem. 
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Examples :— 








{ tti a^ a^ 04 


di di c?j di '. 


di d^ di di 


\ hi 62 hs hi 
,! Ci Ca C3 C4 


-(-!)*'*-" 


ei ei <■» (*:_ 
6, 4j i, i. 


Ci Ci Ci Ci 

hi h.2 63 6i 


i di ^2 ^3 d^ 




1 

tti a^ (tz (li 1 


fll (l-i (I3 Oi 


1 ^ihiCid^Cs 


- (-1)*"-" 


eid^c^h^a^ 1 - 6irfjC,64a« 1 ; 



and 



a^fcaCarf^f^/j 



ifl _ 2» 

(-1) I /ifat^c^fcjae , = - I fiC^dsCih^a^ 



§ 39. i/ ^tt;o determinants A, A' 0/ ^Ae n'^ degree he such 
fftat tJie first row of the one is when reversed the last row 
of Hie othery the second row of the one when reversed the 
(n - 1)'* row of the other , the third row of the one when 
r&oersed the (n- 2)** row of the other , and so on^ then A = A'. 

The transformation of the one determinant into the other 
may be effected by reversing the order of the rows and then 
in the result reversing the order of the columns. The num- 
ber of changes of sign occasioned by this is (§ 38) 

i.e. n{n-\)\ 

:. A = (-1)"^''-'^A'. 

Now one of the consecutive integers tz, n - 1 must be even, 
and consequently their product must be even : hence 

A = A'. 



Examples :— 



a 


b 


c 




<7 


h k 




d 


e 


f 


«- 


d 


€ / 


- 


9 


h 


k 




a 


h c 





and 
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h 


V 


f 


e 


d 


c 


h 


a 



(iih-iC^di I - I diCsliiti |. 



D 
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§ 40. A detei^minant being given, it ia possible to transfer 
any element to the place occupied by any other, and yet 
have the residting detei^m/mant equal in magnitvAle to the 
original one. 

If the two elements be in the same row it is at once seen 
that the transposition of the columns to which they belong 
effects the change referred to ; and, contrariwise, if the two 
elements be in the same column. 

If the two elements be neither in the same row nor in the 
same column, what is necessary is the transposition of the 
rows they belong to, followed, in the form which results, by 
the transposition of the columns. 

For example, if we wish the element h^ of the determinant \<hP%^^i^i[ to be 
in the fourth row and fifth column, we proceed as fpliows : — 



fli «a ^8 ^4 f't 




(110^0^0^0^ 




cLx a^ Qg a^ cug 


bx h^ h^ 64 65 




di d^ da di d^ 




1 

rfi da dj ^4 dg 


<H <^2 <^s c^ Ci ' = - 


Ci Ci Cs C4 Cft 


- 


Ci C5 Cs Ci Ca ; 


dx d^ dt di cf 5 




&i 6a &8 ^4 65 




61 65 fts 64 h 


ei e^ e, 64 e^ 




ei ej ^ 64 ^ 




ei e^ €t Ci e^ 



The attainment of the end desired is dependent upon the transference of one 
row to the place of another, and, as this may be accomplished in other ways than 
by the transposition of the two rows, there is a corresponding possible variety in 
the form of the results. Thus 

I 0162^8^4^5 I « I Oi 02^364 e« I - - I aiCsdib^e^ [, 

or, transposing cyclically, 

I «! 6263^465 1 - I £^620,64(75 I " I d^eia^bxC^ |. 



Exercises. Set VIIL 

1. Without finding the expansions of the determiDants show that 



a 


6 


C 




h 


9 


k 


d 


6 


f 


«= 


e 


d 


f 


9 


h 


k 




b 


a 


c 
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2. Show that 




















a b e 


d 




a 


c b d 








e f g 


h 




• 

% 


k J I 








i 3 k 


I 




e 


g f h 






m n 


P 




m 


n p \» 


a Show that 










Oi O, Og 


o* 




Ci 


bi (ix di 




6i 6a ft» 


h 




Ci 


h «4 di 




Ci Ct c, 


Ci 




c» 


bs tta ds 




di d^ di 


d. 




Ci 


&s a-i di 


4. Show that 












a h e 


d 




• 

J 











e f g 


h 




f 


e g h 








j 







b 


a c d 








k I m 


n 




I 


k m n 


• 


5. Show that 

















•and 



I OifcjCgrf^ I - I dib^CsOi I , 



Find by cyclical transposition of the rows and columnB of IboCidiCtfi] a deter- 
minant equal to the said determinant and having 

6. dt in the first row and first column ; 

7. ei in the first row and first column ; 

8. Ci in the fifth row and second column ; 

9. fi in the second row and third column. 



Ofi €ti a^ a^ 

bi &a 

Ci Ci 

d-i di di di 



a ■ b c d 

e f g 

h k 

1 



10. Show that 











hi 




<h. 


<h 




di 


di 







Cl 


11. Show that 







h. 









di 


- 


C| 








I 













d 


a 


c 


b 




k 





h 







9 





f 


e 
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12. Show that 



Cs Ce C4 Cg c^ 

<h Oi 

dz ds di d^ di 

&e &2 

Cg Ce C4 ej ej 



a« a, 

&6 &s 

C5 0| Cg C4 Ca 

de (2s (£3 e?4 €?5 

^6 ^ ^8 ^4 ^ft 



13. Transform 



a b 

h c 

c d 

d a 



c d 

d a 

a b 

b € 



BO as to have the principal diagonal composed (1) of the four as, (2) of the four 
6's, (3) of the four c% (4) of the four d's. 



14. Show that 



Ci+Ci C2+C8 Cs+ Ci 



Oi fh <h 
bi bg bf 

Ci Ca Ci 



15. Show that 



Oi + Oj + Og €4 + 08 + a* Og + ai + Oi o^+aj + Oj 

bi + bz+bf 62+63+64 63 + 64 + 61 64 + 61 + 62 

Ci + Ca + Cs Ca + Cj + C4 03 + C4 + Cj C4 + Ci + Ca 

c^i + da + e^ (Za + e^ + ei* ^8 + ^4 + ^1 d4 + di + da 

16. Use the principle employed in § 37 to show that 

a b c d 



di a-^ a^ ai 

61 6a ^8 ^4 

Ci Ca Cs C4 

C^ C^ (^ (^4 



-a 



-6 -c 
-c -/ 'h 
~d -g -% 



17. Similarly show that 



a 

e 
h 





6 
/ 

■ 

t 



3 



9 


t 

■h 



f 
h 


d 





9 
t 

.; 


' 

d 



0. 



9 -c 

-f h 

e -a 



-0. 
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18. If m rows, viz., the ki*^, h^^f . . . , km^t ^ transferred so as to become 
the 1>^, 2^^, • • • 9 ^^i without altering the relative positions of the remaining 
rows, and then n columns, viz., the ki^, k^, • • • * A«^, be similarly transferred, 
the determinant thus obtained is the same as the original or differs from it 
only in sign according as 



^ + ^ + . . ,+hm-im{m + l) + ki + k2 + , . .+i*n-Jn(n + l) 



is even or odd. 



19. Without finding the expansion of the determinant show that ab + bc + ca is 
a factor of 

ah c* c^ 

a^ he a- 

62 62 ac 



Establish the following identities : — 



20. 



21. 



22. 



23. 



24. 



25. 



a + b 


c c 












a 


b + e a 


- iabe. 




b 


b c+a 






a3 + 63 
c 


c c 








a 


62 + c« 

a 

a 




= 4a6c. 




b 




; 






a + b- 


c e 


c 




a 


b c 


a 


b+c-a 


a 


= 


b 


e a 


b 


b 


c + a-6 




c 


a b 


{a + b) 


» ca 


6c 






ca 


(6 + c)2 


ab 


- 2a6c(a + 6 + c)*. 


be 


a6 


(CH 


!•«)« 









a + b'+Jie {n-l)a (?i-l)6 
(n-l)c 6 + c + na (n-l)6 
(7i-l)c {n-l)a c + a + nb 



n(a + 6 + c)'. 



(a + 6)« -c» -c» 
-a» (6 + c)» -aS 
-68 -6» (e + a)3 



-3a6c(a + 6 + c)»2:a26. 
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§ 41. i/ aU the elements of the first row of a determinant 
be zero except the first and it &e 1, the determin/int equals 
the determinant of lower degree got by deleting the first row 
and column. 



Let 



1 

b e f g h , /. , 

c k 

d I 


and 







e f g h . . , . 



k 
I 



be the determinants referred to, and denote them by A and 
A' respectively. 

No terms can exist in A containing any element of the 
first column except the first element. For any term con- 
taining any other element, c say, of the first column must, 
like every other term, contain an element of the first row ; 
and that element cannot be the element 1, for 1 belongs 
to the same column as c; therefore it must be 0, and thus 
the term vanishes. Consequently to form a term of the 
determinant A we must begin with the element 1, and for 
the other elements must take one from every row and 
column except the first row and column ; that is to say, one 
from every row and column of the determinant A'. We 
thus see that the other elements of the term constitute a 
teim of A'; and the element already mentioned being 1, it 
follows that every term of A is a term of A'. 

But further, every term of A' is a term of A. For any 
term of A' contains one and only one element from every 
row and column of A except the first row and column ; so 
that to make it a term of A we only need to annex an 
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element from the first row and column of A; and this 
element being 1, the term is not altered. 

Not only, however, have the two determinants the same 
terms, but the terms which are equal in magnitude are alike 
in sign. Suppose the two series which fix the sign of any 
term in A' to be 



Clf Kf Tf Af . . . « I 

S, fi, a-, y, ....), 



then to find the series which fix the sign of the equal term 
in A, we must prefix the numbers indicating the row and 
column to which the additional element belongs. But these 
numbers being both 1, the number of inversions of order 
remains unchanged. 

§ 42. Reversing the order of the members of the identity 
which has just been established, we may view the theorem 
as aflSirming that without aZtering the value of a detsrviin- 
ant its order may be raised by superposing a zero on every 
column and prefixing a 1 to the row of zeros thus formed 
and an element of any finite magnitude wltatever to each 
of the other rows. Thus 



a 


b 


c 


d 


e 


f 


fj 


h 


k 





1 













1 


ABC 




a 


a 


6 


c 







a b c 




/8 


d 


e 


f 







d e f 




y 


9 


h 


k 







g h h 




1 


D 


E 


F G 











1 












s 





a 


a 


h c 


= 


• • • . 







i8 


d 


e / 











y 


9 


h 


k 
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§ 43. If any element of a determinant A be 1, say the 
element which is in the p** row and q^ column, and tite 
other elements of the same row be 0, then, denoting by A' the 
detei^Ttiinant of lower degree which is got by deleting tJte 
p*'^ rovj and q*'* column, A = (-1)*'*'*A'* 

Passing the p*^ row over the p-1 rows which precede it 
thereby making it the first row, and passing the q^ column 
of the result over the g-1 columns which precede it thereby 
making it the first column, we do not alter the relative 
position of any of the elements outside the original p^ row 
and 5*^ column. There is thus obtained a determinant 
of the form in § 41, differing from A by the multiplier 
(-1)^"^'*"*"\ and such that when the first row and column of 
it are omitted the resulting determinant is still the same 
determinant as would have been got had the p^ row and 
q^ column been deleted before the transfoimation. Hence 

A = (-l)^+'-W, 
= (-1)''^^A'. 

EXAliPLES :— 



a b c 




10 




10 






10 
d e f 




a b c 

d € f 


-{-!)' 


b a c 

e d f 
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a c 
d f 



a 


6 


d 
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c 


c 
h 1 


f 
k 


■={-ip 
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n 








a 
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d 
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*i 
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e 


f 







a 


b 


d ; 










-(-1)*: - 
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k 
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■/ 
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b 
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n 



SEC. 44. DETERMINANTS IN GENERAL. 67 

§ 44. In any determinant the aggregate of the terms 
containing a particular element, say the element of the 
p^^ row and q^* column, may be itself expressed as a deter- 
minant, viz, that obtained from, the original determinant 
by changing into zero all the other elements of the p*^ roiv 
or of the q^^ column ; and if the expi^ession consisting of 
these terms be resolved into two factors, one of ivhich is the 
element in question preceded by the sign (-1)^"^'*, the co-factor 
may be expressed by the determinant of lower order obtained 
when the p^ row and q*'* column of the original deter- 
minant have been deleted. 

Suppose the p^ row to be 

^i gt ^f * • • i ^) Pi d, . , , , ti, J, 

and let /8 be the particular element fixed on. Putting for 
e in this row of the determinant, all the terms containing e 
wiU vanish, and, as none of them can also contain /8, the 
terms containing ^ will remain. Similarly, putting for g, 
we shall get rid of aU the terms that contain g and shall not 
afiect those which contain /8. Thus we see that when we 
have made all the elements of the row except )8, there 
will still be left all the terms containing ^. Moreover, no 
other terms will be left, for every teim originally contained 
one of the elements of the row to which )8 belongs. Hence 
the first theorem is true. 

Secondly, since the determinant we have reached has 
the elements of the p^^ row all zero with the exception of 
one element which is ^, if we change this ^ into 1 and 
place )8 as a multiplier outside the determinant form, we 
know (§ 26) that we get an equivalent expression. But 
then this new determinant, which has been found as the 
CO -factor of ^, has the element of the p^ row and <f^ column 
1 and all the other elements of the p^^ row 0, therefore 
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(§ 43) it is equal to the detenninant of lower order got by 
deleting the row and column in which the element 1 is 
found, provided we annex the sign-factor (-1)*"^^ Hence 
the co-factor of )8 is got by striking out of the original 
determinant the row and column in which ^ occurs and 
prefixing (-!)'+«. 



Example. In the expansion of the determinant 









<h 


«a 


(H 


ai 








bi 


h 


bs b. 








Ci 


Ci 


Cg Ci 








di 


<k 


da di 




the portion whose terms contain the element c^ is equal to 




Oi Oj 


as at 








<h 


Oi ai 


■ 


h h 


h h 




or 




bi 


h 64 







ca 






Cl 


C% Cs Ci 




di di 


ds d^ 








di 


di di 


and therefore is equal to 








• 




tti Oa 


Ot a^ 








«! 


a^ ai 


Cs 


6x b, 



1 




or 


c, 


bi 


2>2 hi 
Ca 1 Ci 


^ 


rfi da 


di di 








di 


di di 


and consequently to 














<h 


Oj 


a* 








Cs 


bi 


62 


b. 












I 


k 


da 


di 








§ 45. A determinant of the n** oi'der is expressible as the 
sum of n determinants, the first of which is obtained by 
changing into zero all the elements of any row or any 
column of the original determinant except the first element, 
the second by changing into zero all the elements of the 
same row or column except the second element, and so on. 
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Let 

Qjf Of Cf (I/f • • • • 

be the specified row of the original determinant, so- that 

a, 0, 0, 0, ... . 
0, 6, 0, 0, ... . 



are the con-esponding rows of the n determinants. Then 
the first of the n determinants equals that portion of the 
original determinant which includes all the terms containing 
a, the second equals that portion which includes all the 
terms containing b, and so on. But these portions make up 
the whole original determinant, for each term of it must 
contain one or other of the letters a,b, c, d, . , , . , and no 
term can contain two of them. Hence the theorem is true. 



Example 


■ 






















«! Oi as a^ 




«1 


(h 


08 


a* 




Ol 


<h 


ai 




6i h h h 


ea 


6i 


h 





64 


+ 


bi 


h 


&» 64 




Ci Ca Ca Ci 




Ci 


Ci 





Ci 




Ci 


Ci 


d 




di d^ d^ di 




di 


di 





d. 




d. 


di 


d^ 




Oi 


<h 





a^ 




Oi 


aj 


a^ 


+ 


hi 


h. 





h 


+ 


h 


hi 


&4 
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Cl 


Ci 


Cs 


Ci 




Ci 


Ci 


Ci 








di 


di 





di 




di 


di 


ds di 



as is also evident from the addition-theorem of § 30. 

§ 46. A determinant of the n** order may be expressed as 
the aggregate of n products obtained by multiplying each 
element of any row by the determinant resulting from the 
deletion of the row and column to which the element belongs, 
the signs of the products being alternately + and -, a/nd 
that of the first product + or - cuxording as the number of 
the row is odd or even. 
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Let the row taken be the p^^, its elements being in order 

Cl/f Of Cf Cif • • • • 

All the tenns of the determinant which involve a may be 
expressed (§ 44) as the product of (-l)^"^^a and the deter- 
minant obtained by deleting the p^ row and first column : 
similarly all the terms involving 6 may be expressed as the 
product of (-1)^^*6 and the deteiminant obtained by deleting 
the jp*^ row and second column, and so on. But the aggregate 
of these terms is equal to the given determinant ; and since 
the sign-factors 

(-ir\ i-ir", (-ir« — 

are alternately + and - 1, and the first of them + 1 or - 1 
according as p is odd or even, the theorem is established. 



Examples :— 

Cti d^ 02 CL^ 
bl 62 ^8 64 
Cx Cj Cjj C4 

di d^ d^ d^ 

and 

{dihczd^e^] " OilftaCjd^ejl - 0,16108(^4651 + Ojl 6168^465! - a^lbiC^d^es +\ ailhiCidiCi] , 

- ail&2<^8^4^5l - hila^Ctdiesl + Cila^^id^esl - dilaih^c^eil + eila^biCtd^l, 

. =- ailfciCjdaeal + bi\aiC2dses\ - c^\<hb%d^ei\ + c?4(oi62C8C8| - e^Xoih^Czdil, 





61 5a 64 




0102^4 




C^X ^ ^4 




<ii a^ a^ 


-fls 


Ci Ca C4 


-6s 


Ci Ca C4 


+ C5 


&1 &a 64 


-ds 


h h h 




di c?a c?4 




d\ c?a d^ 




di d^ d^ 




Ci Ci Ci 



§ 47. The number of terms in a determinant of the second 
order being 2, it follows from § 46 that the number of terms 
in a determinant of the third order is 2x3, that therefore 
the number of terms in a determinant of the fourth order is 
2x3x4, and so generally, as in § 18. Similarly we have 
another proof of the theorem of § 23. 
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§ 48. If the elements on one side of either diagonal of a 
detei^vfiinant he all zero, the determinant con^sts of only 
one term, viz. the term composed of the elements of the said 
diagonal. 



EjCAMPLE:— 



d 

c g 

6 / t 

a e h j 








d 


=» -a 


c g 




b f i 


» -a6 


d 
c g 


• 



abed. 



§ 49. When the elements of a determinant are small 
letters and all different, the co-factor of any element is 
usually denoted by the corresponding capital letter, accom- 
panied by the same suffix if suffixes occur. Thus in the 
determinant 



a 


b 


c 


d 


e 


f 


3 


h 


k 



or 



the co-fact6r of /, which is gb-ah, is denoted by F. In this 
way fF stands for all the terms containing /, and we have 

^ = dD + eE + fF, 
^ cG +fF + kK, 



and, generally. 
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§ 50. Looking upon the determinant \aj)^c^..,l^\y or 
D(aj6jCj...ZJ, as a function of n^ independent variables, viz. 
the elements, we have from the preceding by differentiation 

since all the terms of D which contain a^ are included in 
a^A^ and -4^ is independent of a^. Similarly 



9«j 


A. 


3a, 


A 

-tlj, 4 « . . 


dD 
db. 


Br. 


dD 

96, 


JJaf • a . a 



We have thus a less arbitrary notation for the co-factors of 
the elements than that of § 49, and the identities there 
given may consequently be also put in the form 

dD^.dD^ ^j dD 



* . 



§ 51. The result of § 46 will be easily seen to be of 
paramount importance in reference to the work of sim- 
plifying and expanding determinants, the finding of the 
expansion being made dependent upon the finding of the 
expansions of a number of determinants of the next lower 
order. Evidently also the advantage thus obtained will be 
augmented if by the use of previously established theorems 
we can succeed in changing several of the elements of a row 
of the original determinant into 0, for then the number of 
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the said determinants of the next lower order will be corre- 
spondingly lessened. For example, consider the determinant 



10 


4 


17 


13 


4 


2 


8 


6 


3 


-1 


8 


1 


7 


5 


20 


17 



and denote it by C. Then 



C=10 



2 8 6 




4 17 13 




4 17 13 




4 17 13 


-18 1 


-4 


-18 1 


+ 3 


2 8 6 


-7 


2 8 6 


5 20 17 




5 20 17 




6 20 17 




-18 1 



10 (48) 
124. 



4 (58) 



+ 3 (-4) -7 (16). 



Here we have at once applied the theorem of § 46. 
Again 



(7- 
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4 


1 


1 






2 


1 


1 





2 


























ss 


2 





12 


4 


5 


-I 


12 


4 






-3 





2 


3 








2 













= 2 






1 







-19 


-8 


-19 


12 


-8 


— 2 


-3 


2 


-3 





2 









= -2 



-31 
-3 2 



124. 



Here we diminish each element of the first column by 
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twice the corresponding element of the second column, each 
element of the third column by four times the corresponding 
element of the second column, and each element of the 
fourth column by three times the corresponding element of 
the second column, the result being a determinant with a 
row containing three zero elements, from which by means of 
the theorem of § 46 or of § 41 we pass to a single deter- 
minant of the next lower order; then this determinant is 
treated in similar fashion ; and so on. 

It will be observed that one of the elements of the second 
row of (7 is a measure of each of the other elements of the 
row, and that to this peculiarity is due the possibility of 
transforming (7, as above, into a determinant with a row 
containing three zero elements. The second column pos- 
sesses the same peculiarity, so that we might also proceed 
as follows : — 



C = 



22 





49 


10 





24 


3 


-1 


8 


22 





60 


- 


-2 


17 


2 





8 


- 


-6 


22 



17 




8 


1 


1 


"■" 


22 





22 49 17 
10 24 8 
22 60 22 



= -204 + 88 + 240, 



124. 



Had such not been the case we could first have transformed 
G into a determinant having the peculiarity referred to, e.g,, 
a determinant having one of its elements 1 ; and in this way 
the second mode of procedure can be seen to be always 
possible. 
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Example. Show that 
bi a a a 

a a 0^ a ( Oi-a o^-a Oz-ct o^-a ) . 

a a a h^ 

It is clear (§ 42) that the given determinant is equal to 

11111 
hx a a a 
a &a a a 
(i a a hi a 
a a a &4 

Multiplying each element of the first row of this determinant by a, and sub- 
tracting the result from the corresponding element of each of the other rows, 
we have 

11111 

-a bi-a 

-a b^-a 

-a bi-a 

-a 64-a 

This we know (§ 46) is equal to 



bi-a 
b^-a 
bi-a 
64-a 



+ a 



- a 



1111 
bi-a 
bi-a 
bi-a 

1111 
bi-a 
bi-a 
bi-a 

Here the first two determinants have all their elements on one side of the 
principal diagonal, and the others have each a column with all the elements 
except one, hence we transform the expression into 

bi-a 
{bi-a) (bi-a) {bi-a) (64-a) + a (b^-a) [bi-a) (64-a) + a 



+ a 



- a 



1 


1 


1 


1 


bi-a 

















bi-a 














bi-a 


1 


1 


1 


1 


bi-a 














6j-a 














bi-a 






bi-a 

+ a bi-a 

bi-a 

whence readily comes the result desired. 
E 



+ a 



bi-a 
bi-a 

bi-a 
bi-a 
bi-a 
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In th^ preceding process, the first step, viz. taking an equivalent determinant 
of higher order, is worthy of the learner's attention, as being conducive to 
symmetry in obtaining the result in the particular form wanted. 



Exercises. Set IX. 

Find the single numbers to which the following determinants are equal : — 



1. 



4. 



3 

2 
1 
3 

8 
4 
8 
3 



1 
2 
6 
2 

7 
3 
9 
1 



4 

8 
4 
5 

5 
9 
6 
2 



5 



2 
3 



3 

7 
2 
8 



7 
4 
1 
6 



4 
3 
9 
4 



3 
5 
4 

7 



3. 



2 
7 
3 
1 



1 
4 
3 

7 



3 
5 
6 

7 



4 
9 
2 
5 



10 


5. 


2 




12 




4 


• 



10 8 9 14 

17 15 18 11 

15 19 10 13 

16 17 18 10 



6. 



21 -22 6 14 

12 13 -7 18 

25 14 18 -26 

-7 17 -12 4 



9. 



7. ■ 


3 15 4 2 




7 6 4 13 




13 2 9 4 




2 2 9 2 1 




8 6 13 4 


2 4 


3 14 3 


-4 2 


-3 2 -1 2 


5 -1 


6 2-15 


1 1 


1 -2 -2 -2 


7 -3 


-5142 


3 1 


2-123 



8. 



5 
1 
4 
6 
2 



10. 



12 

16 

10 

7 

11 

24 



-1 
4 
6 

■2 
5 

22 

-4 

-3 

12 

2 

6 



4 
6 

-2 
5 

-1 

14 
7 

-2 
8 
4 
6 



6 
2 
5 

-1 
4 



-2 
5 

-1 
4 
6 



17 20 

1 -2 

3 -2 

9 11 

-8 1 

3 4 



10 

15 

8 

6 

9 

22 



Find the ordinary expansion of the following determinants :- 



11. 









X 

X a 



k 
h 

X 

e 
b 



13. 



a 


1 








-1 


b 


1 







1 


-1 


c 


1 


1 





-1 


d 



I X 

X 


/ ff 
c d 

14. 



12. 






d 


d 


d 


15. 


a 





a 


a 




b 


6 





b 




c 


c 


c 





• 



ai bi Ci c?i Ci 

&2 

bs c^ di Cg 

64 ^4 

65 rfs 65 

a b 
a y 
b y 



c 
a 



c /3 a 



SEC. 51. 



DETERMINANTS IN GENERAL. 



G7 



16. 



1 


a 


a 


a 


17. 


1 


X 


a 


a 




1 


a 


X 


a 




1 


a 


a 


X 


• 



1 
1 
1 
1 



y 








18. 


X 


y 










X 


y 










X 


• 



111 

1 6+c a a 
1 6 c+a 6 
Ice a+6 



19. 



22. 



a 
■a 
■a 
-a 



h 
b 
b 
b 



c 


d 


20. 


X 


y 




c 


z 




c 


d 


• 



X 

-1 










x' 



1+a 111 
11+6 1 1 
1 1 l+c 1 
111 1+d 



On 



as* ... . {C«-l On-l 



-1 an-2 

0-1 .... Ort-8 





-1 






23. 



21. 



a+b bed 
a b+c c d 
a b c+d d 
a b c d + c 



<h 6a 





.. 


.. 


Oa -6i 


bs 


. . 


.. 


a, 


-6, 


6,.. 


.. 


a^ 





-6... 


.. 


On 


• • • 




• • • • 

. . 


. ,-bn-i ha+l 


Oh+I 





.. 


. . -bn 



Establish the following identities : — 



24. 



25. 



o* + l a6 ac ad 
ab b^ + 1 be bd 
ac be c^ + 1 cd 
ad bd ed d^ + 1 

a+b+c d d 

a b+c+d a 
b b c+d+a 



= o3 + 6« + c« + <P + l. 



d 

a 

b 

d + a + b 



4 2a»6r. 



26. 



27. 



a + x 


a- 


X 


a-y 


a + 


y 






a-x 


a- 


■y 


a + y 


a + x 


BZ — 


16a(a5- 


a-y 


a + y 


a + x 


a-x 






a + y 


a + x 


a-x 


a-y 






1 a 


a 


a^ 




















1 


ab 


a + b 


1 6 


b 


62 












1 e 


d 


cc' 


«= {a- 


-b) 


1 
1 


ed' 
dd 


e + d' 
d+d 


1 d 


d' 


dd' 
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28. Besolve into simple factors 

X a^ O] Og 1 

tti X O] Og 1 

ai a^ X Os ^ 

Oi O] Os ^ 1 

Ox Oj Os II4 1 

29. Without finding the ordinary expansion of the determinants, show that 



Ol Os Og Oo 

1 Oi a^ 05 

1 Oi a4 

1 Oa 



Ai Oj a^ a^ 

1 Oi €t^ a^ 

1 Oa a, 

Ox 02 



02 Os 04 Oe 

1 Oi Oj 04 

1 ai a^ 

1 Os 



30. Find the complete differential of 

di (I2 CI3 a^ 

bi hi 63 64 

Cj Cj Ca C4 

(fi c^a <^ ^4 

due to the independent variation of all the elements. 



§ 52. J/ the first element of a row of a determinant be 
Tnultiplied by the co-factor of the first element of another 
row, the second element of the former row be multiplied by 
the co-factor of the second element of the latter^ and so on, 
the sum of the products is equal to zero. 

Let the determinant be 



a, b, c, d, 



P> q> r, s, 



and let the two rows whose elements are here partially 
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given be the two rows referred to. Then using the notation 
of § 49 we have 



pP + qQ + rR + 8S+ .,, = 



a, b, c, d, 



P> q> r, 8, 



Here P, being in magnitude equal to the determinant got 
by deleting the row and column to which p belongs, must 
be indepeadent of p, q^ r, s, , . , , and therefore suffer no 
change from any change of these elements ; and the same is 
in like manner true of Q, i2, fif, . . . . Hence, changing p 
into a, q into b, r into c, and so on, in both members of the 
preceding identity, we have 



aP + bQ + cR + dS+... = 



a, b, c, dy 



a, 6, c, df 



= 0, 



(§27) 



as was to be proved. 



§ 53. If the first pair of elements in the first row of a 
determinant be taken in succession with every pair beloio 
it, and the determinants of the second degree which have 
these pairs for rows be placed in order as the elements of 
the first column of a neio determinant, and if the like be 
done in the case of the second and following pairs of 
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consecutive elements in the row, then the new determinant 
thus obtained divided by the product of all the elements of 
the first row of the original determinant except the first and 
last is equal to the m^ginal deterrainant. 

Let the given determinant be 



ttj \ Cj dj . . . \ l^ 
a^ 0^ Cj c*2 . . . «Jj ^3 

^3 ^8 ^8 ^3 • • • "^8 ^a 



^n On C^ w„ 



Obr*. • • • A/a Vm 



or A. 



Multiplying each element of the first column by -b^ and 
adding to the result a^ times the corresponding element of 
the second column, we have (§ 30) 



^A = 





h 


c, 


a, . ■ > A/. 


h 




-aA + Ml 


K 


c» 


Ctn ■ « . A/j 


h 




— a,6j+ 6,a, 


• * • 


• • • 


d^ . . . K^ 





-aj)^ + ftn^i 6„ c, (i„ . . . A:, ^„ 



Again, multiplying each element of the second column of 
this determinant by -c^ and adding to the result 6^ times 
the corresponding element of the third column, we have 



{-\Y\c, A = 





a,6j + 6,aj 



c, d, 

\c^ + cj>i c, d, 
6,c, + c,6, c, d. 



... K, V. 

. , , iC^ t-j 

. . . AJj ^j 



■a„6i + b^a^ -b^c^ + c„6j c„ d, . . . i„ Z„ 
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This process being continued, the final result is 



(-l)"-VA---^iA 

... 

-«2^d + Mi -^<^i + ^2^ -c^d^ + d^c^... 



l^ 



-a„6j + 6„aj -b„c^ + cj)^ -c^d^ + d^c^. .,-kJ.^ + lJc^ I, 



-ajb^ + b^a^ -bnC^ + cj)^ -c„d^ + d^c^ . . . -k„lj^ + IJc^ 



{-^r\. 



and dividing by {-\Y~^\c^d^. . \y we obtain 



^1 ^1 ^1 ^1 • 
a^ \ c, d, . 

»8 ^8 ^8 ^8- 



"fi ^'u *'n "^n 



■k 

■k 
.1. 



OL 0- C- Gt« ... 6, 



n 



1^1 1' * * 1 



as was to be proved. 



«1 ^1 




h 


Ci 




K h 


«J 62 


» 


K 


c» 




K h 


«1 ^ 




h 


"1 




h k 


«3 ^ 


) 


K 


c, 


^ • • • • 


K k 


a, 6, 




\ 


Ci 




h k 


a«ft» 


» 


K 


c„ 


I • • • • 


fCii i„ 



§ 54. The new determinant found in the preceding para- 
graph being one degree lower than the original, the theorem 
is important as affording an easy means of evaluating a 
determinant whose elements are expressed in figures. Thus, 
taking the example already dealt with (§ 47), we have 
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10 

4 

17 

13 



4 
2 
8 
6 



3 7 

-1 5 

8 20 

1 17 



4 
15 



19 -27 
6 -33 



^ 


4 


-10 


22 


1 

12 


12 


8 


4 


L^ 


8 


-14 


44 




2 


-5 


11 


4 
3 


3 
4 


2 

-7 


1 
22 



= - ^ (-209 + 54), 
o 

= 124. 

Here, looking at the first two rows of the given determinant, 
we at once mentally evaluate 



10 4 




4 


3 




3 


7 


4 2 


f 


2 


-1 


f 


-1 






and place the results 4, -10, 22 for the first row of the 
new determinant; similarly we proceed with the first and 
third rows, and with the first and fourth rows. This gives 
us a determinant of the third degree, from which we remove 
the factors 2, 4, 2 ; then we treat the resulting determinant 
as the first was treated, and thus have at last only to deal 
with a determinant of the second degree. 

§ 55. If one of the elements included between the first 
and last of the first row be zero, the theorem is clearly 
inapplicable ; but then it has to be remembered in such a 
case that any row or any column may be made the first row. 
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Example 1. 
equations 



Find the values of Xi, asj, x^, , Xn which satisfy the n 



OlXi + a^X^ + (h^ + . . . + OLnXn 
biXi+b2Xi+ b^Xs + ... + bnXn 
CiXi + CjflSj + CgSCg + ... + CnXn 



ho 

Co 



llXi+ I2X2+ liXs+...+ InXn = Iq I ' 



Looking back to the special cases of this problem which are solved in § 9, we 
see that the process consisted in multiplying both sides of the first equation by 
a certain number, both sides of the second equation by a second number, and so 
on, and then taking the sum of the left-hand members of the equations thus 
resulting, and equating it to the sum of the right-hand members, when it was 
found that the final equation was free of all the unknown quantities except one, 
whose value could therefore at once be given. 

If this process can be generalized, the first requisite is to find, if possible, what 
multipliers will be suitable. To do this, let us for the present denote the 
multipliers in order by 

Mij /*a» '*8> > A**** 

Then performing the multiplications and additions referred to, we have 

+ (fXiai + fJi2bi + HiC2 + ... +/*«^)a52 
+ 



^ = Miao + M26o + /isCo+-..+/*n^o; 



and what we wish to know is whether there be values of fi^, fi^, /us, which 

will make all the coefficients of the unknown quantities in this equation vanish 
except one. Now, looking to the determinant 

(l\ CL^ Ag ••«. dn 
bi b^ 63 .... bn 

Ci C2 Cs .... Cn or 



l\ 1% l^ ,.., In 



whose elements are in order the coefficients of the unknown quantities in the 
original equations, and observing that 

constitute a column, it is readily seen (§ 50) that the coefficient of a;^, viz. 
would vanish if we took 
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fii «= the co-factor of Oi in A , 
/*«= fti 



f^u- 



h 



and that for the like reason the coefficients of x^, x^y ...., Xn would also vanish, 
while (§ 46) the same could not be said of the coefficient of a^, which in fact 
would be A. 

Taking therefore in order the co-factors of Oi, 61, Ci, ...., h as our multipliers 
(which is what was done in the particular cases of § 9), the equation which 
results after the addition is 



Qri Cb^ Og ...• Cbn 

&X ^3 ^ .... hn 
Ci C2 Cg •... Cn 

^1 tj 'j •••• fm 

and .*. 



«i 



«! 



Oq Oj Os .... On 
2>o ^8 &« •••• ^ 
Co C2 Cs .... Cn 

Iq t^ t^ .... In 

CLqu^C^ .... In] 
ttlOjCg .... ln\ 



If in the original equations we were to write the terms containing a^ before 
the terms containing Xi we should have in like manner 



0/2 di Ct^ .... Chi 

62 61 63 ...• ftn 

C2 Ci Cg .... Cn 

tj '1 ^3 .... f» 



a:a = 



CCq fl^ 0(3 .... On 

bo bi b^ .... &» 

Cq Cj Cj • « • • Cn 

to ^x it '"• In f 



^ 



and, by transposing the first two columns on both sides of the equation, it would 

follow that 

^ loibaCz .... l n\ 

I Oib^Ci .... ln\' 

Similarly a^^ |^^^° •- ^ [, 

CtlOgCg •••• vn\ 



and so on. 
Example 2. If the 71 -»- 1 statements 

ai«i+ Os^Ba'*' ^8358 + ....+ <*nfl5n 
6ia^+ 62^^+ 63053 + ....+ ftniCn 
Cia5i+ C2a!J2+ CsflJg + ....+ CnflJn 



Co 



I1X1+ l2X^+ ^058 + ....+ ^niCn =■ ^ 
wiiflJi + TTija^s + 7713X3 +^... + nUnXn " /Ho ^ 
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in regard to the n quantities x^, x^^ x^, ,,.., Xn he true, find what relation must 
exist among the other quantities mentioned. 

From the first n equations we are able to. show, as is done above, that 
Xi, a^, ...., Zn are equal to 



lopfeaCa ... ln\ [ai6oCa...??il 



\ctlbiCt...ln\ 



Consequently from substitution in the (n + 1)*** equation it follows that 



\ aobiCs...ln\ \aiboCt...ln ] loibjCt... Ip] 

Wtj , 7 r— J + mj r— , + ■^ Win j J T^ '"0 



(1). 



which is the relation desired. 

The learner may already know that as this statement logically results from the 

n-fl given statements regarding Xi, x^, , Xn, and does not itself involve 

■x^, scj, , Xn, we are said to have eliminated Xi, x^ , Xn, and that the 

concluding statement referred to is called the besultant of the elimintUion, or 
the resultant of the set of equations. 

The resultant (1) can however be put in simpler form. We have from it 

7ni|ao&sC8...^n| + M2\a>ibQCi...ln\ + .... + mn laib^c^.^.l^l - TJiol^i^aCa-'-^l 5 
therefore by transposition of columns 



and consequently (§ 46) 



Oi a^ Of .... a,n Oo 

bi bi &s .... bn &o 

Ci C^ Cz .... Cn Co 

tl vj v8««..&n »o 

mi 9/I2 ^ •••' ^'^ ^0 



Example 3. If the n statements 



%^ -t- 0^X2 + a>iXi + .... + OnXn ■= 
biXi + b^X^ + b^Xi + .... + bnXn = 
CiXi + CjiCa + C^Xfi + ....+ CnXn " 

^«1+ ^^2+ ^058 + ....+ ZiiiBn»0, 



in regard to the n quantities a;i, Xg, 2:3. ...., a^ be true, and Xi, scj, iCg) >••• * Xn be 
not each equal to zero, find what relation must exist among the coefficients. 
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Dividing both members of each equation by Xn we have n statements in regard 



Xi X^ Xn-\ 

Xii 

precedes we have as the desired relation 



to n - 1 quantities — , —,...., -"-^, and thus by means of what immediately 

Xn Xn Xn 



<h 


Oi 


Os . . . • Oft 


bi 


b. 


6s .... &n 


Cl 

• m 


• • • 1 


C3 . . . . Cn 



= 0. 



'1 u] tg ■ . * • Cn 



Exercises. Set X. 

Use the process of § 54 to find the simplest equivalent of each of the 
determinants — 



3. 



3 4 1 


2 




2. 


7 


3 9 4 




6 9 7 


5 






3 


9 4 7 




7 10 5 


8 






2 


6 15 




4 2 9 


3 


• 




10 


7 14 10 


• 


3 4 7 


2 5 


4. 


16 


14 12 9 15 


-3 12 


5 -1 




5 


4 3 16 


6-2 3 


-1 4 




2 


8 4 9 7 


5 9-2 


3 2 




3 


-2 -2 -3 -6 


1-3 5 


3 


7 


• 


1 


3 2 


3 2 



With the help of determinants solve the following sets of equations : — 



5. 4x + 7y + 3z-2w 
2x- y -iz 
3a; + 2y-70-4w= 2 
5a; - 3y + z + 5w= 13 -* 



!-2w- 9 ^ 
; + 3m; = 13 I 



7. V +w-y'=a^ 
w+ X -z =6 
x + y -V = c 
y + z -«;= d 

z + V -x = e j 

9. w+aj + y + 2-=l'" 
aw + ftas + cy + cfe-c 



6. 3a; + 2y + 42 - w = 13 \ 
5x+ y - z +2w= 9 
2ic + 3y-72 + 3w=14 
4a;-4y + 32-5«7= 4 

8. v + ^p + a;-y'=a^ 

w + a; + 3/-z -6 
a;+y + 2-«?=c 
2/ + 2 + v-w* d 

2 +» + W-iC= C 

10. w+fl5 + y+2=l'^ 
w+ttx + by+cz=0 
w + a^ + fc'^ + c*2 = 
w + a'fa; + 6*^ + c'z = 
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11. i;-2io- 2a5 + y + 32- a^ 
w-2x-2y + z+Bv='b 
x-2p -2z +v + 3«>= c 
y -2z -%} -^-w+Zx^ d 
z-2v - 2w+ x+dp'^ e J 



12. Wliat relation must exist between a, b, c, d U the equations 

ax + by + C2 + d=«0, 

bx+ay +dz+ c '=0f 

aa; + cy+62 + d = 0, 

cx+ay + dz-¥b ''Of 
be simnltaneonsly true ? 

13. If the equations 

OiO? + bisc^ + CiX + di°0, 

OjO?* + 61a:* + Ciflc* + diX = 0, 

6aaj* + Cjic + cij = 0, 

62a:' + c^ac* + djO! =0, 

fi^aJ* + 0205* +^205* =0, 

be simultaneously true (which evidently will be the case if the first and third be 
simultaneously true, i.e. have a common root), find the relation which must exist 
between Oi, &i, Ci, o^, 62* ^si <^» 

Similarly find the resultant in the case of each of the following pairs of 
equations : — 



^biX + Ci^O) 

+ 62« + C2 = 0J . 

OiO^ + b^a? + 6205 + c?2 =■ j . 

18. aiaj* + Ciar' + diX + ei-0) 
aiX^-k^b^m^^d^x^e^^O) . 



14. Oi^^ + 61a; + Ci = 

ii^T? + 62^5 + C2 = 

16. flha^ + 61 aj* + Cia; + di •= 



15. OiX* + ftjaj* + Ciai* + diX + Ci = 

Cjflj* + d^x + C2 = 

17. Oia^ + b^a? + Cia:* + c^a; + e^ 



b^m? + C2ai* 



19. 



i 

+ (;^a; + ei-0) 
+ cija; + Ca - ) . 

+ C1-O) 



aia^ + 6ia:* + Ci 
(;?iaj* + Cia:* 



20. Prove that 

% a^ Os a4 On 

bi 62 63 ^4 ^ 

Ci C2 Cs C4 Cn 

d\ d^ d^ d^ dn 



l\ fra '3 ^4 'n 



ai«- 



<hbi\ \aibi\ 10164! |ai6nl 

OiCil loiCsl |aiC4| iaic»| 

<h^\ \^^\ l^hc^il loidnl 

ai^l [oi ^sl IttiM |ai?„| 
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§ 56. The introduction of letters with a suffix, like a^, c^, 
&c., increases many fold the stock of algehraical symbols ; 
and the new symbols have the special advantage that each 
one indicates that the number denoted by it belongs to a 
certain aeries of numbers, and also shows which one of the 
series is intended. These advantages have been apparent in 
what has preceded ; but there is an extension of the same 
notation from which we have symbols still more appropriate 
for denoting the numbers which are the elements of a deter- 
minant. This consists in making use of a pair of suffixes, 
written one after the other, with or without a comma 
between them, thus, 



<^i^> ^> 



ai,2 being a different symbol from a,^^, a^ different from 
6^43, and so on. 



In the case of a general determinant like 



^11 


% 


^18 • • • • ^In 


^21 


«a 


^23 • • • • *^hn 


^31 
» . ^ . 


«a 


(X-jg .... (Zgn 



a, 



n\ 



a 



n2 



^nS • • • • w, 



ftn 



where such elements are used, and where the first suffix 
corresponds with the row to which the element belongs and 
the second suffix with the column, we can specify by a 
symbol any element which is omitted from the determinant 
as written, and assign to its proper position any such 
element whose symbol is mentioned, with greater ease than 
is possible in the case of determinants with single-suffix 
elements. Besides, as only one letter is employed, we may, 
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if we choose, denote such a determinant itself by a shorter 
symbol even than 

viz. by 

^(«i») or \a^J^. 

§ 57. When r rows of a determinant of the n^^ order are 
deleted, the number of elements deleted is nr^ and when 
subsequently n columns are deleted, the number of new 
elements thus struck out is nr-r^; so that the number of 
elements left is 

n^ - 2nr + r^, 

i.e. (n ~ ry. 

If any number of the rows of a determinant be deleted 
and as many of the columns, the determinant whose elements 
are in order the elements thus left is called a minor of the 
original determinant. Thus, taking 



au 


«« 


o« 


a„ 


«1. 




«ii 


«ij 


«18 


% 


«1» 


«fl 


«ffl 


a^j 


«24 


«i» 




«21 


a^ 


a^ 


«34 


««, 


<»a 


«» 


«3S 


«34 


«3« 


and 


«n 


«« 


«33 


a« 


«as 


a« 


a^a 


«« 


«44 


ttis 




«41 


«43 


«« 


«« 


«« 


% 


«52 


«6S 


«« 


«55 




«« 


«M 


«» 


«M 


«» 



and deleting, in the former the second and third rows and 
second and fourth columns, and in the latter the second 
and third and fourth rows and first and third and fourth 
columns, we see that 



a 



u 



a 



41 



a 



61 



Ois 


«« 




ffl-,» 


Ci,K 


a^ 


«« 


and 


13 
«53 


16 


«.3 


«B 









are minors of \cij^ia^a^^a^a^ 
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The minors obtained by the deletion of one row and one 
column are called the principal Tninors of the determinant. 

Thus \a^a^a^aj, \a^^a^a^aj, la^^^i^a^a^l, are 

principal minors of | ^ua^j ^33 ^44^55 1- 

Two minors which are such that the rows and columns 
deleted to obtain the one are exactly those not deleted in 
obtaining the other are called complementary Tninors. Thus 
the complementary minors of the two minors first given 
above are 



«22 «24 



a^ a, 



34 



and 



«a 


«» 


«1« 


^ 


«» 


«34 


«41 


«« 


«44 



the elements of which, it may be noticed, are the elements 
that are common to the deleted rows and the deleted 
columns; also, 1^22^83 1 ^^^ I ^11^44 ^55 1 ^^^ complementary 
minors, and |a22^83%^55l is the complementary minor of a^j. 

If the original determinant be of the n^ degree, and the 
number of deleted rows and of deleted columns be r, the 
resulting minor is of the (n - r)^ degree, and its comple- 
mentary of the r*^. 



§ 58. The minor of i)(ai„) obtained by deleting the 
h^^ row and r*^ column may be shortly denoted by 

that obtained by deleting the h^^ and k^^ rows and r^ and 
«^^ columns by 

and so on. 
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§ 59. Principal minors have already come into consider- 
ation in the theorems of §§ 44, 46, the former of which, in 
the notation just given, takes the form — 

the co-factor of a^^ '^^ J5(«i») = (-1)*^*^^|^« •••(!) 
Likewise, it having been shown in § 50 that 

92) 

the co-factor of a*^ in -D(ai„) = x -, 

OUxr 

there thus has been implied another fact regarding them, 
viz. 

It will now appear that these are the simplest cases of more 
general theorems. 

§ 60. 7/ a determinant he differentiated with respect to 
the element common to the first row and colwmn deleted to 
form any mirior, this differential coefficient he differentiated 
with respect to the element comTnon to the n£xt row and 
column deleted, and so on, the result equals the said minor 
or differs from it only in sign, according as the sutyi of the 
nwmhers indicating the deleted rows and colwmns is even 
or odd. 

Let i)(ai„) be the determinant, and let the rows which are 

deleted to form the minor be in order the h^^, ¥^, P^ and 

the columns the r^, s^, u*^ ...., so that the minor would be 

denoted by D^^^^Z • Then (§ 59) we have 

and, since the element of the k^^ row and s^^ column of P is 
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the element of the (i - 1)*^ row and (s - 1)*^ column of D^r > 
we have further (§ 59) 

so that if the minor be of the m*^ degree, we have generally 

■pAh,k,l,... __ X ^ v*-J-»+l+...+r+f+u+... uD 

(r,$.u,... - V ; dOf^dajudai^ 

It has to be carefully noted that in the identity here proved h<k<l<. . , , 
and r<8<u<. , , . If this were not the case, there would still be equality as 
to magnitude, but the sign would be otherwise determined than from the sum of 

fvf Kf V) • • • I If 0} Uf • • • • 

§ 61. In a determinant the co-factor of the product of 
any number of elements which may come together in one 
term is equal to the result of differentiating the determinant 
in 8y/)ce88ion with respect to the said elements. 

Just as by differentiating D(ai„), or D say, with respect 
to aj,j, we obtain the co-factor of a*, in D, so by differentiating 
the result with respect to an element of another row and 

column, aju say, we obtain the co-factoi* of a^ in ^ — ; and 
thus we see that 



the co-factor of aj^aj^ in D = 



dajdaj^ ' 
Similarly, 



the co-factor of aj^a^,ai^ in D = 



da^rdaj^a^^ ' 
and so generally. 
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Example. We know (§ 46) that 



Oil flu «i» ai4 Om 

cijx Oi^ djs ^'^ ^'hts 

««l «S2 «»3 «84 Om 

041 ^42 a48 a44 a« 

«« a&s «« a«4 a^ 

.'. co-factor of 031 



A aO a(2 a(3 a(* a(* . 

or A - ajx\i - OaiAji + a^A^ - a^ A^j + ajiAjj ; 



?A 
'^1 






co-factor of 0^045 



Ou Ou Oil ai5 
c^a Oas 024 a^s 

^42 f^4S ^44 ^45 
«M «a3 «« «« 

-aifikjBa4s«*4l + ffla6l«ia<»4S»»4l - <''4b\<hsfhfi'u\ + <»ttl<*i2«*«44l; 

?2A 



'bdvi'ba^ 



-|aiaa28«M!» 



- (-1)' 



6+4+8+1 AtA 



The effect of the first differentiation here is, as it were, to delete the third row 
and first column of A, the effect of the second differentiation to delete the fourth 
row and fifth column. But the same final result would be produced upon A by 
deleting first its third row and fifth column and then its fourth row and first 
column. Differentiating then with respect to a^ and afterwards with respect io 
^41 f ^^ fiiid 

?'A 

the co-factor of 041085 ^ yr- -y. — 



|Oi20.28aj4|. 



Hence the minor louOasOMl is the co-factor of both -031040 and 041095 in A; 
therefore it is the co-factor of -(031045-041035) or - 1081045!; in other words, 
the co-factor [(with sign changed) of the minor [081O45I is its complementary 
minor, — an instance of a theorem soon to be given. 



§ 62. Any row and column of a determinant being 
selected, if the elew^ent comm/m to them be multiplied by its 
co-factor in the determinant, and every p^'oduct of another 
element of the row by another dement of the column be 
multiplied by its co-faxitor, the sv/m of the results is equal 
to the given determinant. 
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Let the selected row and column be 

a 
b 
c 



m n r o p,.^...x. 



The multiplication of o by its co-factor gives all the 
terms of the detenuinant which contain o. As each of the 
terms containing r must also contain one of the elements of 
the column and cannot contain o, we see that by multiplying 

ra, rb, ox, , rg, rh, ,..., rt hy their respective co-factors, 

we obtain all the terms containing r. Similarly by multi- 
plying pa, pb, pc, , pg, ph, — , pt by their respective 

co-factors, we obtain all the terms containing p. Conse- 
quently if we continue this process we shall finally have 
every term in which one of the elements of the row occurs, 
that is to say, we shall have the full development of the 
determinant, — and this was the theorem to be proved. 

Example:— 



ail Oia flis flu 
%i «K Oas Oa* 
aji o-aa «88 <hi 

041 0>a Atf ^M 


-022 


Oil «18 «14 
«3lOa8«34 
«« «« «« 


-cLaOii 


Oa (Hi 


+ 08x088 


(ha «i4 
O48 O44 


- afia^i 


<ha Oi4 
Ou Om 


-t-OaOis 




-<h»(hi 


Oil <h4 
O41 044 


* (hi^^ 










-OmOis 


«»1 «W 
«41 «« 


1 


Oil *u 
Ott O4B 


-0^043 


lOji Ou 

ion On 
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§ 63. Any determinant of the n** order may he developed 
vn a ae'i'ies of terms, the first of which is got from the given 
determinant by changing all the elements of the principal 
diagonal irdo zero, the next n hy multiplying each element 
of the principal diagonal hy its co-factor in the deter- 
minant and altering the said co-factm^s as the given deter- 
fninant wets altered, the next ^n(n-l) by multiplying the 
pi^oduct of each pair of elements of the principal diagonal 
by its co-factor altered as before, and so on, the last term 
being simply the product of the elements of the prvadpal 
diagonal. 

By taking the given determinant and changing all the 
elements of the principal diagonal into zero, we delete all 
the terms containing any of these elements ; also no other 
terms are thereby deleted. Thus the altered determinant 
represents the sum of the terms which are independent of 
the elements in question. 

By multiplying an element of the principal diagonal by 
its co-factor we obtain exactly all the terms containing that 
element. This co-factor, however, has its principal diagonal 
composed of elements from the original principal diagonal 
If we therefore change these into zero, the altered product 
will represent the sum of the terms which contain the 
element in question and none of its fellows in the principal 
diagonal 

In this way it is seen that the expansion specified in the 
theorem gives, first, all the terms of the determinant involv- 
ing no element of the principal diagonal ; secondly, all those 
involving only one element; thirdly, all those involving 
only two elements, and so on ; so that the full number of 
terms is in the end obtained. 

It is worthy of notice that there is a break in the series : 
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we pass from those terms involving only ^ - 2 elements of 
the diagonal to the term involving them all, there being no 
term involving only n - 1 of them. 



Example : — 






(hi (h% <hi 




Oia Ois 


a» Oa Oas 


- 


On Oss 


031 Om Ow 




Oji Om 



+aii 



0^ 



+00 



o„ 
On 



+a» 



«Ka 

Oji 



+ »iiaaaaa. 



§ 64. In a determinant of the n^ order the full number 
of terms which are independent of the elements of the 
principal diagonal is 

Let \a^^a^...a„,..a^\ be the determinant, and 4^(n), as 
yet unknown, the number of terms in it of the kind referred 
to; so that ^(3) =2 and ^(2) = 1. Then, as we have seen 
(§ 63), ^(n) equals the number of terms in 



On tta Os,,..! Og^ O^^r+i «^ 



^r-1,1 ^r-l,2^r-1.3' • • • • '^ ^r-l,r^r-l,r+l ^r-l,f 

ttr.! ar.J ^nS «r,r-l a,.,,.+i a,.„ 



^+1,1 ^r+1.2^r+l,8* • • • • '^r+Lr-l^r+Lr^ 



.a. 



'r+l,« 



a»i a«« ««« 



.a, 



'n.r-1 



«-. a, 



ft.r+1 



.0 



...(1) 



Now this determinant is equal (§ 46) to the aggregate of 
n-1 items such as 
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(-1)'"^^ 



Osa 0,3 



a 



%r—\ 



^H-3 



«si Osj a,,^i a,, 



r+l 



a*. 



^r-1,1 ^r-l.a ^'f^l.8 







^r,\ ^r,a ^r.S ^r,i 

^H-1,1 ^H-1,2 ^r+l.S ^r+l,r-l " 



^r-l,r+l 
I ^r,r+l 



a 



r-\,n 



a 



r,n 



a< 



V+l.* 



a, 



nl 



a 



'n9 



a, 



ta 



<X«i.r— 1 Ot, 



"n.r-l 



W.r+1 







Transferring the (r - 1)^ row to the top, and replacing the 
resulting determinant by two determinants (§ 28) differing 
from it only in having for their first rows 



a^ a. 



a, 



r,f-l 



ar. 



r+l 



and a„ 



^rl 



a, 



'mi 

0, 



respectively, we find thAt the first of the two is a deter- 
minant like (1), but of the {n-Vf^ order, and therefore 
having ^(ti-1) terms; and that the second is expressible 
(§ 46) as the product of a^ and a similar determinant of the 
{n - 2)*'' order. Hence 

^(7i) = (ti-l)j^(n-l) + ^(n-2)[, 

and .-. 0(7^)-ti^(7i-l) = -|^(n-l)-(7i-l)0('W-2)|; 

that is to say, ^(ti) - n<l>{n - 1) remains the same in mag- 
nitude for two consecutive values, and therefore for all 
values, of n. But 

when ^ = 3, il>{n) - n<l>{n - 1) = ^(3) - 30(2) = 2 - 3 » -1, 

/. when ^ = 4, 0(7i) - n(t>{n - 1) = +1, 

and, generally, 0(7i) - 7i0(ti - 1) = (-!)**> 

or il>{n) = (- 1)** + 7i0(n - 1). 
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Beginning with this, and making repeated use of it, we 
have 

= (-1 )" + ^ j (_i)"- + (n-l)4>in-2)\, 

= (-1)" + f-l)""V + n{n-l)\ (-1)'^ + (n- 2)^(n - 3) j , 

= (-1)" + (-1)"-^ + (-l)""'u(« -1) 

+ n(n-l){n-2) j (-1)""'+ (■»-3)^(w-4) j , 



= (-1)" + {r\)n + {-\Tn{n -1) 

+ (-ir"'7i(7i-l)(n-2) + 

+ 71 (7i-l)(7i.-2)...5.4 j (-l)' + 30(2) j , 

whence, if we substitute for 0(2) its value 1, and reverse 
the order of the terms, we have the result desired. 

A determinant of the n^ order, having only n zero-elements, and these 
oocupying the principal diagonal, has been called by Sylyester an invtrtdt^ai^ 
or zeTQ-aocial determinant. 

Example. Find the number of possible arrangements of n things O], Og, Og, 
, a„, subject to the condition that no one shall be in its original place. 

We may have a^ in any place except the first, Oj in any place except the 
second, and so on — data which we may present to the eye in the form 

( ) Oi fflj Oi ffi 

«ta ( ) a, Os Oj 

«» Ob ( ) <H o^ 

»4 «4 O4 ( ) «! 

a>n On On On ( ) , 

Ml Oi being written in the places which it is allowable for i$i to occupy, and ( ) 
signifying that the suffixed letter found in the same line with it may not occupy 
its place. Looking to this table we see that for the first place in any of the 
arrangements we may take any letter that is in the first column; for the second 
place any letter that is in the second column, provided it be not in the same line 
with the letter taken from the first column ; for the third place any letter that 
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is in the third column, provided it be not in the same line with either of the 
letters previously taken, and so on. This law of formation, however, is identical 
with that in accordance with which the terms of a determinant are got from the 
elements : so that the problem we are concerned with is transformed into finding 
the full number of terms of a zero-axial determinant of the n^ order. Hence 
(§ 64) the required number of arrangements is 



1.2.3...njji2-i^ 



1.2.3.4 



' ^^ 1.2.3... »}• 



Exercises. Set XL 

Write down the complementaries of the following minors of | <hhCid^^fi \ : — 
1. &«. 2. |es64|. 3. \cofi\. 4. \boCs{, 

5. IrfaCj/il. 6. |6iC^d4|. 7. |6o«a/4l- 8.|co«^4«al* 

9. What are the complementary minors of louOgsl and laiaaasOM | in 



10. Express as determinants 

'Oiel and 



?» 



I aoiaia«a8ffs4a«aflB I • 



lab 
-ale 
-b -e 1 



?a2»'3«a ' ""* ' 'bai;iba42da» 

11. What is the co-factor of a^a^ in | aiiasiainanOts I and in | a^aa(hia^a^a»l ? 

12. Express in symbols the theorem regarding the effect of transposing two 
rows of a determinant. 

13. Find the single number which is the equivalent of 

1 a b c 
a 1 
& 1 
c 1 

14. Find the final expansion of 

-b -c -d 
b -c -/ 
c e -g 
d f g 

15. Express in terms arranged according to descending powers of x 

X -1 -1 -1 

1 {C» -1 -1 
1 1 x» -1 
1 1 1 x' 



1 
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16. Find the quadratic in Xt y* z eqniyalent to 





\) X y z 






X a h g 






y h h f 






z g f e 


• 


17. Find the quadratic in x, y, z, w equivalent to 




X y z w 




X 1-1-1 -1 




y -1 1-1 -1 




2-1-1 1 -1 




w -1 -1 -1 


1 



18. If <^(7i) denote as in § 64 the number of terms of a zero-axial determinant 
of the n^ order, prove with the help of § 63 that 

<Kn) -t- ?^(n-l) ■». n![5LZ?)<^(n-2) + ... + ^^?^U(2) + n4>(l) + l - 1.2.3 ...ti. 



19. Find the quadratic in x, y, 2 equivalent to 

10 aa-^hy*gz 

10 hx-^by-^fz 

1 gx-^fy-^cz 
X y z 



20. Find the number of minors of the (n - 2)^ order in a determinant of the 
«**» order. 



21. Prove that 










1 








ax^hy + gz 




1 








kx-*-by+fz 







1 





gx-*-fy+cz 










1 


Ix+my+nz 




X y 


z 


1 


k 



1 








ttx + hy+gz+l 





1 





hx + by +fz + m 








1 


gx+fy +cz*n 


X 


y 


z 


k 



''-{aa?-*-bi^ + cs^ + 2fyz + 2gzx-*-2hxy + lx*my + nz-k), 

22. i; particular elements of the principal diagonal of a determinant of the 
uth order being fixed upon, find the number of terms which contain these 
elements and no other elements of the same diagonaL 
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23. Find the difference between the number of positiye and the number of 
negative terms in a zero-axial determinant of the n^ order. 



24. Prove that 




1111 
1 1+a 1+6 1+e 
1 o+l a+b a+e 
1 6+1 b+a 6+c 
1 c + 1 c + a c + 6 



■2* 



l + o 1 1 
1 1 + 6 1 
1 1 1 + c 



25. Prove that 



blb^ 63 6^ 1 



■{ 



(ai-6a) (bi-ejl fe-rfa) {di-(h) 
-(as-61) {bt-Ci) fe-di) (dj-tti). 



26. From the theorem of Exercise 18 above, prove that 

nl CnA Cw,a Cii,n-1 Cn,n 

(»-l)! 1 Cn-1.1 Cn-Ln-S Cn-l,n-l 

(n-2)l 1 C«-2.„-8 C»-j,«-a 



0Cn) 



1! 
1 













1 




1 



where nl stands for 1.2.3. ...n, and (V for Mn'-l){n-2)....{n-r^l ) ^ 

1 . ^ . u .... T 



§ 65. The product of a determinant of the n^ degree by 
an expression of n terms is equal to the sum of n deter- 
mmants, tlie first of which is got from the given deter- 
mim-ant by multiplying each element of the first row by the 
corresponding term of the given expression, the second by 
Tmdtiplying similarly each element of the second row, the 
third by multiplymg similarly each element of the third 
row, and so on. 
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Let the given determinant be 



D{a^a^a^....aJ) or D, 
and the given expression 

then the n determinants referred to are 



Ml ^11 M2^l2""M»^n 



a, 



21 



Ctrgg .... 



a. 



nl 



^-2 .... Q/, 



^nH 



nn 



a 



u 



Cj.^ .... dj, 



Ml ^21 M2^22""Mn^« 



a, 



nl 



wjjg • • • • Cb. 



nn 



Now the coefficient of n^ in the first of them is evidently 
a^-d.^, in the second a^A^, in the third a^^A^, and so on : 
therefore in the sum of the n determinants the coefficient 
of jjL^ is 

a^A^^ + a^A^^ + a^A^ + .... + a^A^ or D, 

Similarly the coefficient of ^u^ is seen to be 

a^A^ + a^A^ + a^A^ + ,...'\-a^A^ or D, 
and so on« Hence the sum of the n determinants is 

(Mi + Ma + M8 + + Atn)-D. 



§ 66. We have already had (Ex. 12, Set II.) an instance 
of the product of two determinants being itself expressed as 
a determinant, viz. the case in which all the determinants 
are of the second order. Let us now consider the corre- 
sponding example for the case of determinants of the third 
order. 
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Taking 


' the determinants* 








ABC 




a 6 c 






DBF 


or A, 


d e f 


or A 




G H K 




g h k 




and 


aA + bB + cC dA + eB + fC gA + hB + kC 


aD +bE+ cF dD + eE + fF gD + hE + kF 


aG^hH+cK dG + eH+fK gG + hH+kK 



or A^ 



and comparing them, we see that the first row of A'' is 
formed from the first row of A and all the rows of A', the 
second row of A"^ from the second row of A and all the rows 
of A', the third row of A'^ from the third row of A and all 
the rows of A'. Looking closer, we observe that the element 
of the firat row and first column of A'^, viz. aA +bB + cC, is 
formed by multiplying each element of the first row of A by 
the corresponding element of the first row of A', and adding 
the products thus formed, that the element of the first row 
and second column of A^ viz. dA + eB +fC, is formed in like 
manner from the first row of A and the second row of A'; 
and that, generally, the element of the p^ row and q^ column 
of A" is formed in this manner from the p^^ row of A and 
the g*^ row of A'. 

Now the elements of A'^ being all trinomial, the deter- 
minant may be partitioned (§ 29) into twenty-seven deter- 
minants having all their elements monomial. Of these, 
however, twenty-one will be found to vanish on account of 
the existence in them of identical columns ; thus. 



= 0.. 



aA 


dA 


kC 




A 


A 


C 


aD 


dD 


kF 


= adk 


D 


D 


F 


aG 


dG 


kK 




G 


G 


K 



In u«ing capital letters here no reference is intended to the notation of § 49. 
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Indeed it is clear that in forming the twenty-seven deter- 
minants we need not take the set of first terms in the first 
column of A' along with the set of first terms in either of 
the other two columns, nor the set of second terms in the 
first column along with the set of second terms in either of 
the other two columns, nor the set of third terms in the 
first column along with the set of third terms in either of 
the other two columns. The only determinants which do 
not vanish will therefore be composed of a set of first terms 
taken from one column, a set of second terms taken from 
another column, and a set of third terms taken from the 
remaining column; and the number of them will conse- 
quently be the number of permutations of the numbers 
1, 2, 3, that is 6. In agreement with this the result will be 
found to be 



A'= 



aA eB kO 
aD eE kF 
aG eHkK 



ABC 

= aekD E F 

H K 



+ afh 



aA fC hB 
aDfFhE 
aG fK hH 

hB fC gA 
bE fF gD 
hHfKgG 

A G B 
D F E 
G K H 



B C A 

+ bfgE F D 

H K G 



hB dA kC 
hE dD kF 
bH dG kK 

cC dA hB 
cF dD hE 
cK dG hH 

BAG 
+ bdkE D F 
H G K\ 

CAB 

+ cdhF D E 

K G H 



eC eB gA 
cF eE gD 
cK eH gG 



+ ceg 



C B A 
FED 
K H G 



ABC 
D E F 
O H K 



(aek - afh - bdk + bfg + cdh - ceg), 
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ABC 




a b c 


D E F 




d e f 


G H K 




g h k 



§ 67. If two determinants A, A' of the same order be 
given, and a new determinant A* be formed such that in 
every case the element of its p** row and q** column is 
obtained by mvZtiplyin^ eaxk element of the p^ row of 
A' by the corresponding element of the q^ row of A, and 
adding the products thus found, then A" = AA'. 

Let the two determinants A, A' be 



a^ a^ ^s • • • (^n 
\ 62 63 . . . 6^ 



l\ I2 ^8 • • • tf 



and 






Aj Aj A3 . . . A„ 



respectively. 



Observing the first row of A and the first row of A', we 
see that the element of the first row and first column of 

A" wiU be 

ajOj + a^a^ + a^a^ + . . . + a^an . 

Again, taking the second row of A and as before the first 
row of A', we obtain the element of the second row and first 
column of A"', viz. 

Similarly we find the element of the third row and first 
column of A" to be 



CjC4 + CjOj + c^a^ + . . . + c^a^ ; 
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and so on. The first column of A" is thus 

(XjOj + a^ttj + agttj + . . . + a„ a„ , 
^i«i + 62a2 + ^««8 + . . . + 6„ a„ , 



and is therefore so constituted that if the plus signs and 
factors taken from A be deleted we have the first line of 
A' repeated n times, and if the plus signs and factors taken 
from A' be deleted we have in order all the lines of A. 
The second column differs from this only in having fi in 
place of a, the third in having y, and so on; so that 
A" is 

aia^ + a,,a^+ ... +a„a^ ^lA"^ ••• "^^n^ny » (i^+ ... + a„X„, 



^A+ ^2«2 "*■••• + ^«««» ^A+--- + i«^«» t ZjXj + ... + z^x„ 

Now this we know (§ 29) can be partitioned into ti" deter- 
minants, the columns of each of which are got by taking 
from each of the columns of A" a set of terms in the 
same vertical line. Of these determinants, however, those 
containing two columns taken from corresponding places in 
the columns of A" may be neglects, since, when the 
common factor of the elements of each column of such a 
determinant is separated from them, the determinant must 
have two columns identical, and therefore be equal to zero. 
Forming a specimen of the remaining determinant^*, which 
are thus seen to be n! in number, we choose from the first 
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column of A'' the set of second terms say, from the second 
column the set of fifth terms, from the third column the set 
of fourth terms, from the n^ column the set of first terms, 
and similarly a set from each of the other columns, the 
result being the determinant 



CTjO, 


<^A 


^474 


... Gf'j Aj 


K<^i 


hP. 


^474 


... Oj Aj 


c^a. 


cA 


^474 


... CjXj 



^2«2 ^5 A ^474 ••• k\ 



Now this is equal to 

^2/38 74 ••• \ 



a. 


a. 


di .. 


,. a. 


h 


h 


K- 


.. 6j 


• . • . 


% 


^4 • 

• ••••• fl 


■ • • • • 



L L I 



I 



of which, laying aside the question of sign, the first factor 
a^l3f^y^...\ is a term of A' and the other factor is A. 
Further, since the number of inversions, say p, in the 
suffixes of the first factor is the same as in the suflSxes of 
each row of the second factor, and since every transposition 
made with a pair of rows in the second factor in order to 
get rid of an inversion alters the sign of the determinant, if 
we wish to have no inversions, that is to say, if we wish to 
substitute A for the determinant factor in question, we must 
.prefix to a^P^y^'-'Xi the sign (-1)^ in other words, its own 
proper sign as a term of A'. The nl determinants whose 
sum is equal to A" are thus seen to be each expressible as 
the product of two factors, one factor being A in every case, 
and the other being in succession all the terms of A'. Hence 

G 
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A" = Axj;(±a,)8,y3...X,) 
= A X A'. 



Example:— 

1 2 
3 
2 

2 3 



1 1 
1 4 
1 -1 
-4 



-14 2-1 
2-1 3-2 
2-11 
3 4-1 



2-2 + 3-2, 
6-0 + 3-8, 
0-2 + 3 + 2, 
4-3 + + 8, 



+ 4-1 + 1, 
+ 0-1 + 4, 
+ 4-1-1, 
+ 6-0-4, 



3+0+4-1 
9+0+4-4 
0+0+4+1 
6+0+0+4 



-1+ 8 +2-1, 

-3+ +2-4, 

0+ 8 +2 + 1, 

-2 + 12 + + 4, 

8 14 6 
-5139 
11 3 2 5 
14 9 2 10 



§ 68. Since it is possible to alter, in accordance with 
previously established theorems, the form of either or both 
of the two given determinants before going through the 
process of forming the determinant which is to be their 
product, it is clear tliat in this way there may be obtained 
more than one form of result. Thus, using the theorem 
(§ 24) regarding the transformation of rows into columns, 
we have 



^^1 



\c. 



Avi 










&iA+c,yi &.A+Ciy, 


AVa 




&.A+c«yi ^^a+c.y= 




\c. 


A|8, 




^A+Ci^, &,y.+Cxy, 




6,c, 


7x7% 




bA+<^A ^ayi+c,y. 




\K 


AVi 




bA+Kyx b,fi,+b,y. 




CjC, 


^aVa 




CiA+c^yi Ci^j+Cay* 




\K 


A|8, 




h^x+bA ^yi+&>y. 






CiC, 


yiVa 




cA+cA Ciyi+c^y. 
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§ 69. The form of the result in the ease in which the tw6 
determinants to be multiplied are identical is worthy of 
notice, each of the elements situated on One side of the 
principal diagonal being identical with that similarly sit- 
uated on the other side. Thus, taking la^/Sgy^f as an 
instance, we have 

«i A Vi 

«2 A 72 



«3 A 73 

«i' + A' + yi% «i«2+A/32+yiy.i' «i«s+AA+yiy3 



«i«2+/3i/32+yiy2> a/ + /3/ + y/ > «2«8+AA+y2y3 

«i«8 + AA+yiy3, 0303 + ^2^3+ y^ys, 03' + ^83' + y3' 



§ 70. If one of the two determinants, whose product in 
determinant form is wished, be of a lower order than the 
other, we can raise its order to that of the other in the 
manner already shown (§ 42), and then proceed as before. 
As, however, this preliminary change may be accomplished 
in a variety of ways, there thus arises an increased variety 
in the possible forms of the result. For example, if the 
product wanted be that of \(iib^c^d^\ and laiAl* ^^ have 



aj)^c^d, a,AI 








* 


a, 6, c, d. 




«i 


^I 








a^ 62 Cj d^ 


V 


<h 


^, 








»» &8 ^8 ^8 


/v 








1 





a, b, c, d. 













1 



^A+^iA «i«2+^A 

^2«i + ^2A ^aOa + bj^jj 

<^zOLx + KPl a8«2 + ^A 

a4«l + ^A «A+&4A 






or 
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a, \ c, d. 




«x |8j 2. 








^2 62 Cj d^ 


V 


a, A «, 








«S ^3 ^3 ^S 


^ 


10 






t 


a, b, c, d. 




«4 2/4 «4 1 


} 






»i«i + ^A + ^i^i» 


aiCj + 6ij8, + c,«,, 


"i. 


«l«4+^2'4 + <'A+<^l 


«2«1 + ^2A + ^^V 


ttjOj + 6j|8j + CjS^j, 


c,. 


a^, + 6^, + c^, + d. 


«3«1 + ^A + ^3^1' 


"jOa + ^ A + V»> 


c... 


«*»4 + 6.2/4 +«A + <^. 


a^ttj + 6^1 + c/j, 


<*4«a + ^A + ^A' 


c,, 


a4a'4 + 6.2/4 + cA + <^4i 



§ 71. If the process of § 67 be followed to find the 
product of two determinants, one or both of which contain 
one or more zero columns, there results a determinant whose 
value might not otherwise readily appear, but which, from 
viewing it as arising in the manner stated, we know must 
equal zero. Thus the determinant 



<*2 ^1 + KVl «2^2 + ^2/2 «2«^S + hVz 

since (§ 67) it is equal to 












«^i Vi \ 
x^ 2/2 X, 

«8 2/3 \ 



= 0, 



§ 72. If there he two sets of elements both consisting of 
n rows of r elements (r being greater than n), and a deter- 
minant be formed from them in the way in which the 
product of two determinants is formed, then this deter- 
minant is equal to the sum of every product whose first 
factor is a determinant obtained by taking n columns of 
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the first set of elements, and whose other factor is the deter- 
minant obtained by taking the corresponding u columns of 
the second set 

Let the two sets of elements be 

^*ll ^*12 • • • • ^in • • • • Of^f, Oyi C/j2 • • • • ^in • • • • ^ir 

a^i ^22 • • • * a^fi • • • • a2f ^21 ^22 * * • • ^2n * • * * ^2f 

and 



3,= 



^nl ^na • • • • ^tm • • • • Ct„,. 0„i 0^ .... 0„„ .... 0„^, 

SO that the determinant referred to, A say, is 

^1^11 i" • • . • OfifOif. ^1^21 I • • • "T" ttj^-Oj,, .... ^ll^fil i" • . . "T" OriftOff^ 
a^Oii + . . • 4" a^Oif, ^21^21 T" . • . + ^'^^2r • • • • ^21 ^nl •■•••• ^2r^nr 

^nl^ll + . • • + ^nr^ir ^nl^21 + • • • H" (^nr^2r • • • • ^nl^nl + . . . + Cl',j,.0„,. 

Fixing upon any ti terms of the first element of A, let us 
delete the other r-n terms and the corresponding r-n 
terms in aU the other elements, and call the resulting deter- 
minant 9j : again fixing upon any other n terms of the first 
element of A, let us proceed in the same way, and call the 
resulting determinant d^ : and so on. For example, if it be 
the la^t r-n terms which are deleted in obtaining 3^, 

^1^11 T • . . H" aiffiif^ ^1^21 4- . . . + aiffizn • • • • ^l^nl "T . . . + Oqffi, 
a^Oii + • . . + ^Sn^ln ^^1^21 •.•.•" (^f'^O^fi • . . • ^^^^nl 'i • • • i" ^2n^i 



^wl^ll + • • • + (^nrfiln ^nl^21 + • • • + O^nrPln • • • • ^nfinl + • • • + ^mPnn 



The number of such determinants is evidently the number 
of combinations of r things taken n at a time, i.e., 

r(r-l) ... {r-n + 1) 
n\ ~- 
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Returning to A we see that as each element consists of 
r terms and there are n columns, A may be partitioned into 
r" determinants, the columns of each of which are got by 
taking from each of the columns of A a set of terms in the 
same veiiiical line. Of these determinants, however, those 
which do not vanish are in number only the number of 
permutations of r things taken n at a time, so that A is 
equal to the sum of r(r - 1) ... (r - 71 + 1) determinants with 
monomial elements. 

Now each of these monomial-element determinants is part 
of one of the determinants of the 9 series, viz. that one in 
which its own columns occur as parts of columns. For 
example, \(a^fi^^) {aJ)^)..,{a^J)„^)\ is a part of 9^, being one 
of the monomial-element determinants into which 9i can be 
partitioned. In other words, the monomial-element deter- 
minant which is formed by taking from the first column of 
A the set of x^^ terms, from the second column of A the set 
of 2/*^ terms, and so on, is part of that member of the 9 series 
which is obtained by retaining the af^, y^\ . . . terms of each 
element of A and deleting the rest. Hence A is a part of 

9i + 92 + But when each member of the 9 series is 

partitioned like A into monomial-element determinants, the 
number of these which do not vanish is (p. 96) n\ for each 
case, and therefore for the whole series is 

n\ X — ^ ^ ;^^ or r(r-l) (r-w + 1), 

— that is to say, exactly the number of non-evanescent 
monomial-element determinants into which A can be par- 
titioned. 

.*. A = 9i + 92 + 9s+ 

Now (§67) 9i, 92, .... are each the product of two deter- 
minants, viz. that member of the 9 series which is obtained 
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by retaining the x^\ y^, terms of each element of A 

and deleting the rest is the product of the two determinants 

whose columns are the x^\ y^\ columns of the first and 

second given set of elements respectively. Thus the theorem 
is established. 



Example : — Fonned from the two sets of elements 



• 


a h c 


X y z 




a' 2/ <f, 


^ if ^, 


the determinant 







ax +by +CZ ax^ +l)j/ +c^ 
a'x + b'y + (/z a V + 6y + cV 



cue +hy 


aa! ■¥hy^ 




ax +CZ 


oaf +<^ 




by +ez 


w 


+ C3' 


dx + b'y a'oif + 6y 


+ 


a'x + &z dv! + c'/ 


+ 


Vy + cfz b'tZ+c'z' 


a h 


X 


X y 


+ 


a c 
a' & 


X 


X Z 

of ^ 


+ 


b c 


X 


y z 



Although here the determinant with trinomial elements is expressed as the 
sum of three determinants with binomial elements, it must be noticed that this 
is not possible in the case of every determinant with trinomial elements. The 
general theorem in fact is 



Oi + Ji + Ci Xi + yi + Zi 
Oq + bi + Ci Xa + ya + 2a 



Oi + &i Xi + yi 



Oj + Ci Xi + Zi 

Oa + Ca x^"^^ 



Oa JCa 



&a Vi 



6i + Ci yi + Zi 
bi + Ci yi + Zi 



Ca 2a 



It is also worthy of note that the minora of the determinant product of § 67 
have the form of the determinant now dealt with in § 72. 



§ 73. Having found as in § 67 the product of two deter- 
minants, the product of the result and another determinant 
may be similarly found, and thus we see generally that 
the product of any number of determinants of the same 
or different orders is obtainable as a determinant of the 
order which is highest arrumg the factors. 
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Example 1. Show that 

y* — y^ y^ -x* 

a h c d 
b c 

e d 



d 

e 



e 
f 



ax-^hy bx + ey cx + dp 
bx + cy cx + dy dx + ey 
cx + dy dx+ey ex+fy 



By § 67 we have 

y" -y^ ya^ -a? 
abed 
b c d e 
c d e f 



1 

X 








y 

X 








y 

X 







y 



y» 

a ax + by bx + cy ex + dy 

b bx + ey cx + dy dx + ey 

e cx + dy dx+ey ex+fy 

ax + by bx + cy cx + dy 
bx + ey cx + dy dx+ey 
cx + dy dx+ey ex+fy 



whence hy division the identity is established. 



Example 2. Prove that if the expression 

oiB* + 6y* + C2? + dxy + eyz +fzx + ffx + hy + kz + l 

be the product of two linear factors, a^x + ^ay + yiZ + ii and a^ + P^ + y^ + dt 
say, then 

2a d f g 

d 2b e h 

f e 2c k 

g h k 21 



-0. 



Multiplying the factors together and comparing the result with the given 
expression, we have 











a " 


' OiOai /-»i7a + aa7if 








6-/3i^j, fi' - Oi^j+oa^ii 








c - 7i7a, h - ft^j+ft^i, 








d - Oift + Oj^i, * = 7i^j + 72*i. 








«-ft72+^j7i» f-*iai. 




Hence 










2a d 


/ 


^ 




OiOj + Oaai Ox^s + oaft ai7s + aa7i 


0,02 + QgOi 




d 26 


e 


h 




«ift + OaiSi ft ft + ftft ft 7s + ft7i 


ft^2 + ft«l 




/ « 


2c 


k 




0,72 + Oj7i ft7» + ft7i 7i7s + 727i 


71*2 + 72^1 




a A 


k 


21 




tti^ + os^i ft^s + ft^i 7i^J + 7a^i 


W2+^a^i 



SEC. 73. 



DETERMINANTS IN GENERAL. 



105 



1.0. 



2a d f g 




ai as 




as ax 


d 2b e Ji 




A /3a 


V 


iSi /3i 


f e 2c h 


•31 


7i 72 


^ 


72 7i 


g h h 21 




\ ^2 




5a $1 



(f67) 



- 0. 

Not only does this determinant (known as the discriminant of aa? + by^ + C2^ 
+ dxy -»- eyz -^-fzx +gx + hy + bs + l) itself vanish in the circumstances mentioned, but 
so also do all its principal minors. Thus, taking the minor obtained by deleting 
the iecond row and ^ird column, we find 



2a 

f 

9 



d 
e 
h 



9 
k 

21 



7i 72 

^1 ^2 









Oj a^ 
i32 ft 

^2 ^1 



0; 



the first factor here being obtainable from the first factor above by deleting the 
second row and fourth column, and the second factor from the second factor 
above by deleting the third row and fourth column. 



Example 3. Show that if in 

oa^ + &y* + C2? + dxy + eyz +fzx+gx + hy + kz + l 
we put 



X 


- aiX-\ 


■ftF4 


•71-2', 


y 


» o^Xa 


hftFH 


■72-2', 


z 


- ajX+ftFH 


■7»-2', 



arrange the result with regard to X, F, ^ as the given expression is arranged 

with regard to as, y^ z, and denote the coefficients in order by A, B, C, , 

then 



2A 


D 


F 


a 


D 


2B 


E 


H 


F 


E 


2C 


K 


a 


H 


K 


2L 



ft 7i 


a 


A 72 




ft 7. 





Making the substitutions and arranging, we find 

A - aa^ + 6aa* + ca^ + dOiO^ + ea^a^ +/ctia8 , 

5 = aft3 + 6ft« + cft2 + d/SiiSj + cftft +/i3^„ 

G''<VYi* + hy^ + cyi + ^7172 + e7278 +/7i78 , 

D = 2aaift + 26ajft + 2ca8ft + dajft + doift + eagft + ea^ft +/o8ft +/aift , 

E = 2aft7i + 26ft 72 + 2cft78 + dft7i + dft 72 + cft72 + cft78 +/ft7i +/ft7a . 

-P-2<^iai + 2672aa+2c78a8 + d720i+d7iaa + e78a2+C72a8+/78ai+/7ia8. 



2a 


d f g 




d 


2b e h 




f 


e 2c k 




9 


h k 21 


m 




O^goi-^hOi + ka^f 




H-gfii + h^a + kp^, 




K^gji + h 


72 + ^78, 
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Now 



Oj 


A 


7i 


t 


oa 


A 


72 




«• 


A 


78 





-|aiA78l 



2il 
D 
F 
Q 



D 
2B 
E 
H 



2a d f 

d 2b e 

f e 2c 

g h k 

2aai + da^ +fa^ 
2a7i + *yj+/7« 

F O 

E H 

20 K 

K 2L 



»l 


aj 


Os 





a 


2a 


d 


f 


ff 


A, 


A 


A 







d 


2b 


e 


h 


7i 


78 


78 







f 


e 


2c 


k 











1 




if 


h 


k 


21 



9 
h 

k 

21 

doi + 2ba2 + ea^ foi + 60^ + 2ca% gai + ha^ + ka^ 

d^i + 2b^ + e^ f^i + e^i+2cPt g^i+hfii + k^t 

dyi + 2byi + eyi fyi + eyi + 2cyi gyi + hyg + kji 

h k 21 



if in multiplying we use | Oi/Ssy,! again in its altered form. 

It is also apparent from this that the complementary minors of 2L and 21 
are connected in the same way by the multiplier Iai)^7,p. 



Exercises. Set XII. 

Perform the following multiplications, giving the results as determinants :- 
1. 



3. 



X y 1 






2. 


a b 





a b 




xi Vi 1 


loiMsl. 




c d 


c d 




Xi Vi 1 






e f 


e f 


• 


1 a a* 


a* -a 


1 


4. 


a + b c c 


a + b + ^ -Ja -J6 


1 6 6« 


^ -b 


1 




a b + c a 


-ic b + c + ia -J6 


1 c c* 


c" -c 


1 


• 


b 6 C4 


•a 


-ic 


-Ja c + a + ib 



5. By changing a?+y^, y^ + ^, 2? + jb* into determinant form and multiplying, 
find an expression for their product as the sum of two squares. 



6. Find the product of 



a 


a 


a 


a 




a 


b 


b 


b 


and 


a 


b 


c 


c 




a 


b 


c 


d 





-110 
0-110 
0-11 

111-1 



and thence resolve the former determinant into simple factors. 
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7. Prove the identity of Ex. 14, Set VIII., by using 

1-11 

11-1 

-111 

as a multiplier. Write down the corresponding multiplier in the case of Ex. 15, 
Set VIII. 

Give the quotients in the following cases as determinants : — 



8. 








1 o o» 


• 


1 /S /S» 




1 y y 



9. 



2xy y^ + ic 


a^+y 




X 


y 





jc^ + y 2xy 


x + y^ 


• 
• 


y 





X 


a;+3^ y + sc* 


^y 







X 


y 



10. Use the multiplication theorem to find the simple factors of the deter- 
minant of Ex. 24, Set VII. . 



11. Find the product of 

c + dV-1 a-hV-1 



and 



7+6\/-l a-i3\/-l 



and thence show how the product of two sums of four squares is itself expressible 
as a sum of four squares. 



12. Show that 














a + h + c) 


a b 


c 




«« 6« 


c« 




a 




b e 


a 


- 


6 c 


a 


+ 


W 




1 1 


1 




1 1 


1 




1 



a" 
1 



ah 


be 


ca 




b 


c 


a 


+ 


1 


1 


1 





a b c 
db be ca 
111 



13. Show that the identity of Ex. 12, Set VII., foUows from finding the 
product of 



<h 


h 


Ci 


1 




<h 


b. 


Ca 


1 




<h 


h 


Cg 


1 




1 


1 


1 





» 



1 








h 




10 








1 





h 




10 











1 


h 




1 














1 


1 


hn hq h» 


1 



14. Find the expansion of 

a-\ h 



9 



h b-\ f 
g f c-X 



a + X h g 
h 6 + X / 
g S c + X 
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according to descending powers of X, showing that the coefS.cientB are alternately 
negative and positive. 



15. Find the product of 

Oi Oj a, 

Oi Oa a* 

&x ^s ^8 

6i 6a ta 



and 



&, &s 

&s 

-a, -10 

-Of -a, -1 



and thence show that the former determinant is equal to 

\(hh\ \(hh\\ 



Resolve into determinant factors- 



16. 



a* + be ah hd 
ac be + de df 
ee ef de+f^ 



17. 



oi biXi + CiVi biX2 + CiP^ 
Oa b^Xi + CiPi b^Xi + Cj^a 



18. 



ax2 + bpi + cZi dya f^^OH 



byz -¥ czi dyz 



9H 



19. Prove that 



-4 



1 aji yi aJi« + yi» 

1 «a yj a5a* + ya' 

1 a% ya ^-^Vi 
1 x^ Vi x^-^y^ 

(x^-x^?Hyi-y^^ {xi-x,)*+{y^-y^* {xi-x,y^(yi-y,)* 

(afi-xa)«+(yi-ya)» (Xi-x,)U{y2-y^* (xa-ajJ'+Cya-yJ' 

(ai-«4)*+(yi-y4)* fe-«4)^+(y2-y4)* («8-«4)*+(ya-y4)' o 

20. Prove, as in Ex. 15, that 

Oi Oa Og 04 

Oi ct^ ctf a^ 

Oi Oa Oa 04 

&i 6a 6a &4 

61 69 6a 64 

61 6a 63 64 



ioi 6a| K 6al [oi 64] 

loi 63! K 641 + laa 6al 10,641 

<h 64I la, 64I loa 64I 



SEC 73. 



DETERMINANTS IN GENERAL. 



109 



21. Prove, in the same way, that 

Ox Oj Of a4 

Oi O) Os ^4 




\<hh\ \<hh\ -di^ 

— ciihi - (I4 6a - 04 63 



hi hi hg 
hi hi ht 
5, 2»8 

Oihi 



0163 |<h68l'''<is6] Oj&s-ai&i 
ai^s (hht -a^hi 03 63- 6(4 &2 



-r fli. 



22. Show that the proposition of § 53 may be established by using the multipli- 
cation theorem. 



Ol" 



23. Find the quotient of 

{S-Oif Oi* Oi* , 

Oj* (»-a«)* 02* Oa* 

Oj* 03* (s-Oa)* Os* 

a»' On* On* («-an)* 

where ««»<»i + Oa + ."» +On. 



03 Os s-a^ 



a. 



On On On 



S-On 



24. Prove that 

OaCoii^ + afii) - 2/3aaa| aj(oi7 + a7i) - 27aoai 

/3,(i3ai + M - 2aa/3ft P^^y + jS^i) - 27a/3i3i 

7j(7iO + 7ai)-2aj77i 72(7ii9 + 7i3i) - 2/3,7 vj 

Oi/3 / + oj9 vi - 2oj9i7 aj/Sa*} a + o^a^i - 2aa/3i-j j j 

a)37 + ai372 - 20)3, / a^iyi + Oii3i7a - 2oii8aVi 

Establish the three following identities : — 



25. 



26. 



a + 6 + c + Jd -Ja -Jft -Jc 

-Jei h + c + d + ia -J6 -Jc 

-Jd -Ja c + d + a + J6 -4<J 

-Jei -Ja -J6 d + a + 6 + Jc 



4(a + 6 + c + d)\ 



a* 


(6 + c + d)» a« o« 


6« 


63 (c + e« + a)« 6« 


c» 


c» c« (e« + a + 6)« 



« 2(a + 6 + c + d)*2a«6c. 
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27. 3d i + d i + d s + d 

8 + a da 8 + a s + a 

8 + b 8 + b 36 M + b 

« + c 8 + c 8 + c Sc 

if 8-a + b + c + d, 



-12Sa>6(?, 



§ 74. If, in a determinant of the n** order the minor 
formed of the elements common to the first m rows and the 
first m columns he m%dtiplied by its complementa/ry, the 
pi^odvjct gives m! ^n - m)! tei^m^ of the original determinant. 

Let the determinant be 




or 2), say, 



where no elements are represented unless a few of those in 
the two minors referred to, and denote the minor 

WA ^«l by in. 

and its complementary 

i2>«+i?m+2 Xn\ by a- 

If any term of tt|^ be taken and any term of \, the product 
of the two terms must contain one and only one element 
from each row of D, and one and only one element from 
each column, and must therefore, setting aside the question 
of sign, be a term of D, 



SEC. 76. DETERMINANTS IN GENERAL. Ill 

Further, suppose that the numbers whose inversions of 
order fix the sign of the term taken from vi are 

the number of the said inversions being r; and suppose 
that the corresponding numbers in the case of the term 
taken from i\, are 

the number of inversions being s. Then the sign-factor of 
the product of the two terms would be 

(-1)' X (-1)'. 

But the series of numbers for fixing the sign of it viewed as 
a term of 1) would be 

A ^» y> •••» ^> '^ + ^» m + TT, m + p, ..., m + r; 

and as each of the numbers m + ^, m + ir, ..,,, tti + t is 
greater than any one of the numbers /3, S, ..., k, and the 
number of inversions in^ m + ^, m + ^r, ..., tti + t is the 
same as in ^, tr, ..., t, the total number of inversions in the 
series must therefore be r + 8. Consequently the sign-ffl^ctor 
of the product viewed as a term of D would be 

(-in 

which, as we have just seen, is the sign it actually bears. 

Thus the product of any term of n^ and any term of i;^ is 
a term of D ; therefore if ni which consists of ml terms be 
multiplied by ri which consists of (n-Tn): terms, there will 
result ml {n-m)l terms of D, 

§ 75. If, in a determinant of the nf^ order, the minor 
formed of the elements common to m rows, viz. the h^, k^^, 
V\ , and m columns, viz. the t^, sf\ \x^\ , be multi- 
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plied by its complementary, the product taken with the sign 
(_l)ix+k+i+...+r+.+u+... g^^^ j^j (n_in)i tei-ms of the original 

determinant 

Let the determinaiit be D, the minor ill, and its comple- 
mentary r^. 

Making the h^ row pass over the h-1 rows which precede 
it, then the k^ row over k-2 preceding rows, then the 
^th j.Q^ Qygj. ^_3 preceding rows, and so on, we have a 

determinant D' whose first m rows are the fe*^ A*^ V^, 

of D, and such that 

Again, by treating the r*^ 8*^ u*^, .... columns of this deter- 
minant in like fashion, we obtain a third determinant IT, 
whose first m rows and first m columns are the m rows and 
m columns of D out of which tt^ is formed, and such that 



or 






xD, 



since -1-2-3-.. .-1-2-3-... is even. Now (§ 74) 
the product iT\.x?i gives m!(ti— m)! terms of 2)*'; therefore, 
taken with the sign-factor (-1)*+»+»+...+h.-+«+... it wiU give 
ml (7i-m)! terms of JD. 

Example. Taking the first, second, fifth rows, and the third, fourth, fifth 
columns of 



we hare the minor 



Ol 


<h 


(h 


a* 


«5 


6I 


h 


h 


h 


6* 


Cl 


Ca 


Cs 


c* 


<?« 


d. 


rfa 


rf» 


d. 


c^s 


ei 


ej 


Cs 


«« 


c« 




a« 


Oi 


as 






6« 


h 


6« 






«8 


Ci 


c« 


» 
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whose eomplementary is 

di d^ 

hence (_i)i+2+5+8+4+5 j^^^^^ | |^^^| ^^^^ gj 2, ^j^g ^^ | OiftjCid**.!. Similarly, 

Icicfsesl 104621 and -|6sC3(2fil |aie4| each give twelve terms: and, as we already 
know (§ 46), -6^10102(24651 and eilOih^Cidi] each give twenty-four. 

§ 76. The proposition of § 75 is equivalent to the statement that the co-factor 
of a minor of a determinant is the complementary minor, the sign to be taken 
with the product being + or - according as the sum of the numbers indicating 
the deleted rows and columns is even or odd. As however the sign of the 
product of the two minors must be the same as the sign of the product of their 
principal terms, it is evident that we have another and perhaps easier mode of 
fixing it, viz. by determining the sign of the latter product as a term of the 
original determinant. Thus, taking the first example above, the sign to be 
prefixed to 10364651 [cic^si is the sign of ct^bieiCid^ or a^h^Cidiei as a term of 
|oi6aCa(246fi|, and therefore (§ 14) is (-1)^. 

§ 77. If any m rows of a determinant be selected and 
every possible minor of the m** o^'cfer be formed from them, 
gmd if each be multiplied by its complementary and the 
sign + or - be ajffioced to the product according as the sum 
of the numbers indicating the rows and columns from 
which the minor is formed be even or odd, the aggregate of 
the products thus obtained is equal to the original deter- 
minant. 

Let the given determiDant, D say, be of the ti*^ order, 
and let the m selected rows be 



^ 



a. a^ wg • • • • a^f^ • • • • Cvn 

1 2 8 * * * * ^m • • • • ^n 



*1 ^2 ^8 •••• ®m •••• ^n 

SC. Xq *^u * • • • *^,|| • . • • *^f| • 

The number of different minors of the m*^ order that can 
be formed from these rows is clearly the number of sets of 
m columns that can be formed out of n, and therefore is 

H 



lU 
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n\ 



m! (n - m)! 



Now (§ 75) the product of each of these minors and its 
complementary gives, when its sign is fixed in the manner 
stated, 7rh\(n-7n)\ terms of D. Using all the different 
minors, therefore, we obtain 

ml(n-m)l x — 7-. rr or n\ 

^ ' m!('n-m)! 

different terms of A ^-e* the full expansion. 

Examples :— Taking the first two rows of 

Oi a^ Oj 04 

61 6s 6s 64 

Ci Ca c« C4 

dri d^ d^ d^ 

we have in all six minors, viz. 



Oi a. 




Oi a. 




Oi a4 




Os Os 




0, a* 




Oa 04 


61 6, 


f 


fti 6b 


> 


^ 64 


* 


6, 6, 


> 


6, 64 


> 


6. 64 



hence 

Iai6ac^d4| - 1016,1 M4I - l<»i^l M4I + loiM |cid»l + I^AI IM*I - 10864! kAI 
+ 10,641 |CiC«,|. 

By selecting any other pair of rows except the last pair or any pair of columns 
we should obtain a like development : by selecting one row or three the develop- 
ment is that of § 46. 



Similarly, we find 

\0'^>^lfi^ - lOlVsI l<^4«6l 

+ loi64C«|ld8Cs 



IOi6aC4| Ic^^eal + K69C8I 1(^64!+ Ioi6,C4| W^ - \ai^t\ \d^i\ 
lajbiCil |rfie«I+ MsCjI {diCil - \ajbiiSt\ Kcgl - 10,640, | |rfie,l 



§ 78. If any m rows of a determinant he selected, and 
every "possible minor of the m^ order be formed from them, 
and if each minor he multiplied by the complementary of 
the correspondiTig minor formed from other m rows, and 
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the sign + or - be affijxed to the prodvjct according as tJie 
8um of the numbers indicating the rows and columns from 
which the complementary is formed be even or odd, the 
aggregate of the products thus obtained is equal to zero. 

Let |ai„| be the determinant, then the aggregate of pro- 
ducts referred to is equal (§ 77) to a determinant of the n^^ 
order having for m of its rows the m rows from which the 
first factors are found, and for its other rows the ti-m rows 
from which the second factors are found. But the rows of 
the latter set cannot be all different from those of the 
former ; for, if from n things a set of m be taken, and from 
the same n things another set of m, the n-m left the 
second time must include one or more of those taken the 
first time. Hence (§ 27) the aggregate of products is equal 
to zero. 

Example. Taking the first and second rows of \aihiC^d^\, we have the minors 

\<hW, \0'M, \<hh\3 loa&al, los&J, \azK\\ 

and the corresponding minors formed from other two rows, the second and 
third, being 

i^Csl, l&iPsU I&1C4I, l&aCsl, \hc^\, |&,C4i, 

we have as their complementaries 

JojdJ, 10,^4! » |a2<^l» |ai<^J» \(hdf\, \(hd%\i 
then 

being, in fact, equal to 

The theorem here exemplified is seen to include that of § 52, as the theorem of 
§ 77 includes that of § 46. 

§ 79. If in amy determmant of the n** order there be m 
rows aU having in the same places n-m zero-d&mentSy the 
determinant is expressible as the prod/wet of two of its 
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TTiinors, viz. the mimor, whose elements are the remaining 
elements of the m rows, and its complementary; the sign of 
the product being + or - according a^ the &wm of the 
numbers indicating the rows and columns from which the 
minor is formed be even or odd. 

Seeking to find a development of the determinant as an 
aggregate of products of complementary minors (§ 77), "we see 
that there are in the m rows only m vertical lines of non- 
zero elements, and that consequently there can be formed 
only one non-zero minor of the m*^ order. The products 
therefore all vanish except that arising from this minor and 
its complementary. 



Example:— 



di a^ a^ a^ a^ 

bi ht 6, 

Ci Ca Cs 

di di d^ d^ d^ 

ei ^ ej 



Oi a^ a^ a^ a^ 

di d^ d^ d^ d^ 

bi hi bs 

Ci Ca Cfi 

Ci ej Cs 

bi 6g 65 

Ci Cs Cs 

€1 63 65 



02 6(4 Oi Og ^5 

d^ d^ di d^ di 

61 63 6fi 

Ci Ca Cfi 

Ci es Cs 



d^ d^ 



§ 80. If, in any determinant of the n** order, there be 
m rows all havi/ng in ilie sartie places more than n-m 
zero-elements, the determinant vanishes. 



§ 81. In like manner we see that, conversely, the product 
of two determinants of the r^ and s** orders may be 
expressed as a determinant of the (r + s)** order whose 
elements are (1) the r* + s* elements of the two determinants, 
so placed that the said determinants may be complementary 
minors of the new determinant, and that the sum of the 
numbers of the rows and colv/mns they occupy may be even. 
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(2) rs zeros completing the rows in which the elements of one 
of these minors stand, and (3) any r^ finite elements what- 
ever for the remaining places. Thus 



<h 


a. 


■ 


«i 


«2 




^ 


h 


X 


Vi 


2/» 





Oi 


«, 


«1 


Wj 




«l 





«2 





&. 


h 


ft), 


«4 




Tl 


2!, 


•TT, 


'^i 








"'l 


«i 




6x 





&, 







• ■ • • 





Vi 


Vi 


> 


T, 


2/i 


^4 


y. 



Example. Prove that 

hiMi ^S^i ^1% ^2^1 

hiMi k^Xi h%ni 1c^Z\ 
Pim^ qiX2 Pitii QiZi 
Pa»ia ?8«a Pi^ 9ih 

From the precediiig we have 



BS 


^1 *, 


Pi 9i 
Pi ft 


nil **! 


Xi Zi 
Xi Zi 



hi ki 



Pi 9i 
Pi Qi 



hi ki 

hi ki 

ih «i 

Pi Qi 





TTii ni 


Xi Zi 


■ 


and 






= 




Mi 7l2 


Xi Zi 





mi ma 

Xi fl^ 

rii rii 

Zi Zi 



whence by multiplication (§ 67) the desired result is at once obtained. 



§ 82. The two different modes which have thus been 
found for expressing the product of two determinants as a 
determinant suggest the possibility of deriving the result 
obtained in the one case (§ 67) from that obtained in the 
other (§ 81). This can really be done, and the process of 
transformation is sufficiently instructive to merit attention. 
Taking the particular case (§ 66) in which the two deter- 
minants to be multiplied are of the third order, viz. 

\A^BjO^\ or A and la^fegC,! or A', 

we have (§ 81) 
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AA' 









c, -1 




0-10 



63 c, -1 

A^ A^ A^ 

B, B, B, 

C, C, C, 



where there is specially to be noticed the nine particular 
elements chosen for the places which may be filled by any 
nine finite elements whatever. Then, increasing each element 
of the first column by a^ times the corresponding element of 
the fourth column, a^ times the corresponding element of 
the fifth column, and a, times the corresponding element 
of the sixth column, and increasing each element of the 
second column and each element of the third column in a 
similar fashion, but with the multipliers 6^, 63, 6, in the one 
case, and c^, c^, c, in the other, the product takes the form 





















-10 
0-10 
0-1 



a^A^ + a^A^ + a^A^ b^A^ + b^^ + b^^ c^A^ + c^^ + c^A 
a,B^ + a,B^ + a,B, b,B^ + b^B^ + b,B^ c^B^+ c^,^ + c,B 

Hence (§ 77) it is equal to 

a,A^ + a^A^ + a^A^ \A^ + b^A^ + \A^ c^A^ + c^^ + c^A 
a,B, + a,B^+a,B, b.B^ + b.B^ + b^B^ oA + oA+<^z^ 
a,0, + a,C, + a,G, b,C, + b,C, + b,C^ CiC'i+ c,C?,+ c,(7, 



-4j A^ A^ 

Br A B, 



-1 








-1 












-1 



which becomes at once the result of § 66. 
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§ 83. In § 67 the product of two determinants of the 
n^ order is given as a determinant of the n^^ order; in § 81 
it is given as a determinant of the 2n^ order. We can, 
however, fuither express it as a determinant of each of the 
intermediate orders, so that the forms of §§ 67, 81 may be 
viewed as the extremes of a series. Thus we have, firstly, 



[A,B,0,\\aM\ = 



«. 

«. 
























B. 







B. 







B. 



a c. c. 



a 



secondly, we have 



M,5,C.||aAc.| = 



a. 



a. 



a. 




























-1 




A. 









A. 









A. 



A ^. -^a 

a c. c. 












-1 








«. 


K 


c, 











a, 


h 


c. 











Ml 


Ml 


Ml 


^1 


A 


. ^ 


a,B, 


bA 


"i^i 


^1 


B 


', B 


aA 


bA 


c,C, 


^1 


C 


\ c 


a. 


h. 


«, 










«, 


h 


^'t 










Ml 


Ml 


Ml 


A, 


^. 




a,B, 


bA 


«iA 


-5, 


5, 




a,C, 


bA 


c^C, 


c, 


C'a 





3 



(1) 



(2) 
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thirdly, we have 



A,Bfi,\\a,\c, 






a, (7, + a, C, 



a. 



OiJ?, + a,5, 
«!(?, + a, (7j 



«j ft, 

«s ^ 












\B, + \B, 



c^ -1 
c, 

^, 
B, 
(7, 











-1 



■4j ^, 



-1 






c, 




-1 





A A 
5. 5, 









A. 



B. 



8 



a G. 0. 



,(8) 



and, fourthly, we have the natural conclusion to these, 
namely, the procedure and result of § 82. 

The general theorem, to which we are in this way led, and 
which can be proved in the manner indicated, is — 

The prodiict of two determinants of the n** order may be 
found by substituting zero-columns for m columns in the 
one a/nd for the corresponding m columns in the other, 
multiplying the tivo determinants thus obtained, i/ncreasing 
the number of the columns in the result by appending in 
order the deleted colvmins of the first determi/aant, i/ti- 
creasmg the number of rows by superposing the deleted 
columns of the second determinant after changing them in 
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order into rows, putting zeros in the places above the added 
.columns amd to the right of the added rows, a/ndprejixmg 
to the determinant thus formed the sign-factor (-1)*^"^^^ 

The xnaltiplioation-theorem of § 67 is the case of this where m»0, although 
strictly to include it the word "multiplying" here would have to give place to 
a phrase descriptive of the process intended. 

§ 84. Since either of the determinants in each of the 
products referred to in the theorem of § 77 may itself be 
expressed as an aggregate of products of complementary- 
minors, we see that by repeated use of the theorem we can 
develope a determinant as an aggregate of products of more 
than two minors. Thus 



where each term is a product of three minors, one of the 
first, one of the second, and one of the third order. 



§ 85. The product of two determinants of the same order 
is equal to the sv/m of like prod/uMs obtained from the 
original by interchanging a particular column of the one 
determinant with the colurrms of the other in succession. 

Let |ai„|, |6i„| be the two determinants, and, first, let the 
particular column fixed upon be the first column of |ai„|. 

If a determinant of the 27i*^ order be formed, having 
loinl for the minor situated in the first n rows and first n 
columns, a determinant of n zero elements for the minor 
situated in the last n rows and first n columns, and |6i„| 
for the complementaiy of both of these : and if the first 



122 



THEORY OF DETERMINANTS. 



CHAP. IL 



column of joi^l be then interchanged with the column of 
zeros below it, we have the determinant 



U Cfrjjj .... (Mlf^ 0-yi C/j2 • • • • 

\j ^^'^iS • • • • ^2n ^21 23 * ■ * ■ ^! 



In 



8n 



• • • • 




^113 • • • • ^nn 


• • • • • V 


c>„a .... t>„„ 


Oil 


.... 


bn 


U12 .... Olf^ 


• ■ • • < 


.... 


631 

• ••••• 


C/22 • * • • ^2fi 



a, 



ta 



.... 6-1 6«« . . . . 6 



'fiS 



^tm 



or A, say. 



r 

Looking to the first n rows of this, and seeking to 
form from them all the minors of the ti*^ order, with a view 
to obtain the expansion of the determinant as an aggregate 
of products of complementary minors, we see that we need 
only take those minors into which enter the n-l columns 
surmounting the zeros, for every pther minor has a com- 
plementary which vanishes. Consequently all the minors 
worth attending to are got by taking along with these n-l 
columns the columns of |&i„| in succession: and thus the 
expansion referred to is 



(-!)• 



Oij •• 


.Oln 


brr 


0^22 •• 


• ^2n 


621 


Ct«2 •• 


• ^nn 


6. 






In 
2n 



dni 0-a . . . 0, 



"nl ^«3 



+ (-1) 



n+1 



nn| 



Cvi2 • • • 


«!„ 


612 


Otga . • 1 


<hn 


622 


^nS * * ' 


ann 


b^ 



^11 ^1 K'" 

0/21 Ogj ©28 ... 



^nl ^nl f^ta*'* 



+ (-1) 



2n-l 



(ll2 . . . din ^In 
^22 ••• ^2n ^2n 



Cbfi2 ... ft, 



rm "^rm 



dll Oil ... 6i„^i 
da O21 ... 02„_i 



a, 



nl 



0„i ... 0«,|_i 



the index of the sign-factor of the first product being 
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(1 + 2 + 3 + ,. .+7i) + {2 + 3 + ..,+n + n + l), 
i.e., in{n + l) + ^n{n + l) + n, 

for which n has been put, since n{n + 1) is even. Making 
the b column of each of the first factors pass over the 
columns before it, and making the a column of each of the 
second factors pass over to the place of the missing b column, 
we have 



11 ^^2 • • • . ^*T.»i 
^91 Cv22 .... 'vi 



'21 



2n 



^nl ^n9 • • . « ^< 



nn 



Oil 


Oi2 • • • • ^In 
O22 .... ^2^ 


— 


a«i 


^n3 • • • • ^nn 



0]3 CK^2 • • . • ttjjj 
0.22 ^22 • • • . ^^i 



0„o ft,.n .... Ct/. 



'«2 "'»»2 



nn 



Oji Clii Oij » . • . l>i„ 
Ovi Ot-Qi Ooa .... 02n 



'21 ^21 »'28 



Oln ^12 • • • • ^1 



'2n ^22 



CVQO . . • • (Xn 



2n 



'nn "'n2 



WmO .... tt, 



nn 



^nl ^nl 0„8 * . . . 0^ 

Oil •••• ^l,n-l ^1 
O21 .... 02,„_i dji 

^nl •••• 0,^n-l ^nl j 



the sign of every product being now - , since the number of 
changes of sign caused in the fii*st is n-1, in the second 71, 
in the third n + 1, and so on. 

Again, returning to A, and subtracting each element of 
the (71 + 1)*^ row from the corresponding element of the 
first row, each element of the {n + 2)*^ row from the corre- 
sponding element of the second row, and so on, we have a 
determinant from whose first n rows it is possible to form 
but one noD-zero minor of the n^ order, viz. - [ami ; hence 
it is seen (§ 79) that 

A^ |«ln||6l«|. 

This and the former expression obtained for A at once 
give the required identity in the special case under con- 
sideration. 
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Secondly, let the particular column fixed upon be not the 
first of loinl, but some other, the k^ say. Then it is readily 
seen that to establish the theorem we have only to make 
this k^^ column pass over the k-1 which precede it, apply 
to the product of the resulting determinant and |6i„| the 
already established case, and in every first factor of the 
result make the first column pass over the next k-1 
columns. 

Example. Taking the determinants |ai6,(%|, IxiPiZil, and making each 
column in its turn the column for interchange, we have the six identities— 



Xi bi Ci oi pi Zi 
x^ h2 c% a^ y^ 2% 
^8 ^8 Cz <h Vi ^ 

xihcz\\(hytH\ + 

Zih2Cz\\xiy2a^\ + 



Oj 6i Ci 

02 ^S C% 

Oj 6j Cj 

Vi h Ci 

y% h Ci 

y» h Cs 



Xi y^ z^ 

Xi yt Zi 

Xl Orl Zl 

X^ Cb% z^ 

Xt Of Zs 



Zt hi Ci 

Z% &s Ci 
28 &8 28 



xi yi <h 
x% y% fh, 
xz yi (H 



<hy2Cs\\xiliZs\ 

(hhysWxiCiZi 
<hX2Cs\\hiyiZfi 
(hyiCsWxihZil 
(h^CtWxiyihi 



+ 
+ 
+ 
+ 
+ 



\<hZiCs\\xiyibiU 
\<hhiZ8\\xiyiCz\, 

\(hhiXi\\ Ciy^z^iU 
\(hhy9\\XiCiZa\, 

(hh^illxiyzCal. 



These are not all independent, any one being deducible from the other five by 
addition and subtraction. The number of different products they connect is 
seen to be ten. 



§ 86. The product of two determimants of the same order 
is equal to the sum of like products obtained from the 
original by interchanging k chosen columns of the one 
determinant with every set of k columns of the other in 
succession ; the interchange of k columns with k columns 
being effected by interchanging the first column of the one 
set with the first column of the other, the second of the one 
with the second of the other, and so on. 
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Let \ain\y |6in I l>e the two determinants, and, first, let the 
k columns fixed upon be the first k columns of loml* 

If a determinant of the 2n^^ order be formed exactly as 
in § 85, and the first k columns of its minor |ai^| be then 
interchanged in order with the k columns of zeros below 
them, we have the determinant 

U .... \) Cii,k+1 • • • • ^in ^11 ^12 • • • • ^if 

v/OO • • • « On, 



.... 



.... 



a 



'2,*+l 



.... (Jl/< 



^n,*+l • • • • ^« 



'21 



'nl 



0„9 .... 0, 



'na 



nn 



ttji .... wjjj \J • • . • v Ojj Oj2 .... 0] 

\J «... \J C/oi 0«9 .... 0« 



Cvcn .... Cvn 



€l/f^\ .... Cv, 



nJi; 



.... 



21 



'nl 



O-Q .... I/, 



'n2 



fin 



or A, say. 



Preparing to express this as an aggregate of products of 
complementary minors of the n^ order formed from the first 
and last n rows, we see that the first factor of any non-zero 
product of this kind must contain the last n-r columns of 
loinl and a set of r columns from |6i^|, and that the co- 
factor must contain the remaining columns from \ain\ and 
|6i„|; in other words, that this product is derivable from 
loinll&inl hy transferring the first r columns of |ai„| to 
|6i„| and a set of r columns of |6i„| to |ai„|, — ^the trans- 
ferred columns occupying the last r places in the first factor 
and the first r places in the second. If the columns taken 
from |6iJ be the 0^*^ 6^^, ...., 0r*^ the index of the sign- 
factor of the product is 



(l + 2 + ...+n) + {r+l + r + 2 + .,.+n + n + 6^ + n + 6^ + ..,+n + 0r); 
i.e. in{n + l)+ | ^(n-r)(n + r + l) + m + 6^ + 6^+ ...-{-Orl; 
i.e. ^n(n + l) + ^n{n + l)-^r(r + l) + m + 6^ + e^+...-h6r. 
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Now^ were it not for the positions of the transferred columns, 
the series of products thus obtained would be that referred 
to in the statement of the theorem ; and if, in each case, we 
pass the b columns of the first factor in order over the n-r 
preceding a columns, and in the second factor transfer the 
r^ column to occupy the 6Jf^ place, the (r-l)^ column to 
occupy the Or^i^ place, and so on, we obtain the said series 
of products exactly. The number of changes of sign caused 
by these transferences of columns is seen to be 



i.e., r(n-r) - ir(r + l) + 6^ + d^+ ... + 6r. 

Consequently the index of the sign-factor of the product 
will now be the sum of this number and the former index ; 
so that, those parts of the sum being neglected which are 
even, the sign-factor is found to be 

(-1)-'^ i.e. (-1)'' i.e. (-1)'. 

Hence A is equal to the aggregate of the products referred 
to in the theorem each taken with the sign-factor (-1)''. 

Again, subtracting each element of the (n + 1)*^ row of A 
from the corresponding element of the first row, each element 
of the (n + 2)^ row from the corresponding element of the 
second row, and so on, we have (§ 79) also 

A=(-irK,ii6,j. 

Hence, by equating these two expressions for A, we have 
the required identity established for the particular case 
under consideration. 

When the k columns fixed upon for interchange are not 
the first k columns of |ai„|, we may prove the theorem by 
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making them the first h columns and then using the already 
proved case, exactly after the manner of § 85. 

Example. Taking the determinants loi&aCsC^il and \x1yiZiW4\f and selecting 
the first two columns of the former as the columns for interchange, we have 



§ 87. From the elements of two determinants |ai„|, |6i„| 
a number of different zero-determinants of the 2n^^ order 
can be formed resembling A in § 86, and thus a correspond- 
ing number of identities similar to the one there established 
can be at once obtained by expanding in terms of products 
of complementary minors of the n^ order. Any one of the 
first n columns of such a zero-determinant is formed by 
taking for the one half of it the corresponding column of 
joinl and for the other either a repetition of this or n zeros ; 
the last n columns are formed in like manner, but from |6i„|; 
and the number of columns independent of zeros is not less 
than n + ly this being necessary in order that the deter- 
minant may vanish in accordance with the theorem of § 80. 
If, in the determinant, loi^l and |&i^| are complementary 
minors, the resulting identity may be expressed like that of 
§ 86, namely, so as to give an equivalent for the product of 
loi^l and |&i„ 



Example. Taking the determinants K&aC^I, jai^aZsl, and seeking to express 
their product as an aggregate of like products, in which the first factor shall 
contain the column of &'s and the second factor the column of x\ we form the 
determinant 



(h 


61 


Cx 





Vi 


2l 


<H 


h 


Ca 





y% 


2a 


Os 


h 


^ 





y% 


% 


Ol 





Ci 


«i 


Vi 


Zi 


<h 





Ca 


Xi 


Vi 


2a 


(H 





Cz 


Xt 


Vi 


H 
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which (§ 78) U equal to 

loiValKyaSsI + \(hhyi\\CiX2ZB\ - lothhWciXtytl + llhCtPzlK^thl - \hc%Zi\\(h^y»\ 

But by subtracting each element of the last three rows from the corresponding 
element of the first three rows, it is at once seen to be also equal to 0; hence 

loiMsIl^iya^al 
- loihiy^W^CiZil + laihMxiyaCsl + \yihCs\\xi<hZs\ + laifijCjUoCiyaO,! - lyihztWxiOiCal 

§ 88. If the two given determinants in the immediately 
preceding theorems have one or more columns in common, 
the number of products in the resulting identity is less 
(§ 27) than it would otherwise be. Special cases of this 
kind are of sufficiently frequent occurrence to merit the 
student's attention. 

§ 89. It is readily seen that identities, similar to those 
of § 87, but having for the factors of each product two 
determinants of different orders, might also be established. 
They do not admit of very simple statement, but are often 
of use. 



Example. Since 










h 


&3 hi &4 






Ci 


Ca Cs f 4 






bi 


&2 2»s &4 


-0, 




Cl 


Cs Cg C4 






di 


c^ c^8 e^4 




it at once f ollo¥rs that 




t 




\biCi hiC9( 


i,\ ■• 


= l^aCs 6162^4 - 


|&sC4|i&iC2(^l. 



§ 90. The product of a determinant and any one of its 
minxyrs v\ is expressible as an aggregate of 'products of pairs 
of minoi's: the first factors of the pi^oducts bein^ obtained 
by taking q rows in which the rows of ni are included and 
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forming froTfi them every rtiinor of the q*** order which 
contavns v\ ; the second factor of any jxroduct being that 
minor xvhich indudea rti and the complementary of the first 
foMor; and the sign of any product hein^g fbied by trans- 
formimg the second factor so as to hive its principal 
diagonal coincident with those of the two minxyrs which it 
was formed to include, and then taking + or - according 
as the sv/m of the numbers indicating the rows and columns 
from which the first factor was formed is even or odd. 

Let loj^l be the given detenninant, ia^ap+i,p+i...otjJ the 
chosen minor vi, and let the q rows of \a^^\ taken to include 
the rows of v\ be the first q rows. 

We have at once an equivalent for the product of |aj^| 
and its minor vi, by forming a new determinant in which 
[Oj^l and VI are complementary minors, the former being 
situated in the first n rows and first n columns with nothing 
but zero-elements below it. Such a determinant is 



(til (ij, ... aijf^i a^p ... tti^ ^,«+i ••• ^n ^' ... 

iCZ^I (1-22 •.. a^^^p^i Ct^p ... Otjgj di,q+l ••• ^2n " . . . " 

dp -1,1 dp -1,2 " ^i>-lj»-l^p-l,p •• ^/»-l,9^/^-l,» + l •• dp_J^J^^) ... 

dpi ap2 ... dp p^i dpp ... dpg dpg^i ... dp^^ u ... u 



Idyl d^ ... dgp_i d^p ... a„ dg^g^i ... dy^„ ... or A, saj^ 



.'^« + l.l ^tf + 1.2 •• ^q+ljf-l^q+lj> •• ^q+1,9 ^q+l,q+l " ^«+l,n <^«+l.p •• ^»+l,s 



.... 

dnl 


d„2 


... d„ 


• • 

.p- 


i . <1 

•1 


• • • t • 

dnp 


... d^ 


dn 


• • • • 

,7+1 


. . . d„n 


dnp ••• d„y 








... 









... 







... 


dpp • . . dpq 








... 


I 







... 







... 


dgp ... a^^ 
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where it has to be specially noticed that the q chosen rows 
'of loj^l are prolonged with zeros, and that each of the other 
rows is prolonged by repeating in order the elements of it 
which are in the same column with any of the elements 
of ni. 

In A the minor ir\. occurs twice. Adding each element of 
the first set of rows to which v\ belongs to the corresponding 
element of the second set, and then subtracting each element 
of the second set of columns to which in. belongs from the 
corresponding element of the first set, we find 

Q/il G&12 ... Ctij,_i (lip ... G^i^ ^l,j+l ••• ^n ^ ... U 
Cv2l ^33 • • * ^**Sd>— 1 ^2i> * * • ^>ef ^2 ff + 1 • • • ^*2» ^ • . • V" 



A = 



^J>-1,1^P-1.2 •• 


ctp-lj,_lttjp- 


• • • • • 


ap. 


1/i^P'U+l •• 


• • • • • 


«o ... 


Ctpi CLj^ . . • 


a-p.p.1 %p 


. • • 


^M 


^i>,«+i '•• 


Ct'jm 


... 


Ct/q\ CLq^ • • • 


^«J»-1 ^7P 


... 


a„ 


^q.q+1 ' • • 


«^ 


... 


^j+1,1 ^v+1,2 • • 


^y+Lp-l 


... 





^ff+l.ff+1 •• 


««+l, 


n^q-Hj>" ^q + 


^»1 ^n2 • • • 


Ct„.p-1 


... 





^'n,}+l ••• 


a«n 


Ct„p ... (l„y 


dpi (tpz . . • 


a^.p-1 


... 
. . . . . 





^P,»+l • • • 


a^ 


<^pp ••• <^pq 



If now we take the first q rows of this determinant, and 
form every minor of the (f^ order preparatory to finding the 
expansion of the determinant as an aggregate of products of 
complementary minors, we see that, although the full list of 
minors would be exactly the same as if we had been dealing 
with |ai„|, we need only take those which include the 
selected minor rrt, because all the others have here comple- 
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mentaries which vanish; also, we see that each of the 
complementaries of those thus taken includes the comple- 
mentary of the same minor in |ai„| and the selected minor 
besides, and that each is itself a minor of |ai„|, being formed 
from those n-p+1 rows of (ai„| which are made up of the 
n-q rows not included in the chosen q rows and the 
q-p-\^l rows in which vi is situated. 

But this aggregate of products is exactly the aggregate of 
products specified in the enunciation of the theorem, and as 
it is the equivalent of A and therefore of |ai„| x ni, the 
theorem has been established. 



Examples:— Taking the determinant 

^1 0>2 dz ^4 ^5 
6i &2 ^8 ^4 ^6 

Ci Ci Ca C4 Cf 
di di di d^ di 

«i «2 ^ «4 «« 
and its minor 

63 &4 

we have 

\biCi\\aib^c<id^et\ = loibiCMlhc* ^sl - MiCMlhc^^e^l + lozhcAd^Whf'ieil, 
^-{oi^iCaCiWhiCM + IthbiCie^WbiCM - 10868^4651168^4^1!, 



the factors of the fourth order being formed in the first case from the first, 
second, third, fourth rows, and in the second from the first, second, third, fifth 
rows. 

Taking a minor of the next lower order for the co-factor of laih^c^dieslf 
we have 

dila^b^Csd^eil =» IcidietWa^bM - \cxd^t^\(Hb^d^ + \cid^e^\<Hb^d^^ 



+ 1^2^511016304(^21) , 
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If the co-factor of |ai&3C8<^4^fil be of a lower order still, namely, the oi*der 0, 
and as such be taken equal to unity, we have the theorem of § 77, which in this 
way we may view as being here generalized. 

§ 91. At the opposite extreme from the theorem of § 77 
viewed as a case of the foregoing, we have another theorem 
of sufficient importance to be specially noticed. This is the 
case in which, the original determinant being of the n^ order, 
its co-factor iTi. is of the (n-2y\ Here the rows from which 
the first factors of the development are formed must be 
n-1 in number, and as the said first factors must include ttj^, 
there can be only two of them, so that the development 
must consist of two terms which are each the product of 
two determinants of the (n-1)*^ order. 

Examples :— 

\hcM\0')J>iCzd^e^\ - \h^Cid^e6\\<HhCzd^\ - \h<hLdiei\\(hhcM> • 
Wib^CzWaib^c^d^Ul - \fiih^Czd^\\<hh^e^ei\ - \aihCzde\\<h^»Ct^i\' 

Denoting loi&sCsC^iejl by D, we may (§ 60) write the first of these in the form 

similarly, the second ; and, quite generally, we have 

D{a ) ^'-P _ ?i> ?/> TIP W 

— the form in which the theorem is commonly quoted. 

§ 92. The theorems of §§ 77, 90 are connected in another 
way, which it is of still greater importance to observe. As 
an instance of the latter theorem we have (p. 131) 



= \0^A<^A\ l^^4^8l - \^A^A\ 1^4^21 + \^A<^A\ l^3^4^l|- 

If now, in place of each determinant here, we substitute the 
co-factor which it has in \(i-fi^c^d^e^\y we obtain the statement 
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which is at once recognised as an instance of the theorem of 
§ 77. The identities 



^2 1 «! Va^A I = I ^l^a^S I I ^PA I - I ^A^4, 1 I «3M2 1 + I Cl^2^5 1 I ^sMs I 1 



^iVaI = 



I^AIi^Al 



- I^AIks^sl + 






are similarly related; and generally it is found that to every 
instance of the one theorem there corresponds in this way 
an instance of the other, so that the two may be spoken of 
as complementary theorems. 



§ 93. If the first k elements in the first k ~ 1 rows of a 
determinant A^ be taken with the first k elements of the 
other rows in succession to form as determinxmts of the 
k** order the elements of the first column of a new deter- 
mi/namt An-k+i , and if the determinants formed in like 
manner from the second k consecutive colvmins of A^ he 
made the elements of the second column of A^^k+i, and so 
on, then A^ is equal to A^-k+i divided by the product of alt 
the determinants of the (k - 1)^ order, except the first and 
last, formed from the first k - 1 rows and any k - 1 con- 
secutive colwnns of A^. 

The case of this in which A; = 2 has been already estab- 
lished (§ 53) ; so that if An= i^i^l, we know that 



^11 ^12 ^18 • • • • ^" 
^21 ^22 ^23 • • • • ^2n 
^81 ^82 ^83 ••••^3» 



a^i a^ a^.,,.a^ 



nn 



^12^13 • ••• ^,n-l 



1^11 «22l l«12«2sl ••• K.»-l «! 



2n 



a„a«.i ia,„a^i ... iai.n-i a^J 



'11^82 



'12^831 



|^ll^n2| 1^1^/181 ••• |^,n-l^n« 



(1) 
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Transforming the second determinant here by means of the 
identity in which it occurs, and putting 



l^ii^al 



l^n»82 



a^a^l 



%«38 



«ia«»l 



ai2«88 



l«18«24 



l«13«84l 



= a« antt^^M » 



13 1 ^11 ^23 "^88 



= «i»l»u«a««i' 



as § 91 entitles us to do, we obtain the result 



a 



^ll«22«»l ^isl^ia^a^S*! ••• <hn-l\<hj»-^i<hn-l<hn 
^121^11^22^411 ^131^12^28^441 "• ^,n-l|^.n-a^n-1^4i» 




I ^12^281 I ^13^241 • • • • 1 ^,n-2^,n-l 

so that by substitution in (1) we have 



K«l = 



l^ii^aa^ss 



1^18^28^341 



^l,n-a^,n— 1 ^Sn 
<*ll^aa^48l 1^12^28^44! ••• \<h,n-.2<h.f^l(^4^ 



^11^22^^n8| I ^12 ^28 ^"4 1 '•• I ^,n-.2^,«-l^ 



^12^28 1 I ^18^24 r • • • I ^l.n-2 ^«-l 



,...(2) 



which is the next case of the theorem. 

In exactly similar fashion it follows from this that 



l«i«l = 



1^11^22^88^44! ••• l^,n-8«2.«-2a8,„_ia, 
|^U^m^88^84l ••• |^.»-8^,n-4^n-l<*l 



'4m 
611 




0-12^28^34! • • • • |^n-8^n-2Ct8,ii-l| 



,...(3) 
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and so on ; the extreme ease being the identity repeatedly 
used in the demonstration, viz., that of § 91. 

Similarly an extension of the identity of Ex. 20, Set X., might be established, 
giving 



KnI 



\<hl<hi<h»8\ |au«8a«»i4l •••. |ail«MOtml 



-f IoiiOmI 



n— 8 



and so forth. 



§ 94. The determinant each of whose elements is the co- 
factor of the corresponding element in another determinant 
is called the deteiminant adjugate to that other. Thus 



^,c, 


-«2C, 


«2^ 


- ftjC, a,c, - a^\ 


6,c, - a^c^ a,6, 


> adjugate to 




«! K «1 






a, 6, c. 






«» ^ 'J. 


• 



and using the notation of § 49, 

\A^^A^....A^,\ or \A^J\ or -«(A«) 
is the determinant adjugate to 

or loij or D(a^^. 



I^U^S2 •••• ^»»» 



When the elements of the adjugate determinant are spe- 
cified as above by means of the complementary minors of 
the corresponding elements in the original determinant, 
negative signs must appear (§ 59) in the places whose row- 
number and column-number have a sum which is odd. 
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These signs may however (Ex. 22, Set VII.) be deleted 
without altering the value of the determinant; hence, in 
the definition which has been given we might substitute 
" complementary minor " for " co-factor." 



§ 95. The determinant adjugate to a determinant of the 
n^* degree is equal to the (n-1)** power of the latter. 

Let the given determinant be 



«I1 


O,, 


Clj, .... GKin 


«n 


«a 


a^ .... ttj„ 


«« 


82 

■ • • • • 1 


Gtgj .... a^ 



a„i a^ a^^j .... ci. 



nn 



or Oi 



Multiplying it by its adjugate 



A 



11 



12 



^,« .... JJl. 



IS 



In 



-^21 -^22 
A.. A 



81 



82 



A A 

A A 

XLjg .... XLj^ 



■nl 



UlL „a ^ mA • • • • >^ 



n2 



nS 



-nn 



or ^in|, 



after the manner of § 67, the first column of the new deter- 
minant is 

^11-^11 + ^12-^12 + ^18^13 + ••*•+ ^n-^ln 
^21-^11 "^ ^22^12 ■*■ ^23-^13 +•••• + ^2n-^ln 

a„A„ + a^A^^+ a^A,^ + ...» + aa^A 



'Sl'^-'ll 



'32* 12 



33*' IS 



"Sn-^ln 



the first expression of which is (§ 46) equal to \aj„\, and 
each of the others (§ 52) equal to zero. 
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In like manner the elements of the second column are all 
zero, except the second element, which is |ai«|; and so on. 
Thus 



KnI X l^ml = 



|ai„| .... 
loij .... 
loij.... 







....loi, 



= l«i»r ; 



n-1 



•'• |-«-ln| = \(hn\ > 



as was to be proved. 



§ 96. If the detei'Triinant adjugate to a given determinant 
he fonnedy any minor of it of the m*^ order is equal to 
the prod/uct obtained by mvZtiplying the co-factor of the 
corresponding mimor in the original determi/nant by the 
(m-lj** power of the original determinant 

I. When the minor of the adjugate is \A^^A^,,. A 
the original determinant being 



a„ 


«!, 


«is 


••• ^m 


Otl.m+1 


... ain 


a„ 


«ffl 


«a 


... C^ 


^2,m+l 


. . • a^ ■ 


ttji 


«« 


a„ 


... a^f^ 


a8.»+l 


... a^ 

.......a... 



^ml ^t»a ^fitS ••• ^ 



^m+1,1 ^m+l,a ^m+1,8 • • • ^m+l,m ^m+l,m+l • • • ^m+l.n 



mm ^m.m+1 • • • ^nm 



ftnl ^fi3 ^fi3 ••• ^«m ^n,nH-l 



... a^, 



mm It 



Taking the adjugate determinant and changing the elements 
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of all the rows after the m*^, those occupying the principal 
diagonal into 1, and all the others into 0, we have 



A 



11 



■^12 ••••■^Im -^l,m+l ■^l,m+2 •••••^l.t 



A A A 

.*J. 2 J .Ai 22 • • • ■ XL 



2m 



■^ 2,m+l ■^a,m+2 • • • • •^2,n 





.... 



m,2 • • • • — ^ m.m 

.... 



A 



A. 



A 

• • • • J^t 



m,m+l ■^■'■m.m+a •••• "-^rt^n 

1 .... 

1 .... 



















which is clearly equal to the chosen minor \A^.,,.A^ 
Multiplying the original determinant by this, there results 



l^nl ^l-^lml = 



ai« 


0.. 


. 





... 





(hn ., 


. 





... 





«!„ ., 


. 





... 















S^\n\ ^ ••• 

<^l,m+l ^,n»+l ^,«H-1 • • • Ctr^,m+1 Ct,„+l.m+l • • • C^n,n»+1 

n.m+2 



a 



Cto 



a. 



l,m+2 "'2,m+2 "'Jl»m+a • • • ^fj»,m+2 ^m+l,m+a • • • G^- 



a 



a, 



l,n "'2,n ^3,n 



a. 



••• ^m^n ^m+l,n 



... a, 



tm 



"■ l^lnl |^m+l,m+l ••• ^nn|> 

• • |-^lm| ~ |^n| |^m+l,m+l ••• ^nn|> 

and |a«+i,m+i •••• ^im| heing, in the original determinant, the 
co-factor of the minor corresponding to the chosen minor, 
one case of the theorem is established. 

II. When the minor of the adjugate is any other than 

l-^ii 22**" »'M'»r 
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Let the rows from which the elements of the minor are 
taken be the h^\ k^\ P^, .. ., and the columns the r*\ 8^, u^, 
...., so that the minor may be denoted by lAj^A^^Ai^ — |, 
and let h + k + l+ ..., + r + 8 + u+ ..,. = (r, % 

Translating the said rows in order upwards and the said 
columns in order towards the left, the chosen minor will 
occupy the place at first occupied by \A^^A^,..,A^^\; and 
if we change the elements in the rows after the m*^ making 
those 1 which occupy places in the principal diagonal and 
all the others 0, we have as before a determinant of the 
n^^ order, which equals the chosen minor 

|-^*r-^*»-^?u • • • • h 

Also, translating in the same way the corresponding rows 
and columns in the original determinant, we have a deter- 
minant which (see § 75) is equal to 

(-irK„|. 

In the former of these two resulting determinants each A of 
the first m rows occupies the place which the corresponding 
a occupies in the latter determinant ; consequently on mul- 
tiplying the two together we have as before 



loi^l** X co-factor of I a;k^aj,a,„.... I in (-l)*'|ai„|, 
and on division by (-l)°'|ai„| there results 

\Aj^Aj^Ai^,...\ = loj^l""^ X co-fiswtor of \(hr(^u""\ ^^ |^»l» 
as was to be proved. 

If we write A^^^ for the complementary minor of a^^ in jo^^l, then since 
-4;^^ = (-!)*+»• Aj^^, &c., and the co-factor of |ajkr**»*fc»-"l '" l^nl ^ ^"otaX to (-l)**" 
multiplied by the complementary minor of \aj^ctkt%t"-\ ^ l<hnl> ^® result just 
obtained becomes 

I(-1)*+'"A^^ K)*"^' A^f •— I = l«inh"* '^ (-1)^ *" complementary of loj^^. a^ .... ; 
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80 that, multiplying the rows of the left-hand member of this by (-1)^ , (-1)* , 
.... respectively, and the columns by (-1)*", (-1)* , .... respectively, and multi- 
plying the right-hand member by the same, viz. by (-1)', we have 

A*rA»iA?i».... I - IoihI*""-^ ^ complementary of \(h^r^k$^l^^^^^l^ 



EXAHFLB. 



IS 



The adjugate of 




a, ^4 
6« 64 

C« C4 








di d. 


dz d. 








hCidi - biCidi 


biCid^ 


- hc%dt\ 




-\<hCidi\ aiCid4\ 


-\(hc%di 


\<hc^dt 




lOib^d^ - OihM 


dib^di 


-<hhids 




-<h^Ci [oihCi 


-<h^»Ci\ 


\a1hc9 



and if the chosen minor be 

!«iCad4l -|<*i<?a<'4l 

we take the adjugate and by transposition of rows and columns obtain 

|aiC«<'4l '-\(h.Cid4\ -lojCsciJ loiCgC^I 

•K6,C4l -loiftgC*! -{(hhCil loifejCsl 

-\biCtd4\ Ibic^d^l \htCsdi\ -16iMa| 

-{oi^Bdil \<hbM \<h^sd4\ -loifejc^l 

then altering the elements of the last two rows we have 

\aiCid4\ -loiCa^il -IfhCzdi] {OiCid^l 

laibidl -lai6aC4| -\(hhc4\ \(hhCt\ 



Multiplying this by 











1 
















1 




6, 63 


h 


64 






d2 ds 


d. 


d. 






<H <h 


<h 


at 






c% Ct 


Ci 


Ci 
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there results 



[bidtaiCil 



\(hCidi\ -loiCad^] 



- 


OibiC^d^ 
OihiCfid^ 
6i di Oi Ci 
&4 d^ at Ci 


- aib^c^d^* aicr, 


= 


OihCidi loriCi . 



This example serves also to illustrate the fact that the special case of the 
theorem of § 90, noticed in § 91, is at the same time a special case {rn~2) of the 
present theorem. 

§ 97. It immediately follows from the preceding that, in 
the case of a determinant which is equal to zero, all the 
minors of the adjugate which are of a higher order than the 
first must also be equal to zero. Thus, taking minors of the 
second order, 



if 1^1^1 = 0, 



A^ A 
^*i A 



h3 



k2 



Akl Afa 

Ajti -4jts 



^~ • • . • "~" ^^ J 



and . . A.J^l *. JLj^i 1 1 A.j^ • -^ w • • -"w • -"• 



«3 



or 



yLXx-i I ^kO I JiL]L9 I ...... II iiLLx.1 I ^14 I Xlx^ I 



-*1 



'*2 



-ft3 



kl 



-*a 



JbS 



that is to say, in the case of a zero-determinant the co- 
factors of the elements of any one row are in order propor- 
tional to the co-factors of the elements of any other row. 



§ 98. To every general theorem which takes the form of 
an identical relation between a number of the minors of a 
determinant or between the determinant itself and a number 
of its minors^ there corresponds another theorem derivable 
from the former by merely substituting for every w^inor its 
co-factor in the determinant, and then multiplying any 
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term by such a power of the detei^m/inant as will make cdl 
the terms of the same degree. 

Let the established identity in regard to |ai,| be 



M|.Mf Me . • • + = Mp M<r Mr ... "I" 



where M^ is used to denote some minor of |ai^| of the order 
r, and where consequently r + 8 + ^ + .... = /) + (r + T+ .... 

Now since the identity holds in regard to every deter- 
minant, it holds in regard to |-4i„| the adjugate of |ai„|, 
hence if rti stand for the minor of |ili„| corresponding to 
the minor M^ of |ai„|, it follows that 



in.rlTl.ltle. . . + = lll/)TTtffin.T . . . + 



Substituting for every v\ its equivalent as given by the 
theorem of § 96, and, in order to do so, denoting the co- 
factor of M^ in |ai„| by m'„_,. we have 



^n ^n-r 'K^ln ^ n-» - \^n\ -M^.t... + 



== a 



In 



Inl •^"- «-• • |*^nl •*"«-«•• 



whence, on division by the lowest power of |ai„| contained 
in any term, there results the identity which was to be 
established. 

This is the Law of Complementaries incidentally exemplified in § 92. 



§ 99. By the application of the Law of Complementaries, 
some of the already established theorems furnish new 
theorems of considerable interest. As an example the 
identity of § 53 may be taken, a particular case of which is 



l^i^a^s^il^^i = 









c,d^ 
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a^c^d^\\a^\d^\ = 



^A 



The complementary of this with respect to lajftgCjCZ^I is 

lc„c?J la„c?J 1^265,1 






'2^81 



'2 "^8 1 



(A) 



an identity not hitherto noticed, but which when known 
can be established otherwise. The complementary with 
respect to \(i^h^c^d^e^\ is 



^5|G^2^8^4^5ll«3^^4«6l = 



r3^4^6l 



ttjcZ/g 



<^A%\ 



\c^d^e^\ \a^d^e^\ \a^\e. 



^2 ^3 ^6 



\<^A%\ 



(B) 



and by inserting "/efl^y..." after every e^ in this we have a 
result which includes (A) and (B), viz. the complementary 
with respect to la^bg ... gr^ ... |. A still more general theorem 
will be got by taking the complementary of the theorem of 
§ 93, of which that of § 53 is a particular case. 

The student will find it instructive to take every theorem to which the law is 
applicable and find the complementary theorem. Even where no new result is 
obtained, some new tie of relationship may be made apparent. 



Example. Prove that 



a 


h 


9 


h 


h 


f 


9 


f 


c 



(ax^ + bj^ + c^ + 2fyz + 2gzx + 2kxi/) 



X y z 

a; A H G 

y H B F 

3 Q F C 



where A, H, .... stand for the complementary minors of a, k, .... in the first 
determinant. 

Developing the. right-hand member by § 62 as a quadratic in x, y, z, ...., we 
have the co-factor of a^ in it 

; a kg 

-ah b f (§96) 

\9 f c 



B F 
F C 



as it should be. Similarly it is seen that the co-factors of y^, z^, .... are the 
same in both members. 
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Exercises. Set XIII. 

1. Show that the sum of the numbers indicating the rows and columns from 
which the elements of a minor are taken and the sum of the corresponding 
numbers in the case of the complementary minor are either both even or both odd. 



Besolve the following into determinant factors : — 



2. 



«i 


3. 


Zl 














2a Pi Xi 







^ 








Vi 


2, y, 










H 


Vz 





h H Zi Pi Ps y* 







H 


2j 


y% 


Vz 


2i yi 




28 





«i 


Vi 





2, 2l yi «! 


• 


^ 


^ 








y\ 


>. Use § 77 to show that 

















<H 





a* 







h 





hz 





6. 







Cs 





C4 







rfl 





dt 





d, 









es 





^4 









4. 







a5» 




Xj 




«i 







• 



«! 








a^ 











<h 








Ofi 











<H 








a. 


hi 








h 











6« 








hz 











hz 








hz 



0. 



6. Show that if m elements of one row of a determinant of the n^ order 
contain a common factor, which is also contained in the corresponding elements 
of other n-m rows, this factor is a factor of the determinant. 

7. Use § 77 to show that 







Oa 


6a 




Ca 













(h 


6« c, 









aiAi 


hiA-i CiA-i ^a 


Az 


- AiBiCi aih^Czl 




aiBi 


hi£i CiJBi S^ 


Bz 






aiCi 


hiCi CiCi Ci 


Cz 




8. Expand in a series of terms of the form {pi-Pi) {oi -a^i XiX^th 






a;4 


1 Oi 








a^ 


1 ai 








aa 


Ola, 






- 



111 


flCl 1 O4 

10 






, \Pl Pi Pz 


Pi 


• 


0. Show that 








tti flj 


Oz a^ 








6, h.2 


hz h. 




ai + a^ 


rtj + aj 




fflj - (14 tta — ft. 




h hz 


hi hi 




61 + 64 


6a + 6s 




61-64 hi- ha 


. 


«4 


az 


tti Oi 















SEO. 99. 



DETERMINANTS IN GENERAL. 



145 



XO. If a detenninant of the n^ order be developed as a sum of productB, the 
factors of whicli are a minor of the a^^ ord^r, a minor of the j8^ order, and a 
minor of the 7^ order, how many terms will there be in the development ? 

11. Deduce the identity at the end of § 87 from three of those on p. 124. 

12. Prove that 



lojftj 



Ot <h 


- atb,\ 


Os 04 


bi b^ b. 




bi b, h. 


Ci Ca c. 




Ci C, Ci 



O'tbila^h^Cil. 



13. Prove that the product of the adjugates of two determinants of the same 
order is equal to the adjugate of the product of the said determinants. 

14. Prove the identities (2) p. 119 and (3) p. 120 by altering the forms of the 
factors and usiag the ordinary multiplication theorem (§ 67). 

15. Prove that if |ain| « 0, then 

AriAir : Af^A'^ : Ai^A^r : :: ^u ' A^ : A^ : 

16. P^vethat 

<h\<HbzC^\-(h\<hhtCi\ - loiCjIlosftJ - loiWIojCil. 

17. K loodil + I60C1I - K<^l + l^oCsl - \<hd%\ + I 61C3I - \<hdt\ + |6aC»| - 0, then 

|oo<«,||aidj|-|6oC«|I6iCi|. 

18. P^ve that if \a\^\ » 1, then \ay^\ and \Ai^ are mutually adjugate. 

19. Prove the theorem of § 72 after the inanner of §§ 82, 83. 

20. P^vethat 

- (h\<Hbi\\bieidi\ 



\(hbz\ 









<H 


«4 


61 


h 


bz 


&4 


Ol 


Cj 


Ct 


C4 


di 


d. 


di 


d. 



(h 



21. Using the notation of § 98, prove that 



b, h 
d% d» 






bi 

di 






bz 
Ca 
d^ 



a* 
64 
h 
C4 
di 



\Aln\ 



^r^»-r+l 



22. P^ove that if in {oiftsC^cZtl the co-factor of 5^ be equal to zero, then 
i<h^<^<^4ll^<^4l " \fhCsd4\\aibid4\, State the same theorem in regard to |ai„j. 

23. K |aod[iM6oCil-0-lcMsl+IVil, then loAcM-i IMsl+lV«l } {|oi<^l+IW }. 

24. Prove that 

\<hCaet\\bidi€t\ - \aidi€t\\biCaet\ + laibtetWcidtetl 

25. Prore that if K^CsC^il - 0, then 

kftalloiMJ - \<hb%\\(HCtdi\ + 10164! lojCid,!. 
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26. Besolve into detenninant-faoton of the second order the determinant 

a^ ab ctb l^ 
€Ui ad he hd 
ac be ad bd 
(^ cd cd €p 

27. From a determinant 2>i the minors consisting of fonr adjacent elements are 
taken in order to be the elements of a new determinant 2)^: in 2>2 every minor 
consisting of four adjacent elements is divided by the corresponding element in 
the minor of A obtained by deleting the first and last rows and columns, and 
the quotients are placed in order to form D^ : in like manner D4 is obtained from 
the elements of 2>8 and D^ : and so on. Prove that the final result is equal to A * 

28. Use the process of Ex. 27 to perform Exs. 1, 2, 3, 4 of Set Z. 

§ 100. If tjtjjtj ... £« = 1 and i^, i^, ... be symbols subject to 
the laws of ordinary algebra except that iri$ = i^ir ct'^wZ i^ = 0, 
then 

l^»l=(«'ll'l+0ti2£2+---+^»'«)(«21«l + «SB'2+---+^*«) 

• • • Kaful'i "T a^l^ T • • • + ^mt^n/* 

Writing in a column the factors 

^11*1 + ^13*2 + ^18^8 + • • • + Cl^ln'n* 
%*1 + ^22*2 + ^23*8 + • • • + <^^> 

^fH'l » ^n2'2 "'" ^nS'a "T • • • T af^|f^lf^y 

it becomes evident that the identity to be established is but 
a symbolical statement of the definition (§ 16) of a deter- 
minant. For, firstly, owing to the constitution of the factors, 
the product must consist of all terms of the form 

which can be got by taking one and only one element from 
each row of the determinant : secondly, the condition ir = 
necessitates the disappearance from this of every term con- 
taining two or more elements from the same column ; and, 
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thirdly, the conditions i^i^i^.,. i^=^l, iri» = -i,ir ensure that 
the sign-factor of any term shall be + 1 or - 1 according as 
the number of inversions of order in the suflSxes of its I's, 
that is, in the second suffixes of its a% is even or odd. 

Example:— (aii + bi^ + ci^) {dh. + ei2+fti) {gii + hi^ + kLs) 

-{(oe-W)ti(s+(o/-cd)tit3 + (6/-ce)t2t8} (i?*! + ^«a + &«») , 
- fir(6/ - ce)ta «8 ti + A(fl^ - cd) tj tj tj + A<a6 - 6d) £i 4 tj , 

=={fl^^/- cc) - h{af- cd) + k{ae - bd} ti^tj, 

a b c 

d e f 

g h k 

§ 101. In coming thus to a close with the general 
theorems on determinants, the student will find it instructive 
to retrace his steps, and, taking in all the theorems at one 
view, to observe how simply and naturally they flow out of 
the definition, and how, indeed, when the definition has 
become thoroughly known to him, several of the theorems 
appear self-evident. Other definitions might have been 
started from with the like result; in fact, owing to the 
lengthiness of that here adopted, and more especially to the 
cumbersomeness of its * rule of signs,' attempts to build up 
the theory on a different basis have more than once been 
made. Of course, in any two of such differently founded 
systems what is given as the definition in the one appears, 
or might appear, as a theorem in the other. The theorems 
of the present work which have been taken as the definition 
by other writers are those of §§ 46, 100, 118. A definition 
has also been based on the theorem involved in Ex. 3, p. 75. 

§ 102. Two notations remain to be noticed, which have 
not b6en employed in the preceding, but which are often 
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found ia writings on determinants. The first of these is 
important^ and may be viewed as the next step in advance 
after the notations of §§ 20^ 56; It consists in omitting the 
a's in writing the elements of \a^\; so that (r^) or (rs) is 
put for a^j and 



for |a„|. 



Sylvester, who calls this his umbral notation, writes also 



(1.1) 


(1.2) 


(1.3) 




(11) 


(12) 


(13) 


(2.1) 


(2.2) 


(2.3) 


or 


(21) 


(22) 


(23) 


(3.1) 


(3.2) 


(3.3) 


a 


(31) 


(32) 


(33) 



and generally 



1 2 
1 2 



3 
3 



for |a„|, 



a b c 
a ^ y 



for l«^aa%«, 



ey 



§ lOS.^From the rectangular array of elements or matrix, 

^1 ^a <*i ^4 ®5 

\ 6, 6, \ \ 



ten determinants whose columns are columns of the array 
can b^ formed. To indicate, if need be, that these all vanish, 
it is customary to write 



a^ a, a^ a^ a^ 

\ \ \ \ ^6 



^1 ^2 ^i ^4 ^6 



0. 



To the left-hand member by itself no meaning is attached. 



CHAPTER III. 

DETEBMIKAKTS OF SPECIAL FOBU. 

§ 104. Determinants, which are of special form by reason 
of a number of the elements being interdependent, e,g. the 
determinant 





a a a' 






h V 6» 






C (? (? 


> 


• 

or by reason of a number of the elements having particular 
values, e,g. the determinant 




a b 






c d 






e f 


9 



have properties peculiar to themselves. The more important 
of such special forms, the simplest first, will now be referred 
to, several of them under the specific designations which it 
has been found convenient to give them. 



CONTINUANTS. 



§ 105. A determinant which has the elements lying out- 
side the principal diagonal and the two bordering minor 
diagonals each equal to zero, and which has the elements of 
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one of these miaor diagonals each equal to negative unity, is 
called a Continuant. Thus 

a, 6, 

-1 a^ \ 

-1 a, 6, 

-1 a, 

is a continuant of the fourth order. 

The origin of the name will appear from an identity to be establiBhed later 
(pp. 157. 158). 

§ 106. The minor diagonal whose elements are not fixed 
by the definition (e.g. 6^, \, 6, in the above) may be spoken 
of as the variable minor diagonal, and the other (-1, -1, -1) 
as the vnvariable minor diagonal; and since the orderly 
change of rows into columns only transposes these two 
diagonals, it is immaterial (§ 24) on which side of the 
principal diagonal either of them is written. 

A continuant being evidently a function of the elements 
of the principal diagonal and the variable minor diagonal, 
and of these alone, a shorter notation may be adopted for it 
which shall take note only of these elements: The above 
continuant, for example, may be written 

6, 6« b. 



Ki ^1 ^a ^8 \ 

xttj ctg a, aj 



§ 107. A determinant differvag frma a contmuant only 
in having, instead of the invariable minor diagonal, a 
diagonal with non-zero elements other than -1 may be 
expressed as a continuant by changing each such element 
into -1 and altering the corresponding element in the 
variable minor diagonal so that the product of the two 
elements may remain unchanged. 
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Let the determinant be 



\ 


K 








0... 


«1 


«. 


h 





0... 





«, 


«. 


h 


0... 








c. 


«4 


6,... 




• • • • 








«« 


a,... 



or Gy 



the elements c,, c,, c^, .... occurring where -1, -1, -1, .... 
occur in a continuant. 

Multiplying the first column by -l/c^ and the first row by 
- Cj, the second column by -l/c^ and the second row by - c^, 
and so on, we have the continuant 





^8 -K^t 

a^ -b^c^ 



«! 


-Vx 





-1 


a. 


-6,c, 





-1 


«3 








-1 












-1 



a. 



But as each pair of these operations leaves the determinant 
unaltered in substance, it follows that the resulting con- 
tinuant is equal to 0; and as 

(-&A)><(-1) = h^<^V (-^2^2) ^(-1) = ^^^2' » 

the theorem is established. 



§ 108. Any continuant is equal to the contin/uant got by 
reversing the order of the elements in the two variable 
diagonals; 

This foUowB at once from §§ 24, 39. 
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<h 


hi 










-1 



-1 







MB ' 








-1 


©4 





Oi -1 

&i a, -1 

6, 0, -1 

&, a4 

04 5^ 

-1 0, &8 

-I Ot bi 

-1 Oi 



(§24) 



(§39) 



§ 109. Any continuant Toay be eocpreaaed in terms of 
continuants of lower order whose diagonals are portions 
of the diagonals of the original continuant; thus — 

K( ^1 ^«-^ \^aK( ^» ^--^ \-^hK( ^« ^-^ ^ 
\a^a^...a^^^a^/ i \a^a^...a^.^aj ^ \a,...a^_ian/ ' 

or, more generally , 

^a^a^...a^,^an) xa^a^.-.a^/ \a^^.i ...a«/ 






u)A«re p<n. 



Expressing the continuant 



-1 







a, 6, 








-1 a. 



-1 a. 










0... -1 a. 



in terms of the elements of the first row and their comple- 
mentary minors, we have 
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a. 



a, 

-1 





^1 







a. 









... -1 a. 



-b. 



-1 6, 
a. 




-1 a. 









... -1 a. 



and expanding the latter determinant of this in the same 
way, there results 



a. 



-1 



a. 



-1 







a. 









... -1 a» 



+ &! 



a, 6, 

-1 a^ 6^.....0 



... -1 a. 



or 



K-i 



^•.-1 



-.^0. \ ..r J +'.%\..f«.)- 

as was to be shown. 

Again, writing the given continuant in fuUer form, thus— 
a, 6i 



■1 a, 6, 







-1 a, 6, 






















-1 a. h 



'P 

-1 







o. 



>+i >'j)+i 







-1 



a. 



'r*3 



6,«o 









-1 On 

let us try to find all the minors of the p^ degree which can 
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be formed from the first p rows, so that, multiplying every 
such minor by its complementary, we may express the 
continuant in terms of the products thus obtained. 

First it will be seen that we need only consider the 
minors of this kind which have for their first p-1 columns 



-1 





«9 
-1 







a. 













... 



a, 



'p-i 



... -1, 



for those which do not contain any one of these columns 
must have complementaries which vanish. Secondly, there 
are only two of the former sort which do not themselves 
vanish, viz. those whose last columns are — 






9 



and 






9 





the last columns of all the others containing nothing but 
zeros. Hence we have the following expression for the 
continuant : — 



-1 





«2 
-1 







«8 \ 



...-1 a. 



%^i 6p+i 



-1 



a, 



-1 







'li42 ^p+2 



a 



'j>+8 



-1, a 
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-1 



a„ 




6 



-1 



3 ... 



a,.i 



: -1 b. 



P 



-1 6 





jp+1 







^p+2 ^p+2 



-1 



a 



'p+S 



-1 a. 



But each of the last two determinants is expressible as the 
product of one element and its complementary, and these 
changes being made, we have the result required. 



Examples :— 






§ 110. The first of the results in the preceding is important 
as affording an easy means of finding for a given continuant 
its ordinal expansion in non-deteLinant form. Thus, if 
the continuant be 

we first note that 

ir(D*E) = DE + d ; 
K(cfD^E) = cK{i)^E) + cK(e) 
= c(de + d) + cE 

= CDE + dc +CE; 

thirdly, that 

K{B^CfB^E) = BK((n^^E) + bK(l)*E) 

= b(cde + dc + ce) + 6(de + d) 
= BCDE + Bdc + BCE + 6de + bd ; 

and fourthly, that 
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Z(A'B*(n)'E) = JLB:(B»(rD*E) + aZ(cnyE) 

= A(BCDE + BCd + BEC + db6 + M) 

+ a(CDE + cd + Ec) 
» ABODE + ABC<2 + ABEC + ADE& + CDEa 

+ Abd + cad ■¥ Boc, 

each of the successive results being got by the help of the 
preceding results. 

§ 111. The product of a continucmt and one of its con- 
tinvxmvt minora is expressible by means offov/r other mi/nors 
of the savae hmd ; thus — 

Vdj .... o^/ Vog^.... a^/ 

where, ofcov/rse, h < p < n. 

Writing out the continuant -K'l^"" a / ^ ^"^ ^ * 

determinant, and, in accordance with § 90, forming from its 
first p rows all the minors of the p^ order which contain 

*'" 'a )' *°^ taking with each of these its 

proper co-factor, it is seen that, on account of zero columns, 
only two of the products do not vanish. One of the two is 

^(^•'.•;>a,)4<^:::^X)' *^« '^^ ^^ ^•- *^« ^^^^ 

of the other are transformable into ft^-ift* ... bpKl ^"' *"• ) 

h h \ 

and - KI^ *"^''" ""^ ) hy § 46, the sign proper to the product 
being (-1/"*^'. Thus the theorem is established. 
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An important particular case is that for which p = n-l 
and h = 2, the theorem then being 

EXAHJPLE:— 

K{B^(fD^) K(d^) - Ar(B*(fD) Jr(c«D*'E) + 6c(i, 

the truth of which may be tested by what is given in § 110. 

§ 112. When each element of the variable minor diagonal 
is unity, the continuant may be called simple : . and in 
denoting such continuants by means of the symbolism 
explained in § 106, we may agree to omit the elements of 
this diagonal, so that, for example, 

§ 113. Two simple continuants, the elements of whose 
prin^pal diagonals are the positive integers a^, a,, ..., a^.! 
and a^, a^, ..., a^ respectively, are prime to each other. 

K(a^, ttj, ..., an)=^an K{a^, a^, ..., a^.i) + K(a^, a^,..., a^.,) ; 
.-. G.C.M. of K{a^, a^, ..., a^ and K{a^, a^, ..., a„.i) 

= G.C.M. of K{a^, a^, ..., a„_i) and K{a^, a^, ..., a^_^ 
= G.C.M. of K{a^, ttj, ..., a^-a) and K{a^, a^, ..., a^.,) 

= G.C.M. of Kia^a^} and K{a^ 
= 1. 

Example 1. Prove the identity 

vi . \ai a^ Os . . . . an' 
(l,+ — o« a — — • 

• Oil— 1 

*-i7 
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a.K( ^--^-i )^b,K( ^--^-i ) 

The right-hand member Va^ fl,....an/ \a, »»»■ «n/ ^ ^g j^^j 

Va2 Os • • • • ^**' 
2^^^/ 6,..6»-i \ 

* VOj .... On/ 



Ol + 



^/ 62..6n-l \ 

xflj flt3 . . . . an/ • 
h 

«./ 62 . . 6n— 1 \ 
VOj as ... . On ' 



-K^l 



/ 68..6n— 1 \ 
Voj .... On/ 



Next, treating the quotient of the two continuants here as the original quotient 
was treated, we find 



the right-hand member - Oi + ^ 



6a 

08 + 



where Q^ ;- 

' 64.. On— 1 



\U'g .... Ul}/ 



VI4 .... On/ 

Continuing this process, we at length come to the quotient 

^Ctn-l On/ 

K(an) 

which = «*»-! «*» -^ ^-1 , 
On 

On 

Hence the identity is established. 

Example 2. Prove that the periodic continued fraction 

• _/ 61 62 .... 62 bi \ 

<^ + Oa + a8 + .... +02 + 01 + 2^ + .... =1 j^/ 62 .... 62 \ 

where the asterisks are used like the superposed dots in the notation of decimal 
fractions to indicate the recurring portion or period. 

Denoting the left-hand number by x, the portion which follows the second 
asterisk will be x-Aj hence we have 

01 + 05+ .... +02 + 01 + 2^1 +X-A 
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_./ ii 5j .... 6, 61 \ 
.-. a,. U oi a.....a, a.^^ir/ (Example 1) 

\ Oj Og.... Oj Oi JL + X/ 

j^/ hi bi .... 62 5i \^.^jj'/ ^ ^ •••• ^ \ 



(§109) 



Multiplying both sides by the denominator, and rejecting a common term, there 
results 

a^W h ... 6a \^x( J^ ^» ••• ^ ^j). 
\€Li a2...a>i Oi/ \A Oi a2...o>i fli A/' 

whence the identity required. 

ExEECiSES. Set XIV. 

1. Write out the theorems regarding simple continuants which are included 
in those established in §§ 109, 111. 

Prove the following theorems : — 

^ 'U'^A::::::)-'»<W::::::)- 

3. K{0, OiyCtgf .,., On) "KiOi, .^fOn). 

4. jr(..., a, 6, c, 0, e,/, fir, ...)- jr(..., a, 6, c + c,/, p,..i). 

5. ii1[..., a, 6, c, 0, 0, 0, e,/, ...)-i'(..., a, 6, c + c,/, ...). 

6. ^(0, 0, Os) O4, ..., On) = -flOs) ^*f •••> *»»)• 

7. ^(... a, 6, 0, 0, c, /, ...) ~ K{.,,f a, 6, €, /, ...). 

8. K(aif Og, ..., On, On, ... Oj, Oj) - ^(fli, Oj, ... On— 1)* + iTlOi, Oj, ..., On)*. 

9. .£1(01) ^f •••» <in-i) On, On-iy ..., Oa, Oi) » Jr(ai, Oj, ..., On-l) * 

{ f (oi, eta, ..., an-2) +Jr(ai, Os, ..., On)}* 

10. k(J^ ^ *» -VjrC .^ ^» -V 

V-Ol, -Oj, ... -On-l, -On/ ^ ' VOi Og ••• ^^^-l «n/ 

12. On^Oi, <h, ... On-l, On, On-l, ... Oj, ttj) = Jr(ax, O^ ... On)* - K(ai, Oj, ... an-s)^ 

13. ir(ax, Oa, ..., On-i* 2an, On-i, ... o^, ai)-2£'(ai, o^, ... an-i)ir(ai, o^, ... on). 

"• jf(x\'*'*"'\^*'*"'\:::)=(»i+'»i)(».+«.)(*.*«j •••• 
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16, K{ctiX~\ o^, a^"\ a^, ..., (wc*'^' ) - ^Oi, Oi, Oi, ..., On) 

or -^ouOsyOi, ..., a»)x2-i 
aooording as n is even or odd. 

17. ir(ai, Oi, Og, ..., On -1, On) is prime to ^a» ..., a».i, a»), to 

jr(ai-l, a» ..., Ar), and to ij^foi, <h, ,.., On-l). 

18. 

»•/ &i &i ... &s &i \ ^/ 6| &| ... &| 6| 6| &| ... &t ^ \ 
v4» ^» <*« ••• ^» ^» '^' V-^» *i» <>«» ••• <h» *i» 2-4, Oj, d^, ... Og, Oi, ^/ 

■■ ■ ' I- — - ■ ■ ■■ ■ m m ^—^w ■ ■■■■■»■■■■ ■ ■■■I ^— ■^^^^^^■^^^^M^^^i^— 1 ■» • 

ir( ^ ... &a \ j^/ 62 ... 62 &| 6| (s ... &t \ 

Voi C4 ... O) Oi/ Veil, Os ... o^ di, 2Af Oi, <i|, ... <i|, Oj/ 

VOi+o; Os ,...., On/ xOi Oj , .... ciM + ac/ 

\ r f r T ' 

21 k( '^'^ -(»-l)2 -(n-2)3...-l.n \ 
• ■^Va a a a) 

-(a+n) (a+n-2) (a-f»+2) {a-n). 

22, Prove that 

^^ .^ {di-ei){dt-e^)dtei 



1+^-^ 



. («,-d,)di«i 

, , rf rf («i-«t|)(«i-tfi)d|«^ 

28. Show that 

and thence, with the help of Ex. 14, prove that 
ai-a« + at-....+ (-ir'^a»-^ ^ 



ai-a«+ 
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24. Prove that the number of terms in the ezpaucdon of a continuant of the 
n^ order 



(w-2)(n-3) (w-8)(n-4)(n-6) 

"*■ 1.2.3 ^"" 



= l + (n-l) + ^ j^2 



Establish the identities — 



bc + 2 1 1 



6c + 2 



25 ^^i 1 1 i i i ^A^ 

a + 6 + c + 6 + a + 24 + ... o5c + 2a + c + 5 + a6c + 2a + c+ 2A +.. 



26. ^ + - ^ 



111 



^^ ^ Jr(6(;...c6) (-l)t-i igI6c...c6) 
a + 6+... + 6+a + 2^ + ... " K{db...cb) + K{ab...cb)+ 2A +.. 



27. Prove that the general expression for every integer whose square root 
when expressed as a continued fraction with unit-numerators has Oii <^t ••• ^> <h 
for the symmetric portion of its cycle of partial denominators is 

{iJr(ai ... ajM - (-l)'i-ff((h ... Oa) J^(a« ... <h)}* + ir(<h ... a2)M - (-1/ Z^^ 

I being the number of elements in the cycle. 

28. Prove that the condition that any periodic continued fraction 



^+^ ^ 



Chi" I On 



6l+ 6a+ ... + bn-l + bn+ ... 
* * 

may represent a quadratic surd is 

w-/ <*! .... Ctn'l \ _ z^f di .... On \ 

V^l &!.... (n-2 6n-l/ \bi bi ....bn-lbn-A/' 



ALTERNANTS, 



§ 114. When the elements of the first row of a deter- 
minant are all functions of one variable, the elements of the 
second row the like functions of another variable, and so 
on, the determinant is called an alternant : for example. 



sin X cos X 1 
sin y cos y 1 



smz 



co&z 



or the first determinant of § 104. 

L 
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§ 115. Every aliemant of the n^ order is evidently a 
function of n variables. To interchange two of these would 
be the same as to interchange two of the rows of the deter- 
minant, and therefore would have the effect of merely 
changing the sign of the function ; and as a function having 
this property is known as an altematvng function, the 
origin of the name alternant is apparent. 

§ 116. Evei^ alternant with rational imtegral elements 
contains as a factor the difference-product of its variaMes. 

Let the variables he a,b, ,,..,r, p, q, k, I. 
By substituting for I any of the other variables, we should 
cause the determinant to vanish, hence it follows that 

l-k, l-q, l-p, l-r, , l-b, I -a 

are factors of the determinant. Similarly 

k-qyk-pfk-r, ^k-h^k-a 

are seen to be factors, and in like manner 

q-p> q-r, , gr-6, q-a, 

p-r, , jp-6, jp-a, 

, r-6, r-a. 



b-a. 

Hence if fix)m every variable there be subtracted every 
variable preceding it, and the differences thus got be mul- 
tiplied together, the result — known as the dAfference-prod/act 
of the variables — is a factor of the determinant. 

Sylvester, who uses ^(a,&,(;, ...) or ^a&c.) for the second power of the 
difference-product of a,6,c, ..., denotes the difference-product itself by 

i^(a,6,(j, ...) or f*(a6c...). 
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§ 117. A differeTvce-prodAict is itself expressible as an 
oltemaTd, viz,: 



f (aja,a, .... an) = 



1 
1 

1 



a. 



a. 



u« ... 



Ol 



n-1 



Ctn . • • • Ct, 



n-l 



<h «8 



«8 



»-l 



On a, 



On 



«-l 



For the alternant on the right has ^\a^a^a^ ... o^) for a 
factor (§ 116), and the co-factor is readily seen, as in the 
particular" case given at p. 41, to be unity. 

§ 118. If the expanded form of the differenjce^oduct of 
the n letters a, b, c, .... 1 be raultiplied by abc.l, and i/a 
the result even^ index to a letter be made a suffix to the 
same letter, the expression obtai/ned is the determinxint 
|a^bgCj ... In]. 

This is self-evident on writing the difference-product in 
its determinant form. 

In connection herewith see § 101. 

§ 119. The quotient of a/a aUema/rvt by the difference- 
prodAJtxst of its variables is a sym/metric fu/nction of the 
variables. 

On the interchange of any pair of the variables both 
dividend and divisor change sign. Consequently when such 
an interchange is made the quotient remains unaltered, and 
therefore is by definition a symmetric function of its 
variables. 



Example: 



1 


a 


a» 




1 


a 


a* 


1 


b 


6» 


- 


1 


h 


6« 


1 


c 


c» 




1 


e 


c» 



(a + 6 + c) - J*{a6c) x Ja. 
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§ 120. An alternant of the n^ order being known when 
we know in order its n functions and n variables, we may 
suitably use for it a notation in which only these 2n things 
are specified. Such a notation is obtained by taking the 
principal diagonal term, enclosing it in brackets, and pre- 
fixing an A . Thus 

represents the alternant whose variables are x, y, z and 
functions 0^, 0j, ^3, that is to say, the alternant 

0i(«) <t>,(^) <f>,(^) 

Hy) Uy) Uy) 
<t>i(^) <t>l^) H^) 

The alternants requiring first to be considered are those 
in which the functions are powers, such as 



b 



m 



,»!• 



n.m 



a" 



a" 



or ^(a'*6"0. 



They may be spoken of as simple alternants, and as they 
are of common occurrence, a shortening of the notation for 
them may be made, when there is no possibility of confusion, 
by leaving out the variables : thus we may use 

A{m,n,p) for ^(a'"6"c''), 
and ^(0,1,2) for Aia'b'c") i.e., for tHabc). 

The form of alternant, for which the symmetric quotient 
referred to in § 119 is most readily obtained, and which 
may be viewed as the second simplest form, is that in which 
all the powers except the last are in order the same as those 
of the difference-product alternant. 
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§ 121. The quotient of the alternant of the second ai/mplest 
form by the corresponding/ different-product is expressible 
a^ the sum of a series of fractions, viz. : 



^K^2"-^ 


n-1 
n-1 


_ 


a' 

n 




-4(aX-" ^ 


(on - On-i) (a» - a„- j) • • • (on - a,) 






+ 


n-1 




(o,.i - On) (oC.i - o„.s) . . . (a«.i - Oi) 




■ 


+ 






< 






+ 


1 


• 


(«! - «2) («1 ~ ^s) -• («l-«n) 


spressiDg 


1 


< 


«» «1 «1 






1 


< 


2 3 3 


/ 




1 


<.. 


^2 ^**-2 ^t" 

a .... a a 

n-1 n-1 n-1 






1 


a' 

n 


^2 ««-2 «r 

a .... a a 

n n n 





in terms of the elements of the last column and their com- 
plementaries which are all difference-products, we have 

«If («i«2-««-i)"«n.if (^i^r-'^n-tian) + al^^ (aiOa-^H-sOn-ian) 

Hence dividing by the difference-product of a^, ag, ..., On-i, a„, 
and legitimately altering the signs so as to have in the 
^second denominator a„_i in every case the minuend, in the 
third denominator a„_2, and so on, there results the identity 
as stated. 



§ 122. The quotient of an alternant of the second simplest 
form by the correspondimg difference-product is expressible 
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by mecma of two simpler like quotients, viz.: 

\ 1 2 n-1 w/ _. ^*\ 1 » n-1 n ^ i ^ ^ ^ ♦t--J_it-l/ ^ 

From § 28 we have A(ay^...ar-\a';^-anA(ala\...aliy-^) 



1 


a] 


o» 


...a" 


-2 


< 


_ 


a 


<• 


-1 




I 


1 


1 




1 




n 


k 1 




1 


1 


9 


«!• 


-S 


r 






r- 


-1 


a 


a 


• ••a 




a 


— " 


a 


a 






s 


i 


2 


. 


2 




n 


k 2 




1 


a' 


a* 


• ••a 


-2 


a' 




a 


a- 


-1 




n-1 


n- 


• 1 n- 


-i 


«- 


-1 


M 


M- 


-1 


1 


a' 


a' 


...a 


-9 














/ 



and (§ 121) the right-hand member of this divided by 





.r-l 



=K 



+ 
+ 



n-1 n n-1 • n-l 

(on-i-On) (on-i-On-t) '-ian-i-aO "■{ («»-i-a»-«)-'- (a«-i-Oi) 







1 n 1 



I 1 n 1 



a 



r-i 



. («i-a9)(«i"«8)"-(ai"-«n-i) 



V 1 2 n-8 n-1/ 



(§ 121) ; 



f*(o4a2... an-attn-l) 

whence the required identity. 



Example:— 





a 


a* 






a 


«• 










b 


6* 






6 


6» 




1 


a« 




c 


c* 


— « it _ 








■ ■■ 


1 


6» 




a 


a« 


= c 


+ . 


1 


a 




h 


6« 






& 


6» 




1 


6 




c 


o« 






c 


c* 
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-cCa+ft+c) + ^::^, (§119, Ex.) 

0-a 

Similarly with the help of this result we may find the like expansion of 

fyahc)' 
thenoe that of 

and so on. 

§ 123. ITie quotient of an alternant of the second simplest 
form by the corresponding difference-product is equal to 
the sum of all the terms which can he formed by multiplying 
together such positive integral powers of the variables that 
the sv/m of their indices may equal the excess of the last 
index of the one alternant over the last index of the other. 

Let the quotient referred to be 

Since the dividend consists of terms like its principal 
diagonal term 

«0 «1 «2 «»«-2 ^r 

and the divisor, similarly, of terms like 

^0 «i «2 ««-«^«-i 

we see at once that the quotient must consist of terms of 
the kind specified in the statement of the theorem, and of 
no others. It thus only remains to be shown that all poss- 
ible terms of this kind occur, and that, unlike the terms of 
dividend and divisor, all are positive. 
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As an instance of such a term^ viz., one the sum of whose 
indices is r - ti + 1, let us take 

By repeated use of the theorem of § 122 we have 
Ma] ... a^'-'a') A(a\ ... a^-\dr''\ Ala'.. a"-»a-n 

\^l w - 1 M ^ \ 1 n - 8 « - 1/ , \ 1 n~'l n - 1 / 

f'(a,,.. a„.ia„) tKoi — a^.^ ' ^'("i ••• o,.i) 

^ ^2 \ 1 «-2 n-l/ _|_ _i_ ^r-n \ 1 n-1/ ^ ^^-^^ 

the quotient we are concerned with being thus separated 
into r-n + 2 groups of terms, viz., those independent of On, 
those containing aj^, those containing a', and so on. Now 
the thiid, if any, of these groups must contain the term in 
question. Taking it, therefore, and developing the co-factor 
of al according to ascending powers of <Xn.i in the same 
way, we see that the co-factor of a^aj^.j is 

\ 1 n-8 n-2/ 

f*(ai ... a„_3a„_2) 

Expanding this co-efficient in like manner, and so on, we 
shall at length come to the coefficient of ala\_^ ••• «s > which, 
as it must be of the seventh degree and must contain only 



1 



Og and ttj, must be 






M«) 




f *(ax ««) 


This, however. 




• 


a — a 

2 ^1 



02- «1 

= a! + ... + ala* +... + al. 

3 SI 1 
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Thus + a^a^_i ••• tta^gaj is a term of the expansion, and 
evidently the same may be proved in regard to any other 
term of the kind. 

The quotient specified in this theorem is known as the '* complete aymTnetric 
function of Oj, Oj, a^, ..., a,, of the degree r-n+l," and is denoted by 

(tti, 02, Oj, ..., a„)*" "**"*" , or, when there is no doubt as to the variables, by 

()*""**"*" or J5r^_^^j. The theorem thus simply is 

-4(ai02 ... ajrfaj;) A{ai ... ajlja^ 



-4(ai(4 ••• cC-l^n" ) t i^i '•' ^n-l^n) 



= (Oi, 02, Oj, ..., On) 



r-n+1 



Examples :- 



1 


a 


a« 




1 


a 


a^ 


1 


b 


¥ 


* 


1 


h 


fts 


1 


c 


d" 




1 


c 


c" 



6-2 



= {a,b,c) 

^{a^ + ¥ + (^) + {a^b+a^c + I^a + h^c + (?a + <^) + abc. 



and 






7-8 



§ 124. From the preceding it foDows that every known 
theorem regarding complete symmetric functions becomes a 
theorem in alternants. Of these known theorems the 
simplest flow readily from the law of development 

established in § 122 in regard to the functions in their 
alternant form. 

Thus, developing the first term of the right-hand member 
of (1) by means of (1) itself, we have 

(ay . .On)' = a^ + <''(«!• "dn-iY + <" Vi- • •«»-!)" + . . . + (a^. . .a^^i)', (2) 
as has already been incidentally seen in § 123. By develop- 
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ment of the second term of the right-hand member in the 
same way, there results 

+ <^n-2\fli' • 'On-a)*' + • • • + aj • (3) 

By developing both terms, and making a third use of (1) to 
combine two of the terms resulting, we have 

and thence 

(04. . .cu)* = (oi. . .cu-s)* + (cu-8a„_iOXoi- • -cu-a)*'^ 

+ (an^iOnYiai* . .o»-i)*'' + an{a^. . .(0'**» 
and, finally, 

(oj. . .a«y = Oj* + (ag. . .anYiaiO^"^ 

+ (03. . .a«) V«2«3y "' + + «:'X«i- . • On)' '"^^ (4) 

Again, returning to the first term of the right-hand member 
of (1), and altering it by means of (1) in another way, we 
have 

Similarly 

(04. . .Ow^ian+i)* = o«+i } (oj. . .Onti)*"^- cuCoj. . .o^+i)*"* { + (04. . .an-i)' ; 
and therefore by subtraction and division 

—^ - tai...anan^i; . (o) 



a^" a 



n4-l 



§ 125. The quotient of any mnple olterTujmt by the cor- 
reapondvtig difference-product is expressible as a deter- 
minant whose elements are complete symmetric functions 
of the varieties, viz.: 
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(aj...a„)'* (ay^.an/ (aj...a„)* 



(a^. . .a„y '""^^ {ay . .aj*""'^^ . . . . (oj. . .aj 



t-n+l 



Subtracting each element of the first row of the given 
alternant from the corresponding element of all the following 
rows, we see that the factors Oj-Oj, aj-Oj, ...., ctn-Oj may 
be taken out, and that this being done the resulting deter- 
minant is 



1 



at 



a: 



(a,an)'-Xa,an)'-^...(a,a„)-^ 

Treating this in the same way, the elements of the second 
row being now the subtrahends, we can (§ 124 (5)) remove 
the factors Oj-Oj,, a^-Og, ..., (a»-aj); and continuing the 
process we find finally 



f*(aiOa... an) 



of 
(oiOaOgy"' 



a 



a. 



(a^a^a^'''^ 



.... (oiOa)'"^ 
.... (oiOaOj)'"' 



(c4...a„r"*'(«i--.«nr'''' .... (a,...aO' 



-n+l 



Multiplying columnwise the right-hand member of this by 
unity in the form 

1 .... 

(a2...o„)^ 1 .... 

(a,...aM) \a^..,at^ 1 .... 



a 



»-i 



a 



n-S 



a 



,n-8 



. . . . J. 
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and using (4) of § 124 we obtain the result required 

If p be other than it is better to remove the factor <^i^^-"^n ^^^^ 
applying the theorem. 



Examplb:— 



1 a» a* 




1 &» 6* 


-f*(a6c) 


1 c» c* 






-t\abc) 



(a, 6, cf (o, 6, c)« (o, h, e)* 
(a, 6, c)« (a, 6, c)» 

(a, 6, cY (a, 6, c)« 

Sa* + 2o6 2a' + Sa*6 + Saftc 
Za Za'-i-Zod 



f*(a6c) 



.1 



-Soft -2a^-22a6c 
Za Za' *t- Za5 



f*(a6c) 



-2a6 2a6c 
Za -Za& 



r(a6c) x(Za*6 + Za6c). 



§ 126. An alternant in which the elements are polynomial 
may often be expressed in terms of a simple alternant. This 
is evident when we consider that the converse is true, viz., 
that the mere transformation of a simple alternant or the 
multiplication of it by a non-alternant expression may lead 
to an alternant with polynomial elements. For example, we 
obtain an alternant with polynomial elements if we multiply 
-4(af aj .... a*J row-wise by [am]; the multiplication column- 
wise gives of course the same alternating function, but the 
result is not an alternant in form. 



Example :- 



XiC* + /*iC* + 1*1 Xac^+ftj 1 



\ia« a« 1 
\i6» 6« 1 
Xic» c» 1 



-XiXjf*(a6c) 














(§32) 



— XiX,rta6c) 



Za Za^ + Zoft 
1 Za 



'=-XiXj^*(a6c) X Za6. 
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§ 127. In am alternant with rational integral elements 
the co'fojctor of the difference-product is expressible as a 
determinant whose elements ao^ (1) the co-ejfficients in the 
elements of the alternant, (2) those symmetric functions of 
the variables which are linear with respect to each variable, 



VIZ. : 



^Ka^a^ . . . a„) 



Co, 


Cu 


% 


. . , C„i 


^n+1,1 


•••^r-1,1 ^1-1 


c.a 


Cu 


c^ 


•••C«2 


^n+1,2 


• • • Cr-l,2^r2 


^On 


Ci» 


^2n 


• • • ^nn 


^n+l.n 


• • • Cr-1,« <^m 


a 


0„- 


lC'„. 


2 . . . Oq 





... 





c» 


Pn. 


■I'-'Cj 


Co 


... 








Cn 


...Cj 


c. 


... 


• • • * 










. . . t/r- 


n^r-n-1 


... (7j C^ 



where f,(x) == Cq, + c^x + c^a? + ... + CnX"" , 

and Cq=1, Cj^-Soi, C^ = J!.a^a^, G^ = -2a^a^a^ ... 

Denoting the right-hand member by A, and multiplying 
it row-wise by ^*(ai...a„a)ott>i...ft)r-n)> ^^ ha,ve 

/iW f.M ... fnM <t>{a,) a,<l>(a,) ... ar>(«x) 



/i(«n) /aCctn) ... /»(a„) ^(a„) On^CaJ 

/iW /2W ••• /«W ^K) ^^'o^W 



... ft);"Xft)o) 



/lK-.n)/a(Wr-«)... /«(a>r-n) ^K-n) a)^.„0(a)r-n) . .. ©jilll^CaJ^-n) 
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where for shortness we put 

In this result, however, 0(oi) = = ^(oj) = . . . = (j>(a^, hence 
(§ *^^) ^^ ™^y ^ retransformed into a product^ viz. : 



W «i0(«i) • • • • K"^ W 



/i(«i) /aCtti) ••••/«(«!) 

fiiO /2(an)..../«(an) 
and therefore (§§ 26, 117) into 

-^l/l(«l) /2(aa) ••• fnM I >< 0W 0(®l) ••• 0(«r-n) 

Putting now the original from which this came, viz. : 



Af*(ai ... a„ft)o(»i ... ft)^.0 



into the form 



A f *(ai ...On) f *(«)o®l • • • ^r-n) W W ' • ' ^(<»r-«), 

and removing the common factors, we have 

^{/iW/aW '"fnM} = f*(«i> «8, ..., a„) X A, 
as was to be proved. 



BXAMFLB:— 



then 



Taking /i(a5)-i'i+Aiia?+XiJc', 

fii \ 
10 
C3 C7j Cj Co 



^{/i(fl)/.(g>)/i(c)} 
^(a» b, c) 



-XiXjCj'-XjXjSaft, 



as we have already found (§ 126, Ex.). 
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§ 128. The foregoing theorem, though evidently much 
more general than that of § 125, does not include the latter 
as a particular case. There the result is obtained in terms 
of complete symmetric functions of the variables, here in 
terms of single symmetric functions. Applying the general 
theorem to the case considered in § 125, viz., where 

fp) = aj', f^{x) = aJ», ... ., fjx) = of, 

we see that in A the elements of the first n rows are all 
except the element in the first row and (p + l)**^ column, 
the element in the second row and (g + 1)**^ column, and so 
on up to and including the element in the z^ row and 
(0 + 1)**^ column, the excepted elements being 1. Consequently 
A may be reduced to a determinant A' of the (z-hl- n)^ 
order with the sign-factor 

the columns thrown out from A being the (p + 1)*^, {q + 1)*^, 
&c., or, what is the same thing, the columns ending with 
C,.^, 0,.^, &c. Hence the last row of A' will contain all the 
C*a except these, and as in any of the other rows the sufiix 
of any C is less by unity than that of the C below it, A' is 
thus fully determined. 

Example :— Tftking the alternant A(a^l^<:^)f used in exemplifying § 125, we see 
that the omitted indices are 2, 1, and that the excesses of the highest index over 
these are 2, 3, &c. Thus the required quotient 



- (-1) 



8 -^ 4f 1(8-1)8 






-Xabc 2a5 

The final result is thus obtained more simply than before. The advantage, 
however, is not always on the same side. . The determinant in the first case is of 
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the n^ order, in the second case it is of the (z+l-n)^ order, and of course 
either order may be higher than the other. 



§ 129. The product of a simple alternant and a single 
symmetric function of its variables is expressible as a sum 
of si/mple alternants^ whose indices are got by arraiigi/ng 
the variables in every term of tlte symmetric function in 
the same order and adding the indAces of each term to the 
indices of the original alternant, the first to the first, the 
second to the second, and so on. 

Let AipFb^d",.,.) be the alternant and Sa'^fcV.... the 
symmetric function, the number of the variables a, 6, c, .... 
being n. 

From the definitions of an alternating and a symmetric 
function it is at once clear that their product is an alter- 
nating function. Consequently, since a^&V.... is here a 
term of the one factor, a*^Vc^ .... a term of the other, and 
therefore a^^^b^^^d'^'' .... a term of the product, there must 
occur in the product all the other terms of this type ; that 
is to say, the alternant -4(a''+'*6*''V+'^.,..) is part of the 
product. Taking thus in succession all the n\ terms of 
2a'*&*'c*^.... we have part of the product proved to be the 
sum of n\ alternants. But n\ alternants of the n^ order 
have (nXf terms; and the product cannot contain more than 
{n\f terms, for the number in each of the two factors is n\ ; 
therefore the sum of the n\ alternants is equal to the 
product. 

Example:— 

- ^(012){(410) + (401) + (140) + (041) + (104) + (014)}, say : 

- ^(422) + ^(413) + ^(152) +^(053) +^(116) +^(026), 

= ^(134)-^(125) +^(035) + ^(026). §§ 27, 34. 
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§ 130. From this law of multiplication we naturally 
proceed to the corresponding division, viz., to another way 
of finding the quotient of a simple alternant by the cor- 
responding difference-product. 



Example:— 



^(a^W) -i- A{aPl^<?) = 2a26« + Sa«5c (as before). 

Process of Division. 

^(012) I ^(034) I (022) + (112). 

^(034) - ^(124) 

^(124) 
^(124) 

Here, subtracting the indices in the divisor from those in the dividend, we have 
0, 2, 2, which gives the first term of the quotient: then we multiply, and proceed 
generally in the usual way of division. 

§ 131. A determinant may evidently be an alternant with 
respect to two sets of variables, the interchange of any two 
of the one set being equivalent to an interchange of rows, 
and of any two of the other to an interchange of columns. 
Such a double alternant is of the form 






or 



i'(a,A),^(«A)-^(a.i8,) 



and is divisible when the elements are Integral and rational 

^y ?Kai«2 •••««) f Ki^A • • • iS«)- -^ example is readily obtained 
as in § 126 by multiplying row- wise the three determinants 

Co.n-l|^*(«i---«n)f*(^l---i8n)- 



Example:— 



or 






Coo Cio 


1 a, 


1 A 


Cia Ca 


1 a. 


1 A 


\=Oil 


-i««irt«i«,)fHftft). 


(C=0,X 




■ 



M 
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§ 132. If in a d>ovhle alternant the function be rational 
and integral with respect to both variables, the co-factor of 
the two difference-products is expressible as a determinant 
whose elements are the coefficients in the elements of the 
alternant, those symmetric functions of the first set of 
variables which are lijiear in respect to each of them, and 
the same symmietric functions of the second set, viz.: 

|^(a.|8,) ... F(a^:)\ 
f*(ai-aJ^»(A-j8n) 



= (-1) 



r+n+1 



^00 ^10 
^01 ^11 



'On ^In 



'Or ^Ir 



'nO ^n+1,0 • 



'nl *^n+l,l 



Cro C', 



^rl 



C 



n-1 





CI 



...0 
...0 



"•^nn ^ni-l,n • • • ^m ^0 Oj 02..." 












. . . Oo 











... 











... 











... 



where F(xy) 

Co 

and Co 



. . . C^ ^n+l,r • • • ^rr 

G„ O^.j... G- ... U 

C„ . . . Gj Gq ... 

...G^ C^ ... 



... Cr-n^^.,C^ ...0 
1, Ci = ^Si8„ Ci = Si8A> 



The proof of this is exactly similar to that in § 127, the starting point being 
the multiplication of the right-hand member by the two determinants 



^■♦(aiaj ... OnfOiflyi ... far~n), ^{fiyp% ... Pn^QVi ... Tr-ft) 



in succession. 



§ 133. When the elements of an alternant aj^ fractions 
with the variables occurring in the denominators, it will 
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generally be found suitable to clear of fractions and then 
apply one of the theorems already given. The same 
theorems suffice for the treatment of certain classes of 
alternants with transcendental elements, viz. those where 
the transcendentals are sin, cos, ..., sink, cosh, ..., the ex- 
pressions for these in exponentials being substituted instead. 
In alternants of this kind the product of the sines of the 
halved differences of the variables often makes its appear- 
ance as a factor. 



Exercises. Set XV. 



1. Prove that 



1 
1 
1 



Xi + Xi 

Xs + Xi 

Xi + Xi 



X^Xi 
XiX^ 



-^Haa«2«8); 



and give the corresponding expression for tHxiXiXtX^). 

Perform the following divisions, giving the quotients in the ordinary algebraic 
notation : — 



2. 



a^ 



a« 




1 


a 


<»« 


3. 


6« 


• 


1 


b 


6« 




(fi 




1 


c 


(? 


• 



a 
h 
c 



a" 



68 








1 


a 


a« 


m 
m 


1 


b 


62 




1 


c 


c« 



5. la^i^VI -f |a06^c»|. 
7. |a».6y,d«K |a06ic«d»|. 



a 

b 6« 

c c» 

Find the like expansions for 

4. lo»6»c»| -5- laOft^c"!. 
6. |a06»(J«| -T- |a06»c«|. 
where |a*6"c*'| is written for -4(a"»6»c'). 
8, Express |a®6"»(J*<i''|Sa as a sum of alternants. 

Prove the following identities, and generalize them in such a way as to leave 
the right-hand members unaltered in form : — 
9. ^a9b^(*d*\^\a^b^cP\^'Sdb, 
10. |aP6»c«d*|-rla06VW»|-2a% + 2Sa6c. 
IL |a«6^W|-r|a«6^<W|-Sa^+3Sa6ai. 

12. \a%^(M^\-i-\a^b^c^\^2kL^ + ^a*bc + 22,dbcd, 

13. |af>6lc»d»|-^|a06l<Wl-2o86 + 2aV+2Sa»6c + 3Sa6od. 

14. Prove that 
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15. Prove that 



laoft^c'd'l -f Ia»6VW»l 



2a -2a« 2a« -2«* 

1 2a -2a« 2a* 

2 2a -2a« 

3 2a 



16. Express {31a«&W»| -5|a06»c^*| } -5- \aPbWP\ as a sum of second powers. 



■ 2 «wj(a - 6) «n J(6 - c) »»i(c - a). 



17. Prove that 
(X»Ka-6) cotifjb-c) co8i{c-a) 

oo»i{a+6) co8i(^+«) co»4(c+a) 
mJ(a+6) aini(6+c) OTnJ(c+a) 

18. Show that {|a«6VW»|+2|a«6ic^»|+|aOWd*|}4- laP6»cW| is expressible as a 
third power. 

19. Find the limit of |a^6*c»d*|-f|a'*6*c*d"| whena-ft-c-d-L 

20. Prove that 

{ la^WI + la«6V| + |a<>6V| } \a'W\ - K6V|« ; 
and find a general identity including these. 

21. Prove that 

22. Prove the identities 

{ \cm^\ + |a«W| } |a*6V| = |aP6V| la<>6Vi , 

and find a general identity including them. 

23. Prove that if /^(a)= Or +5r«r-i+...+-^r 

1 /i(a) ... /n-i(a) 

1 /i(6) ... /n-.(6) _^j^___^j^ 



L /i(0 ... /n-iW 

If the coefficient of a^ in fj{a) were -4?, what would the right-hand member 
require to be ? 

24. Prove the identities 

{ \aPb^(^^\ + [a«6ac»dV| } |a06»c^c*l - \a%Wl^tfi\ |a«6»(MV| , 

and give the general identity including them. 



SEC. 188. DETERMINANTS OF SPECIAL FORM. 



181 



25. Denoting by Gr,t the coefficient of a:* in the expansion of (1 + a;)**, find the 
co-factor of ^(ab...l) in 

1 C^ .... C^„.i 

1 Cjj .... Cj„_i 



1 C„ .... C.^.i 



26. Prove that 



For what values of m, n, p, 9 does this vanish, supposing m<n<p<q^ 
27. Find the co-factor of l^(xi ... Xn)I^Hyi ... ^n) in 

(aji-yir' («i-y2r' ... (aa-yn)"-^ 
(a^-yir-' (aii-yar-' ... (aj,-y«r-' 



28. Prove that 

29. Prove that 

\co8naof co8{n-l)ai, ..., co»(0)a«|-r |co«"ao, aw^-^Oi, .... eo^an\ =2*"^""^^ 

31. Prove that 

|«tn(7Hl)ao, Mnnoi, ..., «»an|-r |«w"ao, co8»-iai, ..., ooa^on 

- 2***^"-i)^ooainai...«t»an. 

32. Prove that 

|a«*VM»i |a«&»cWi loPft^WI |a«ycy»| 

|a06«c^l |a06»»c^| |a06^cW| |a06»cy»| 

loWc^d"! |aP6ic"d«| laOJ^d'd'l laf^b^dd^l 

\a^(M^\ \aPb^d^\ \a%^(MP\ \a^b^<^\ 

33. Find the co-factor of fyoni .... «n)i^(yi .... y») in 



a<>6Vrf»| |a«6"cP*1. 



(aj»-yi)"^ (iBn-yJ"^ .... (xn-yn) 



-1 
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34. Find the co-factor of the product of the sines of the halved differences of 
Xif x^f ..., Xn, in 

1 smxi C08Xi 8in2xi co82xi 

1 sinx^ cosXi 8in2Xi cos^x^ 



1 ^inoc^^i ^^^^+1 9in2x^^i co82x^^i .... 
35. Prove that 



(a52-yi)'* (a5a-ya)'*." (352-2^")"'' 
{xn-y^ ■' {xn-y^'^ ... (aj»-yn) '^ 



(a5l-yl)'^.. (iBi-y«)"^ 



+ + 



(Ofn-yi)'^ ... {Xn-ynY^ 

the second factor denoting an expression whose terms are formed from the ele- 
ments exactly as if it were a determinant but are all positive. 

36. Find the co-factor of f*(ah ... Xn) i^(yi ... a^+i) in 

{nh-Vii'^ (aJi-ya)"^ .... (aa-y«+i)'^ 



1 1 .... 1 



37. Find the co-factor of f ^(a^ ... asn) f*(yi ... y»+i) in a determinant like that 
of Ex. 36, but having the indices - 2 instead of - 1. Show that from the result 
and that of Ex. 36 by putting y^^i => x, the identity of Ex. 35 is obtained. 



SYMMETRIC DETERMINANTS, 

§ 134. In any determinant two elements which occupy 
corresponding positions on opposite sides of the principal 
diagonal, and which are therefore such that the row and 
column numbers of the one are respectively the column and 
row numbers of the other, are called conjugate elements: 
Id a perfectly similar way we speak of conjugate mvnora; 
and, going farther, a row and column bearing the same 
number we call conjugate lines of the determinant. 

A minor whose principal diagonal is coincident with 
that of the main determinant is called a coaodal minor. 
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§ 135. A determinant is said to be symmetric with 
respect to a line or point in it when every two elements 
symmetrically situated with respect to the line or point 
are equal. Of the lines with respect to which a determinant 
may be symmetric two are worth taking into account, viz. 
the diagonals: the only point is the centre, that is, the 
intersection of the diagonals. We have thus two kinds of 
symmetric determinants to consider, — ^axi-symmetric and 
centro-symmetric. 

§ 136. In a centro-symmetric determinant the r^ row 
reversed forms in every case the r*^ row from the end, that 
is to say, the determinant is the same when read backwards 
as when read forwards. 

§ 137. Every centro-symmetric determinant is express- 
ible as the prodAJbct of two deterTninants, of the orders Jn, 
Jn if n be even, and of the orders J(n + 1), ^(n - 1) if n be 
odd. 

Consider, first, the determinant 



a. 



a„ 



a, 



m 



^m 






'm+1 



2fM 



• • • • • 


■ *•••• 1 


• . ■ 


L 


^m+1 • 


^2fl»-l 


l^m 


l^iim 


K.. 


-1 ... 


Im+l 


L . 


^2 


• ••••* 



'9m 



^2m-l • • • ^1 



m+1 



'i» 



(hm ^hm-1 



a. 



m+1 



a. 



tn 



a„ 



a. 



of the 2m*^ order. Increasing each element of the first row 
by the corresponding element of the last row, each element 
of the 2°^ row by the corresponding element of the 2°^ row 
from the end, and so on, we have the determinant 
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^2m 


^2 ■*■ ^Sw-l 


.... 6« + 6^+1 
.... ^ 6|n+i 


1...... ....... .............. a. 

^m + ^m+1 • • • • ^2 "^ ^-1 
^m • • • • ^2 





'am 



C^am 



^aw-i 



'm+l 



a 



m4l 



Ctm 



a. 



a. 



which, if each element of the last column be diminished by 
the corresponding element of the first column, each element 
of the second column from the end by the corresponding 
element of the second column from the beginning, and so 
on, yields a determinant seen to be resolvable (§ 79) into 



^i + Oam 


62+^2«-l 


.... dff^ + dm-H 


^1 + ^'2m 


^2 "^ ^-1 


.... C + ?mtl 



and 



^ "~ ^hm ^2 ~" ^^-1 • • • • ^m "~ ^m+i 

^1 — ^a» ^2 "" ^a»»-i • • • • ^m'~ ^«+i 



Similarly it may be shown that the determinant of the 
{2m + 1)^ order got from the above by annexing after the 
m^ column the column a^b^ ... IJ^ ... b^a^ and after the m^ 
row the row k^k^ ... kjcjc^ ... k^\ is equal to 

^l + ^^hm ^2 "^ ^^-1 • • • • ^ "^ ^m+1 "O^Q 



m-fl 



^i+^am &2 + ^2«-l •••• ^« + ^«+l 26j 



^ + ^2m ^2 "^ ^-1 • • • • ^m + ^m+1 "6^ 



fc 



ifc. 



fc 



m 



jfe. 



GK-i — GK-j^ 0-2 — ttj^- 1 . . . (Xm ~" ^m+1 
^1 — ^am ^2 "" ^»»-l • • • ^m "~ ^m+1 



'l~"^ ^2'"^2m-l ••• 'm"~'i 



tn-i-l 



§ 138. A centro-symmetric determinaifU of the 2m*^ order 
is expressible as the difference of the squares of two sums 
ofwA/aors of the m'* order formed from the first m rows. 
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The product of the two factors, d and d' say, in the first 
case of §137 is equal to {|(2) + z>')}2- {K^-d')}^ and when 
D and d' are expanded (§ 29) in terms of determinants with 
monomial elements, the determinants in the one expansion 
are in magnitude the same as those in the other : hence the 
theorem. 

§ 139. A determinant in which every two conjugate ele- 
ments are equal is an * axi-symmetric ' determinant. 

' Symmetric,' however, is in common use for ' axi-symmetric,' symmetry with 
respect to the principal diagonal being the form which most commonly occurs. 

§ 140. In the case of an aod'Symmetric deterTriinant 
(1) conjugate Vmes are aZike, (2) coaxial minora are them- 
sdves aadrsyrn/metric, (3) conjugate minora are equals (4) 
the adjugate determmant ia axi-ayrrmietric. 

§ 141. Of the general theorems whose forms are modified 
by the existence in the determinant of symmetry with re- 
spect to the principal diagonal the only one worth noting 
here is that of § 62. If the selected lines there referred to 
be conjugate (v. example p. 84) then for axi-symmetric 
determinants they are alike, and the development takes 
the form already partly exemplified on p. 143. In symbols, 
the change is from 

to 



»>»'<n+l 



§ 142. ITie product of an axiraymTnetric determinant by 
the aecond power of amy determina/rvt of the aame order ia 
expreaaible as an axi-aymmetric determinant 
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'mi 



Let the first determinant be |ai^| with aft = atr, the second 

IAn|> the product of the two |Ci^|, and |<7in||i8i»l = Pi»l- 
Then 

D« = Cn^^ + C^I3^ + ... + (7^)8, 

+ 

= D. 



§67. 



§67. 



'«■> 



as is at once seen on changing in order the columns of term? 
into rows and bearing in mind that a„ = (i»r' Hence |Di,| 
is axi-symmetric. 



§ 143. Any power of an oxirdyTn/metric determi/nomt is 
expressible as an aod'Syrmnetric determinant. 

This follows at onoe from §§ 138, 69. 

§ 144. A determinant such that each line perpendicular 
to the principal diagonal has all its elements alike is called 
a PERSYMMETRic determinant. In the persymmetric de- 
terminant of the n^ order 



"l 


a. 


a. 


...• On 


«. 


«» 


«4 


.... Gt«+i 


a. 

• . • • 


a. 


• ••••• 


• ••. tf/fl.j.3 



a^ a, 



»+l »*n+S 



Cvmxq .... CI" 



2n-l 



there are evidently at most 271^1 distinct elements, viz. 
those of the principal diagonal and one adjacent minor di- 
agonal. It may thus be shortly denoted by 

■P(a, "*« a. **' .... o^. J or -PK «.-«*. -0- 
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§ 145. The peraymmetric determinant o/ a^, a^, ..., aa„_i, 
is equal to the persymmetric determinant of a^, ma^ + aj, 
m\ + 2ma2 + a3, m\ + 3m^a2 + 3maj, + a^, etc. 

This follows from multiplying the determinant row-wise 

by 




1 

3m 



m 



m' 



m 




1 

2m 
3m' 





















1 






and repeating the operation upon the product. 

Indicatrng row-multiplication as practised in the multiplication of determin- 
ants by (, — ^for example, writing (a, 6, cQa, /3, 7) for aa + 6/3 + cy, — ^the elements 
of the new persymmetric determinant here found are very conveniently denoted 
by Oi, (oi, oJIm, 1), (oj, 02, Ojlfni, 1)*, (oj, Og, a,, a^^m. If, etc. 

When m = -l, these elements are the first terms of the successive difference- 
series of 01,03, ..., 02„_i, so that as a special case we have the theorem — Th£ 
loersymTnetric determinant of &i ...^-^n-it ^ not altered by tfobstUuUng for Us 
elemerUs the 0«*, 1« 2«<', ..., (2n-2)<* differences of the first of them, 

§ 146. A. determinant such that any row is got from the 
preceding row by passing the last element over the others 
to the first place is called a circulant. The circulant 



a. 



a 



2 



a« a 



n — 1 



a. ... a. 



^2 •" ^*»-i 

Cv. . • . U'li _ 2 



ttg a. 



(Ia ••• a. 



whose first row is (i^, a^, c&g, ,.,ya^t may be denoted by 

C(a^a^...an)^ 

The determinant got by changing the signs of every 
element on one side of the principal diagonal of a circulant 
is called a skew circulant. For it the functional symbol 
C may be used. 
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§ 147. A circulant is evidently (§ 38) a persymmetric 
determinant, viz. 

C{a^a^ ... aj = (- l)**^""^*P(aia, ... a^a^a^ ... a«.i). 
Also evidently (§ 35) 

G{a^a^ ... a«) = (- '^)'''^C{a^a^ ... a^a^, 
and (§ 24) 

C{a^a^ ... an) = C{a^a^an.i ... aj. 

§ 148. ^ drculcmt contains as a factor the sum of ike 
elements of one of its rows, the co-factor being expressible 
as a persymmetric determinant of the next lower order, viz, 

C{a^...an) = (-l)*"^"'Vi + a2+--- + «^) 

X P{a^-a^, ttj-ttj, ..., a^-ttp a^-a^, ..., a«_t-a«-2). 

Adding to each element of the last column of the per- 
symmetric determinant in § 147 the corresponding element 
of all the other columns, and then removing the factor 
a^ + ttj + ... + a» we have 



a. 



a, 
a. 



a. 



a. 



a. 



ttn-l 1 
dn 1 

a, 1 



a« 



a. 



ao 



a«- 



n-9 



which passes into the required persymmetric determinant if 
each element of the first n-1 rows be diminished by the 
element immediately below it. 

§ 149. The drcvZant of a^, aj, ..., a^ is equal to the pro- 
d/ibct of aU eospressions of the form a^ + a),aj + ... + coj'^an, 
where o), is on£ of the a^^ roots of 1. 

Increasing each element of the 1°^ column of the circulant 
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by Wr multiplied by the corresponding element of the 2^*^ 
column, wl multiplied by the corresponding element of the 
3*^ column, wl multiplied by the corresponding element of 
the 4*^ column, etc., we have an equivalent determinant in 
which the first column is 

ttj + W^a, + Wla^ + ... + (iZ'^dn 
a^ + ODrdi + ft)JIC&, + ... + ODr'^a^.i 



But the second expression here equals the first multiplied 
by a>r, the third equals the first multiplied by wl, and so on; 
hence the first expression is a factor of the determinant. 
And as the product of the n factors of which it is the type 
contains the term + oj which is evidently a term of the 
determinant, no additional factor is required ; that is to say 



rasn 



C{a^a^...a^) = 'J[^(a^ + <Ora^ + a>la^+ ...+a)r'^an)> 



ral 



A snggestiye proof of this identity is obtained by viewing the two members of 
it as different forms of the resultant of the equations Oi +asa;+a,a^+ ... +aiix"~^ -0 
and 1 - acn = 0. 

§ 150. The product of two civGulants of the same order 
is expressible as a circulant 

This is a direct result of § 67. Example :— 

C{abc) C(a^y) - C(ao + 6/3 + C7, co + a/3 + 67, 6o + c/S + ay), 
- C{aa + c/3 + 67, 6a + a/3 + ey, co + 6/3 + 07). 

§ 151. A circvZant of the 2n** order is expressible as the 
jyroduct of two determinants of the n** order, a drcukmt 
and a skew oirculant, viz. 

X (y{a^ - a^+i, a, - a^^,, ..., a^ - a^)- 
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Reversing the order of the last n rows and then reversing 
the order of the last n columns, the given circulant becomes 
centro-symmetric ; and thus (§ 137) the theorem follows. 

§ 152. A drcvZant of the 2n** order is expressible as a 
oircukmt of the n** order, viz. C(a^...s^) = C(Xj...Xn) 
Wtiere x, ^ ^a^, —aj, a^, ..., — ajuQag^.i, b^^2> •••» ^^+i> ^^/» 

From C(a^. . .a^) a determinant equal to (-l)**^**^'(7(aj. . .a^ 
is got by placing first the odd-numbered rows in order and 
then the even-numbered rows in order and altering all the 
signs of the even-numbered columns: another equal to 
(-l)*^"'"^*(7(aj ... Oin) is got from this by deleting the nega- 
tive signs, reversing the order of the rows and then revers- 
ing the order of the elements in each row. Multiplying 
these determin^ants together and expressing the result as the 
product of two of its minors (§ 79), we have 

(-1)«0«K... a^) = {-irC\x, ... jr„), 

and thence the theorem required. 

This and the other theorems foUowing § 149 may be proved by using the fun- 
damental property there established. 

§ 153. To almost every one of the theorems regarding 

circulants there is a corresponding theorem regarding skew 

circulants. Thus, following the order of §§ 147-149, we 

have 

C\a^ ... a„) 

= (—1) " ** I (a^, . . . , a„, — a^, - Org, . . . , — ct^-i) ; 
X (ttj - ttg + c&j - . . . + an) , n being odd ; 



r=H 



= JI(ai + WrGt2 + «)?^8+ ••• +ft)r^ctn), Wr bclug au n^ root of - 1 ; 



ral 



( 
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and " skew circulant " may be substituted for " circulant " 
in § 150. 

§ 164. A skew circulcmt of odd order is expressible as a 
circvZant, viz, G\a^ ... aan+i.) = ^{^v ""^a* ^8» "^a* •••* ^+i)- 

This is at once obtained by changing the signs of all the elements in the even- 
numbered rows and then in the even-numbered columns. 



Exercises. Set XVI. 



1. If a determinant be symmetric with respect to both diagonals, to which of 
the above-mentioned special classes does it belong ? 

2. Show that any even power of any determinant is expressible as an axi-sym- 
metric determinant. 



3. Establish the identity 



4&C 



2ac 



2ab 
be 



2ac 

he 



(6» + c«'-a«) 



6« + c« 


ah 


ac 


ah 


(^+a* 


be 


ae 


be 


a^ + b' 



4. Show that the product of any two determinaDts of the n^ order is expfess- 
ible as a centro-symmetrio determinant of the 2n^ order. 



5. Find the linear factors of 

a b 



b 

c 

d 

e 

f 

9 
h 



a 
d 
c 

f 
e 
h 

9 



e 
d 
a 
b 

9 
h 

e 
f 



d 
c 
b 
a 
h 

9 

f 
e 



t 

f 
9 
h 
a 
b 
c 
d 



f 

€ 

h 

9 

b 

a 
d 
c 



9 
h 

t 

f 
c 
d 
a 
b 



h 

9 

f 

t 

d 

e 

b 

a 



6. Prove that if the sum of the elements of each row of an axi-iymmetric 
determinant vanishes, the primary minors are equal in magnitude : and state 
the law regarding the difference in sign. 



7. Prove that 

aa'-W-cd a'b + ab' 
a'b + aV bb'-e(f-aa' 
a'e -^ad Ve-^be' 



a'e^oAi 

b'c^bd 

ed-aa'-hb' 



(a* + 6« + d'ta'^ + 6'« + 0(a«' + W>' + ccO. 
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8. Prove that if an axi-symmetrio determinant TanlBhes the co-factor of any 
element is a mean proportional between the co-factors of the principal diagonid 
elements belonging to the row and colnmn of the said element. What is the 
alternative hypothesis for the same result? 

9. Express as a continuant 

a+b a a a 

h a+b a a 

b b a+b a 

b b b a+b 

10. An azi-symmetric determinant having been multiplied by itself, prove that 
if the principal diagonal elements of the first factor be diminished by x, those of 
the second increased by Xy and those of the product diminished by ob?, an identity 
will still subsist. 

11. Prove that the altered product in the preceding exercise when expanded 
according to descending powers of x has its terms alternately positive and 
negative. 

12. Prove that the determinant whose principal diagonal is Ci, Cg, c^, ..., c», 
elements on the one side of this diagonal each equal to a, and on the other each 
equal to &, is equal to {af{b)-bf{a)} -j- (a-6) where /(a5) = (Cx-a!)(c8-af)...(Cn-a;). 

13. Prove that, if the complementary minor of the first element of an axi-sym- 
metric determinant be zero, the determinant is expressible as a second power. 

14. Indicate in symbols the condition for |ainl being persymmetric, and show 
that it includes the condition On'^ctw 

15. Express in non-determinant notation 



X 


a 


a 


b 


b 


y 


d 


X 


a 


b 


y 


c 


d 


d 


X 


y 


c 


c 


c 


c 


V 


X 


d 


d 


c 


y 


b 


a 


X 


d 


y 


b 


b 


a 


a 


X 



16. If a;J + a;l + a;J = 3/J + ...«2? + ...-=l and{Ciyi + iCaya + «8y»'=»i2i + ... -yi8i + . 
0, prove that 

Pi ^12 Qu a f ^ 
Qu P% Qt^ - f ^ ^ 
Qu Q» Ps e d c 

where P^^aa^^ + byl + c^ + 2dyX + 2ex^ + ^x^yr, 

and Qrt - axr<ic$ + byjy» + czrZt + d{yrZt + Zry$) + e{xrz» + ZriCe) +/{avy + yrXt)' 
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17. Show that if »^ = aj + oj + ... + a^ and m<n, P(«o, «i, ..., «2m-2) ^^ express- 
ible as a sum of Bquares of alternants. 

Establish the identities 

18. C(2a-ai, Sa-a^, ..., Sa-On) = (-l)«-i(n-l)C(ai, ..., an). 

19. C(iS-ai, iSa-Oa, ..., JSa - On) = (-1 )«-Miw - 1) C(ai, ..., a,.). 

20. C(a, a + dy ..., a+»^(«) - {-l)»-iiMn-i{2a + {»-l)d}. 

21. C(a, ar, ..., ar»»-i) = (-Ij^-iawO^w-l)"-!. 

22. Prove that the differential coefficient of an axi-synimetric determinant 
with respect to one of the elements whose row and column numbers are r and s 
is equal to (-l)*'+« multiplied by twice the complementary minor of that 
element. 

23. Prove that Pfoi-Oa, Oa-Os, ..., a»-ai, Oi-Oa, ..., an-8-a«-2) 

= P(a8-a4, a^~a^j ..., dn-Oi, Oi-Oa, ..., On-i-dn). 

24. Find the differential coefficient of C(ai ,„ On) with respect to Oj. 

.25. Find a general identity including that in Ex. 7, and thence obtain a 
determinant equivalent to (aj + a| + .. . + a^)\ 

26. Show that 

1 Oi OiOs .... (ai ... On-i) 
1 Oj ^^ •••• {fh ••• ^) 



1 On dnCtn+l .... (On... a2n— 2) 



is expressible as the quotient of a persymmetrio determinant by 

_n_n-l_n-2 _ 

27. Express in non-determinant notation the circulant whose first row consists 
of p negative units followed hj n-p positive units, p being less than ^ri, 

28. Provethatif i)(a,«)„^.,.^ = 0. then <^^)'= 4g|g. 

29. Find the value of P(a, ar, or®, ..., ar^'^) . 

30. Show that the product of a circulant and a skew circulant can be expressed 
as a circulant. 

31. If Un be the number of distinct terms in an axi-symmetric determinant of 
order n, prove that 

Un''nUn-i-i{n-l)(n-2)Un-3, 
and thence calculate Ut, U^, ...» 27e. 

32. Prove that the persymmetrio determinant of cos a, cos(a + d)j ,..., 
€08 {a + 2n-ld) vanishes for all values of n greater than 2. 

N 
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«^. Show that a ciroulant of the (in -f 2)^ order is expressible in two ways as 
a circulant of the (2« + l)'^ order. 

34. Prove that 
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e 


7a 


b 
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e 


f 


78 


€ 
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ft 
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35. Denoting ai^ + Ciz!^-^ + „, + Cm by ax, prove that P(ai ... oan-i) is equal 
to (-l)*''^**-^)|(n-l)U'» when wi-n-l, and vanishes when m<n-l. 

36. Express in non-determinant notation the ciroulant whose first row consists 
of p positive units followed hj n-p zeros. 

37. If nlVn be the number of distinct terms in an axi-symmetrie determinant 
of the n^ order with zero elements in the principal diagonal, prove that 

nFn-(»-l)F«-i-F»-a + iFn-8-0. 

38. Prove that 

0(a, 6r, cr», dr*, er*) = (-!)*"<"- ^^P(6r», ct*, dt*, er^, a, 6, d, d, e), 

and writing h for r* show that P(6A, cA, dA, cA, a, 6, c, d, c) is resolvable into 
linear factors,— a result including § 149 and § 153 (6). 

.39. Prove that all the m*^ary minors of an axi-symmetric determinant of the 
nth order will vanish if J(w - m + 1) (n - m + 2) of them vanish. 

40. Prove that the co-factor of Oi + Oa... +02n-i ^ Cl{<h.i <h} •••» (hn-i) is ex- 
pressible as a determinant of the n^ order. 



41. Prove that, 
double circnlant 


if CO denote one 


of the 


imaginary fifth roots of unity, the 




Oi + bi 


c^ + bi 


<h + bi 


04+64 


ag + fefi 






a^ + bi 


oi + bf 


Oi + bi 


(H + h 


a^ + bi 






a^ + bs 


afi + 64 


ai + 65 


a2 + bi 


Oj + fta 






<H + bi 


a^ + bs 


as + bi 


oi + bi 


<h + hi 






Oi + bs 


Ot + bi 


a^ + bi 


at + bt 


ai + 64 
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has for a factor the quadratic expression 

- (61 + W62 + w*&s + <^^h + w^^s) (2>i + w- 1 62 + w-2 63 + w-8 64 + w-*6fi) . 

iSf^^TT DETERMINANTS. 

§ 155. A determinant in which every element on one side 
of the principal diagonal is equal in magnitude to its con- 
jugate element but opposite in sign is said to be skew with 
respect to that diagonal. Diagonal elements being self-con" 
jugate, determinants such as 

a b c 

-a d e 

-b -d f 

-c -e -f 

which are skew with respect to a zero diagonal, may be 
looked upon as having the elements of the principal diagonal 
conditioned in the same way as the other elements. 

The word skew as here used is meant to be contrasted with symmetric, every 
kind of symmetric determinant being matched by its corresponding skew deter- 
minant. But just as the term ' symmetric ' is often used in the narrower sense 
of * axi-symmetric,' so ' skew \is almost universally taken to mean 'skew with 
respect to the principal diagonal.' The slightly different sense in which * skew ' 
has been employed already in connection with circulants should also be noted. 

§ 156. In the case of a zero-cuodal shew determinant, (1) 
conjugate lines differ in the signs of their elements and 
thus only, (2) coaxial minors are themselves zero-axial skew, 
{3) conjugate minors are equal or differ only in sign, 
according as they are of even or odd order, (4) the adjugate 
determinant is skew if of even order and axi-symmetric if 
of odd order. 

Here, (1) follows from, or is, the definition ; (2) follows from the definition ; 
(3) is deduced from (1) ; and (4) from (3). The first part of (4) is made more 
definite below (§158). 



196 



THEORY OF DETERMINANTS. 



CHAP. m. 



§ 157. A zerO'Ojxial skew determinant of odd order 
vanishes. 

If the signs of all the elements be changed, the deter- 
minant (§ 26) is changed in sign, and yet (§ 24) is unaltered: 
therefore it is zero. 

Consequently its adjngate, above referred to as being axi-synimetrio, is (§ 95) 
also zero. 

§ 158. The ad jugate of a zero-aodal skew determiwmit of 
even order is zero-axial. 

This follows at once from §152 (2) and § 157. 

§ 159. A zero-axial skew determinant of even order is the 
second power of a ration^ function of the elements. 
Let the determinant be 




-a 
-a 
-a 



12 



13 



a 




12 



a 



18 



a 



14 



~a, 



28 







28 



a„ 



14 



-a, 



24 



-a. 



84 



a 




34 



^,2n-l 
^2.2n— 1 

a. 



^8,2n-l 



^2n 



a 



4,2n-l 



a. 



'4.2n 



'~^,2n-l'~'^2,2n- ~^8,2n-l "~^4,an-l •••• ^ 



aifm- 



2R-1.2n 



or D, say. 



""^,211 "~^2,2n ~^3,2n ^4,2» 

Then (§ 91 or § 96 ii.) 



. • • . ^^^'2n— l,2n ^ 



But (§ 157) 
and (§ 156, 3) 



2)0 = -Z)'" : 

^ (1 ■' a,n 



Hence, if the theorem holds for 2>JJ", which is a zero-axial 
skew determinant of even order n-2, it will hold for the 
next higher case, viz. of 2>. But it is evident that it holds 
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for a detenninant of the second order : therefore it holds 
generally. 



Example :■ 





-a 
-b 



a 



-d 



b 

d 



-/ 



e 

f 






a 


b 


c 


s 





d 







d 



e 

f 


• 
• 


-d 






= {adf-bed^cd^f ^d^y 

§ 160. A determinant having the complementary minor of 
one of its corner elements a zero-axial skew determinant, 
like DJ or the second determinant in the foregoing example, 
is called a bordered zero-axial skew determinant. The 
word is similarly applied in connection with other special 
determinant forms. 



§ 161. Looking at the coaxial minors 







-a 



13 



a 




12 







-a 



81 



a 




34 



^ ^^-l,2n 

""^an-l.Sn ^ 



of D above, we see that their product 



13 M 



.. a 



2 



2n-l,2n 



is a term of the determinant, and that therefore one square 
root of D contains the term + a^a^ . . . (hn-i,^ ai^d the other 

That square root of a zero-axial skew 



"^vi^u ••• 



a. 



2n- l.Sn 



determinant of order 2^1 which contains as a positive term 

the product of the elements in the places (1, 2), (3, 4), . . . , 

(2?i-l,2w) is called the Pfaffian (function) of the whole 

of the elements lying on the same side of the zero diagonal 

as the elements mentioned. Thus a/ - he + cd is the 

Pfaffian of 

a b c 

d e 

f- 
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Assitnilating the notation for Pfaffians to that of deter- 
minants which in their properties they closely resemble, we 
may denote the Pfaffian just given by 

a b c 
d € 

f 



and more shortly 



a. 



a. 



a. 



by/KVJ 0^ '1^2^4 1; 



and more shortly still 

Thus the fundamental identity of § 159 may be written 



(h.,2n 



(trm-^O 



amm'^—dtr 



= 'K. 



2n 



The earliest notation and . that still in common use is 
umbral ; for example, 

[1,2,3,4] for qa^J. 

A Pfaffian which is of the n^ degree in its elements is 
said to be of the n^ order: thus, ^\cb^^\ is of the 2™* order. . 

§ 162. The first row of a Pfaffian of the n^^ order contains 
2n-l elements : the line through the 1** column and 2^*^ 
row contains the same number: so also do the lines through 
the 2"^ column and 3"^ row, through the 3*"*^ column and 4*^ 
row, and so on to the last column. These 2n lines each 
containing 2n-l elements may be called the frame-lines 
of the Pfaffian and numbered 1^*, 2"^, S"^, etc. in order. 
Evidently every element of the Pfaffian belongs to two 
frame-lines, and is fully specified as to position when the 
numbers of these are given. In the Pfaffian l| a^a^ .... auin^i,2n I 
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or l|ai,an|,' written more fully in §163, the suffixes of each 
element indicate the numbers of the frame-lines to which it 
belongs, the smaller number being always written first. 

The terms minor and adjugate and the subsidiary terms 
connected with them are used in regard to Pfaffians just as 
in regard to determinants. Thus, if the frame-lines of any 
element be deleted, the Pfaffian whose elements are in order 
the elements left is called a, first or primary minor of the 
original Pfafllan and the complementary (minor) of the said 
element. The notation, also, which corrjesponds to this 
nomenclature may be made, quite analogous for the two 
functions : for example, the complementary of the element 
in the place (r, s) of the Pfafllan^may be denoted hj ff^^y 
and the adjugate offf(a^^) or ^\a,^^\ hj ff(A,^^) or ^\A^,^\. 

§ 163. A bordered zero-amal skew determinant is ex- 
pressible as the product of two Pf affiants. 

Returning to § 159 we find it shown that 

I a) a.n' 

so that on extracting the square root we have (§ 161) 



«12 


«18 


«14 


• • • ^.2n 





«23 


«24 


• • • ^,2n 


-«23 





«34 


... 0%2n 


-«24 


-«84 





. . . Ct4.2n 


~^2,2n- 


-l~^8,2n-l 


~^4,2n- 


.1 ... Cl2n-l,»n 



^12 ^18 • • • ^l.2n 



0^23 . . . Ctj^an 
• • • ^8,2n 



Oj'in- 



'2n-l,2n 



^23 ^24 ••• ^2,2n-l 
a^ . .. O&s^sn-i 



^9n- 



2n-2,2n-l 



That the signs of the roots of D and DjJ'^ have been taken 
correctly is evident on noting that +ai2^2s^34 ••• ^2n-i.2n is a 
^ term on the one side, 2iXidi{-\-a^ji^a^. . .ci2«-i,2»)(+%%- . •^2n-2.2n-i) 
a term on the other. 

In the preceding the determinant is of odd order ; but if 
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a 

a 



13 



23 



-tt 



34 



we put a2„_i,2« = 1 and all the other elements of its column 
equal to 0, the theorem is seen to hold also for even-ordered 
determinants, the result being 



a 




IS 



a 



14 



^,an-] 



a. 



34 



• • ■ Of, 



2,Sn-l 



-a 



S4 



^1 




S4 



• . . O/i 



S.2n-1 



... a. 



^2n-l 



^13 ®18 • • • ^,Sn- J 
^28 • • • ^>n-2 



(hn- 



8.an-s 



^2» ^34 • • • 



a, 



S4 



^2«-l 
OJU—I 



«2»- 



S.2n-1 



t 

""^2,2n-2 ^8,2n-3 ^4,2n-2*»' ^^-2,3«-l 



If the last column in the second identity here given be passed over the others 
to become the first column, the form wiU be still more elegant ; for the line of 
zeros in both identities will then divide the determinant into the two Pfafi&ans 
on the right. 



§ 164. The complementary minor of any element (a»jt) 
outside the principal diagonal of a zero-axial skew deter- 
minant is readUy seen to be expressible as a bordered zero- 
axial skew determinant. Hence every such minor is equal 
to the product of two PfafBans. 

Instead however of viewing this as a deduction from the 
foregoing theorem it would be more appropriate perhaps to 
view the said theorem as a particular case of this. For the 
substitution of h and k for n and 1 at the commencement in 
no way increases the diflSculty of the proof. The two 
general results are 



a.«=0 



(l)Ifi)» a,^"--" and/=IK.,..theni)»=/xi;^. {h>k) 



arr=0 



(2) If i)= o..^.. '^-" and/= IK^.,|, then Df^ =/'*x/<*. 

If the wi*^ row and m^ column of the first D be deleted there results a deter- 
minant lik£ the second D ; hence in regard to the first D we have 
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§ 165. Any determinant of the 2ii*^ order is expressible 
as a Pfaffian of the n** order, viz] |ai,2a| = ^|I*i.2n|, v^here 

Writing |ai.2„| in the form 



a 



13 



-a. 



u 



a. 



14 



a. 



22 



a. 



21 



a. 



24 



-a 
-a„ 



IS 



^2,2n ~^^-l 



^2n,2 "~^2n,l ^2n,4 "'^2n^ •••• ^2n,2n ^^fin-1 

and multiplying the two forms together row- wise we have 

But it is evident that P„ = -P^ and that P„ = ; hence, 
on extracting the square root, the theorem follows. 

Treating the rows of \€^^\ in the same -way as the columns have been treated, 
and multiplying the result column-wise by \ct^ ^\j we obtain a different but equi- 
valent Pf affian. 

§ 166. Any determinant is expressible as a Pfaffi/jm of 
the same order. 

Turning to the identity established in the first part of 
§ 137, and putting the element in the place (rs) of the one 
factor equal to on, and the element in the place (sr) of the 
other factor equal to -a,„ we have the two factors equal in 
magnitude, and the identity becomes 

K«ll-«ll) K«i2-«2i) ..- K«12 + «2l) KOll + O 
K«2l""«12) i(«22-«22) •••• iCOaa + aJ K«21 + «12) 



(-ir\a,j^ 



KOai + O i(a22 + «22) •••• K«22""«22) K«21 " O 

JKi + Oii) i{a^^ + a^^) .... K«i2-0 K«n-«ii) 

But this centro-symmetric determinant is zero-axial and 
becomes skew with respect to its zero-diagonal if the signs 
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of ail the elements in the last m rows be altered : hence, on 
extracting the square root, the theorem is established. 

It should be noted that the Pfa£BiUi obtained is azi-symmetiio. 

§ 167. A Pfaffian of the n** order may he expressed as the 
aggregate of 2n-l prod/vucts, obtained by multiplying each 
element of the first row by its comptementary and taking 
the signs of the products alternately positive and negative ; 
in syrnbols, 

The second power of the left-hand member is D, the first 
determinant written in § 163. Raising the right-hand 
member to the second power, and remembering (§§ 159, 
164) that 

we have 

r <^5 - 2au«u^a' + - 2«.«»«-DS: 

+ 

In (l,n ' 

which (§ 62 ; cf. § 141) is also equal to D. Hence the two 
expressions a^/j^ - a^g j^J + . . . and ff{(h^ differ at most 
only in sign. But the first will give the term a^a^ . . . a2n-i,sn 
positive, and in the second this term is positive by defin- 
ition : hence the identity is established. 

The theorem may also be written in the forms 

'l«i,2nl " Oi*4ia +au-4u + a^Ai^ + ... + a^A^^ ; 

§ 168. In the preceding we have a first instance of a 
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property of Pfaffians perfectly analogous to a property of 
determinants. The analogy thus exemplified extends with 
varying degrees of closeness almost throughout the range ot 
both subjects. Thus, in the theorems corresponding to 
§§ 23, 34 there is a slight difference of statement, viz. we 
have 

(1) Of the full number of terms of a Pfajffian there is 
one Tnore positive than negative, 

and 

(^) If two adjacent frame-lines of a Pfaffian be trans- 
posed and their comm/m deTnent be chamged in 
sign, the new Pfa^an differs only in sign froiti 
the original; 

in the theorems corresponding to those of §§ 35, 36 the 
divergence increases ; but on the other hand the important 
theorems of §§ 95, 96, 98 may be transferred into the theory 
of Pfafllans without the slightest alteration. 

The student will find it most instructive and interesting 
to return to § 16, and, framing a definition of a PfaflSan 
similar to that there given of a determinant, to take §§ 17, 
18, ... in succession and try to discover the Pfaffian ana- 
logue of every statement that is made. 

§ 169. A skew determinant which is not zero-axial may 
be expressed (§ 63) in terms of the diagonal elements and 
skew determinants which are zero-axial. Thus 



«1 a^ ^18 ^14 

«14 -^W -«84 ^4 



= I a^ % «i4 

^84 



+ x^x.a^^ + x^x^a\ 



those terms vanishing (§ 157) which have an odd number 
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of diagonal elements ; and 



aj. 



a 



12 



a 



18 



a,, a 



'J4 



15 



-a 



13 



aj- 



-»18 -«a8 



a. 



». 



a, 



94 



a. 



36 



a. 



S4 



a 



85 



«14 -«34 -^84 



X. 



-a-,- -a^ -a« -a 



"16 



36 



85 



a. 



aj. 






those terms now vanishing (§ 157) which have an even 
number of diagonal elements. 

When x^=x^ = .,,=x these become expansions according 
to ascending even or odd powers of x with all the coefficients 
sums of squares of Pfaffians. 

Example : — From any three quantitieB ?, m, n, form nine others the elements 
of |ai/3s73|, 80 that making 

X - OiX + Of F + a^Z, 
^ - ftX + ft F+ /S,^, 

we may have a^ + f^ + s? - X*+ F* + ^*. 



Whatever f , 77, ^ may be, if we put 

X" ^+ Irj + mi;' 

y- -«f+ 77+ ni-^ (I.) 

z = -wif - ni; + ^ 
and 

Y' l^+ V-nt)^ (II.) 

Z^ m^+nri+ i" 



:} 



we ensure that si? + y^+s? shall be equal to X* + F* + ^ : and it therefore only 
remains to determine a;, 2^, 2; in terms of X, F, Z, This may of course be done 
by solving for (, 97, ^in (II.) and substituting in (I.) : but the following method 
is neater. Denoting, for shortness' sake, the skew determinant 



by A, 



1 


I 


m 


I 


1 


n 


m 


-n 


1 



we have (p. 73) from (II.) 
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.(a.) 



^A- XAJJ-rAg + ZA{;> 
^A«-XAg+FAg-ZAg.. 
i-A- ZAg-FAg.ZAf,, 

But from (I.) and (II.) by addition there results 

aj + X-2^ y+F=277, z + Z = 2t, 

so that on substituting these values of 2^, 2ij, 2i'in (a) we have 

X - {2Aa - A}X - 2 AjJ F + 2A{J Z 
y^ -2AgX+{2A;^A}F- 2Ag^ 
z - 2AgX- 2AgF42A{;-A}^ 

Hence the required values of Oi, o^, Og, .... are 

2AJ-A, -2Ag, 2Ag, 



ExEKCiSES. Set XVII. 

1. Show that a continuant is expressible as a skew determinant. 

2. Verify the identity 

i I 



\b c e 

9 i 

I 





n 




b 


d 


e 




h 


• 

n 


k 


d 


e 




k 


I 
n 



- e\t 



I 
9 



n 
h 
k 



3. Find the number of terms in a Pfaffian of the n^ order. 


4. Find the product of 




abed 




a P y d 




-b a -d c 


and 


-/3 a -d 7 




-c d a -b 


WAA^a 


-y d a -/3 




-d -e b a 




-S -y /S -a 



and thence show how the product of two sums of four squares may be itself 
expressed as a sum of four squares (cf. Ex. 11, Set Xll.). 



5. Prove that 



\a b c 

de 

f 



d e 
f 



+ 1 af^i b c 
diH efii 
f 



+ \a bfii c 

dfJLi € 



+ \a b cfii 
d efii 
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6. Show that the diagonal or axial term of a Ffaffian is always positive. 

7. Show that the sign of (huaaOgr .... a2„-2.2n-i<*i.2n i^^K,2n) ^ "*"• 

8. Find the differential coefficient of a sero-axial skew determinant with 
respect to one of its non-zero elements. 

9. Express as the sum of four Pfaffians with monomial elements the Pfaffian 

(ti + Oj Of^ + a^ a^ + ct^ 

C4+C5 

10. Prove that the last frame-line of a Pfaffian may be passed over the others 
to occupy the first place without altering the value of the Pfaffian. 

11. Show that 



-0. 



|ai6ai |ai6.| loiti 

108^4 

12. Show that the co-factor of a« m^la^ J " (-l)'*'"!^^- 

13. Prove that if D be an even-ordered zero-axial skew determinant whose 



..w»j^-^~'.~~B --.«. 




' -^ M' 


K 


■K. 


■••■n 


'•^l 






, 


14. Show that 




















l« 


6 


c 


d • 


e 


- (a coct b 


c 


d 


e 




/ 


9 


h 


• 

% 




f 


9 


h 


• 






Uij 


wk 
torn 


ton 
wp 






• 

3 


k 
m 


I 
n 
P 



^yhat if the elements of the second row of the first Pfaffian were also multiplied 
by a»? * 

15. Prove that 

-^^{o^x^XiX^ = {(j^-x^f {x^-x^ (a54-«i)* 

and give the general theorem. 

16. Express a Pfaffian with a frame-line of binomial elements as the sum of two 
Pfaffians with monomial elements, and squaring both sides deduce the theorem 
of §163. 

17. Show that an axi-symmetric Pfaffian is expressible as a determinant. 
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la Show that 



a 



b 
d 



c 
e 

f 



a 



7 

e 



e 


-cut 


a8 


ai 


f 


ba 


bS 


U 




-CO. 


c8 


a 






P 


y 
t 



19. Show that a zero-axial skew Pfafi^n of the (27i-l)^ order vanishes, and 
that one of the 2n^ order is expressible as the difference of two squares of sums 
of Pfaffians of the n^ order. 



20. Express the skew determinant 

X a 



b 
nic 

Tlitl^X 



C 

n^b 



—n^a -n^ritX 



'-6 -»iC 
-c -n^b 

a6 the second power of a rational function of the elements. 

Establish the identities — 

21. 



22. 



a/tiA*s bfii 


1 


Cfli 




aA*s 


hf^fh 


Cfli 






• 


a/*, 6fi, 


Cfhf^i 


-a d e 


J. 


-a dfJL^ 


e 


X 


-a d 


eiH 


-b -dfi^ / 


T 


-b -d 


f 


T 


-b -d 


Sh 


-c -efi^ "f 




-c -e -ffii 







-c -e -f 





a/u, 6/A3 CM4 


/ 


afi^ b c 


+ 


a 


6a*i c 


+ 


a b 


« 


d e 


] dfh «/*« 




diH e 


' d 


CA«8 ■ 


f 


I / 




M 




M ,. 


a b/jLi c 




a b 


CA*i 




a b 


CMi 


-afii dfiifii cfAi 


J. 


-afii dfj^ 


«A*2/*4 




-a d 


€AA2 


-b "d f 


T 


-b -d 


M 


+ 


-bth. -diH 


//*8M4 


-c -e -f/i^ 









-c -e 


-/ 









- 


-c 


-e -f 






a/Ai b c 
diH «/*4 



I 



a bfji^i c 
d/iq e 

//*4 



a b cfJi>i 

d efH 

ftH 



a bfiq^ c 


a b Cfi^ 


dfjL^ e 


d efii 


ff^i 


ff^ • 



23. Prove that a centre-skew determinant of odd order is equal to the centre 
element multiplied by its co-factor in the determinant, and that the said co- 
factor is a centro-symmetric determinant of even order. 

24. Prove that a symmetric Pfaffian of the 2n^ order is expressible as a 
Pf afi&an of the n^ order. 
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Establish the identitieB— 



25. 



26. 



a b e 
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1 « 
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'^ f 9 
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1-c -g 3 
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(f {bee 
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-d -h -k 
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-e -i -I 
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-\c d e 
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-^ f 9 
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-d -h -k 
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»/ l9 h i\ 




-e -i -e 
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-ic d e 




-^9 h I 
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k I 




k I 
















n 






n\ 









»'--(2»-i)r„.,-(„-i)r„.,, 

and Mloulate F„ F„ ..., V,. Show also that 

29. ProTo that any zero-axial skew Pfaffian of the 2«ti, „~i„ .-. , 
the product of two Pfaffians of the n^ order : 1^^^ Xt rT^' 1- 
of any two PfaflSans of the n*" order » «t„~..5ki """^""^'y* ^* *« product 
of the an", order. ""^"^ " «P'«««We as a zero-axial skew Pfaffian 



COMPOVND DETERMINANTS. 

§ 170. A determinant with elements which are th^m 
selves detennina^ts is caUed a compoukb detr^Ut 



SEC. m. DETERMINANTS OF SPECIAL FOEM. 209 

Several important theorems on compound determinants 
have already been given, viz. the theorem (§95) regard- 
ing the determinant of the primary minors (or adjugate) 
of a determinant, the theorem (§ 96) regarding a minor 
of the said adjugate, and the theorems of §§ 93, 99. The 
first two of these at once suggest a more general subject 
for consideration, viz. the determinant of the m*^-ary 
minors. 

§ 171. In the case of a determinant of the n^ order it 
is possible to delete m rows in (7„„, different vrays, and 
to delete m columns in 0^^^ different ways; and thus the 
number of minors of the (n-m)^ order belonging to a de- 
terminant of the n^ order is (0^,^)^. Arranging these 
minors as the elements of a new determinant, and giving 
precedence in any row to that minor of two which first has 
a column namber less than the corresponding column 
number of the other, and precedence in any column to 
that minor of two which first has a row number less than 
the corresponding row nuqiber of the other, we obtain 
what is known as the determinant of the m^^-ary minors 
of the original determinant, or, more conveniently and 
shortly, the (nr-m)^ Compound of the original determinant. 
Just as the {n-lj^ or highest compound of a determin- 
ant is called the adjugate of the determinant, so, gener- 
ally, the (7i-m)*^ compound is called the adjugate of the 
m^ compound. 

Example: — ^The determinant of the secondary minors — the third compound 
-of 
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a* 


as 
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h 
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^4 


h 


Ci 


c% 


Ci 


Ci 


Cs 


di 


d. 


dz 


d. 


d. 


ei 


ei 


«8 


C4 


«« 
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1;> 



\*hhtCt\ loi&jc*! \aihtCi\ 
\aihtdt\ loiftjdj lai6|d,i 
{oi^ttl |ai6se4l |ai6s«»l 



10,64 <?» I 
la,64d.| 



ki<^«bl \ci<hei\ Icidteg] .... |ea<24«il 



or 



\ai\Ct\ \<iihid^\ loiftjefti .... |c^c24£sl|- 

In the umbral notation (§ 102), which makes more evident the mode of 
arranging the minors, it is 



or 



123 
123 

12 4 
112 3 

12 5 
12 3 




12 3 
12 4 

124 
12 4 

126 
124 


i 


12 3 
12 6 

124 

125 

125 
125 


• • • 

• «•• 

• ••• 


12 3 
345 

1 2 41 
34 51 

1 2 51 
3 4 51 


3 4 6 
1123 

123 
123 


} 


3 4 5 

12 4 

12 4 
124 


1 
1 

> 


3 4 5 
125 

126 
125 


• •• • 


3 45 
3 4 6 

1845 
13 46 



where in any row or column the order of precedence is decided by the order 
of magnitude of the numbers 123, 124, 125, 134, 136, 14&, 234, 235, 
245, 346, whose digits are the column or row numbers of the minors. 

§ 172. The m** compound of \a^\ ia ofUhe samie order as 
the (n-m)** compound, {S) conjugate elcTnenta in it are 
conjugate minors of |ain|, {3) if each elerfient of it he 
replaced by the complementary minor in \a^j,\ the result 
is equal to the (n-m)^ compound. 

Here (1) depends on the fact that C^^ = ^n,n-.m* ^^^ ^^) upon § 39. 

§ 173. The m'* compound of a min/yr of |aia| is a mi- 
nor of the m** compound of |aan|. 



§ 174. The m^^ compound of |a^| is equal to |ain|^"-*'°*-\ 



SBC. 175. DETEBMINANTS OF SPECIAL FORM. 211 

Let A^ denote the m*^ compound of A, so that A^ and 
A are the same. If in A„ we prefix to each element the 
sign + or - according as the sum of its row and column 
numbers is even or odd, the signs in any row will be 
in order all the same as those in any other row, or all 
opposite, and the signs of conjugate elements will (§ 172, 2) 
be alike; the change made is thus equivalent to altering 
the signs of all the elements in certain rows and after- 
wards all the elements in the corresponding - columns, 
hence, the value of the determinant itself will remain 
unaltered. Multiplying A„ as thus changed by A„_,» in 
the form of § 172, 3 we have a determinant whose prin- 
cipal diagonal elements are (§ 77) all A, and other ele- 
ments (§78) all 0: hence 

But A has in general no factors, therefore A^ and A„_ 
must both be powers of A. Now A„ is of the order (7, 
and each element of it is of the m^ degree in the ele- 
ments of A : consequently the power which A^ is of A 
has for its index m(7„,«-f ti, that is, C„_i„,_i. 

§ 175. If the m^ compound of \si^\ be forrned, any 
minor of it of the k^ order is equal to the product ob- 
tained by multiplying the complementary of the corre- 
sponding minor in the adjugate compound by laial^*^**"^-"*. 



m 



n,tn 



This is related to the theorem which precedes it exactly as the theorem of 
§ 96 is related to that of § 95. The proof of § 96 with evident modifications 
need not therefore be repeated. 

§ 176. For certain of the minors (see § 173) of the m^^ 
compound an expression of quite different form from the 
foregoing may be obtained by means of § 174 : new 
identities thus arise. 
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Another special minor is that dealt with in § 93, viz. 



l,2,..,m-l,m 
l,!2,..,m-l,m 



1,2,.. ,77^-1,971+1 

2,3,.., m, m+1 



l,2,..,7nr-l,77H-2 

3,4,.., 771+1,771+2 



whicli is there shown to be equal to 



1,2,... ,71 



l>2,...,77lr-l 
2,3,..., 771 



1,2,..., 771^1 
3,4,... ,771+1 



1,2,...., 771-1,71 

7i-m+l, ,n 



1.2, ,m-l 

7ir-m+l,..., 71-1 



Still another is that with which the Complementary of 
this theorem is concerned (§ 99) ; and there are many- 
more having the like property, viz. expressibility as a 
product of powers of the original determinant and a num- 
ber of its minors. 

§ 177. The compound determinants considered up to 
this point all belong to one class, viz. that in which the 
group of row numbers in the first element of any row 
is repeated throughout the row, and the group of column 
numbers in the first element of any column is repeated 
throughout the column* and in which, consequently, the 
determinant is specified when a diagonal is given. Evi- 
dently there are three other classes which might be pro- 
posed for consideration, viz. (2) that in which the groups 
of row numbers vary neither in rows nor columns and 
the groups of column numbers vary in both, (3) that in 
which the groups of row numbers vary both in rows and 
columns and the groups of column numbers vary only in 
rows, (4) that in which the groups of row numbers vaiy 
both in rows and columns and the groups of column 
numbers do so likewise. 

Compound determinants of the third and fourth classes 
have not as yet been investigated. The following is an 
important theorem regarding a special determinant of the 
second class. 
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§ 178. If deleting the first set of r columns of |a^+i.2nl 
and replacing the set in succession by the C^,, sets of r 
columns of |aia| we take the determinants thus obtained 
OS the elements of the first column of a new determincmt 
D, and deleting the second, third, ...., (C^r)** ^^^ of ^* 
columns of (an+i,2n| '^^ obtain in like Tnanner the re- 
maining columns of D; then D= |aial^"^''-^x |a^+i.2n|^'"^'''- 

ExpressiDg each element of D as a sum of products of 
complementary minors, one factor of the product being 
formed from the n-r columns which belong to |a„+i,2„| 
and the other from the r columns which belong to |ai.„|, 
we see that D may be obtained by taking the (n-r)^^ 
compound of |an+i,2n| ^i^^ its rows in reversed order and 
the r^ compound of |ai,„| with its columns in reversed 
order, and multiplying the two- compounds together col- 
umn-wise. Hence (§174) 



If each of the principal diagonal elements of \%+i ^J ^^ made unity and 
all the other elements zero, this theorem degenerates into that of § 174. 

§ 179. If any identical relation be established between 
a number of the minors of a determinant or between the 
determi/nan^; itself and a number of its minors, the de- 
Tnents of the determinant being letters with single suffioces 
and the determvncmts denoted by rrieans of their principal 
diagonals, then a new theorem is always obtainable by 
merely taking a line of new 'Utters with new sujffioces and 
anneximg it to the end of the diagonal of every deter- 
mina/at, including those of order 0, occurring in the 
identity. 

Let (A) be the established identity, and \ap^c^,.AJ^ 
the determinant whose minors are involved in it. Taking 
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the Complementary (§ 98) of (A) with respect to \aj)j:^^...l„\ 
we obtain an identity, (B) say, likewise involving minors 
of la^ftjCg ... ?n|. But these minors are also minors of 
1*1^2^8 ••• K'^a^a ••• ^col* ^^^ therefore it is allowable to take 
the Complementary of (B) with respect to this extended 
detenninant. Doing this we pass, not back to (A), but 
to a new theorem (A') which is seen to be derivable from 
(A) by annexing to the end of the diagonal of every de- 
terminant in it the line of letters ^a*/3---^w "^^^ clause 
"including those of order 0" is necessitated by the last 
clause in the enunciation of the Law of Complementaries. 

This theorem is the Law of Extensible Minors incidentally exemplified by 
{B) p. 143. It might indeed have been enunciated there, as its application is 
not limited to theorems regarding the present portion of our subject. 

§ 180. By means of the Law of Extensible Minors 
every identity which we have given in Compound Deter- 
minants may be made more general. Thus, taking the 
identity (§ 176) 

|a,6J \a^W 



1 ^a 



1^3 






= |a,6,c,d!Ja,a,, (a) 



= I ai&jCjCi.e./.l . |a,e JJ . | a,ej,| ; 



and adopting the extension e,/,, we have 

«l \%f, I I «> ^3«./. I I «3 ^«./. I 

ai^A/.l |a,Cs«5/sl l«»c,ej,| 

ai^^/s/sl \(^A^J»\ l»s<^4«./el 

or, if we view the elements of |ai6,c,c?^| in (o) as them- 
selves determinants of order 1, we have 

ai^s^B/el l«.c,e./,| |a,c/J, 

«X<^l«./.l l«,<^8«6/«l l«»^4«5/,l 



\^h 
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\KeJe 



'K^fel'l^z^fe 



In corroboration of these new identities we deduce from 
them 



=-\a,b,c^d,eJ^\.\eJ/, 



^i^M \<^Af,\ K^fe\ K^fel 
\heM \KeM \b,ej,\ \b,ej,\ 

h^fel h^^fel h^f,\ h^fel 

l^i^fi/el Id^eM \d,ej^\ \d,ej,\ 
which is the Extensional of the manifest identity 



a. 



a. 



a. 



a. 



^1^2^8^4l» 



d^ d^ d^ d^ 
and has been already proved (§ 96). 



Exercises. Set XVIII. 

1. In what row of the second compound of |ai&2<^<^4i does the element |&s(^| 
occur? 

2. Find to what row and column the element \cie^\ belongs in the deter- 
minant of the tertiary minors of joi 62(^^4651. 



of 



3. Find the element in the 1"^ row and 83^ column of the third compound 
123456789 



12345678 91- 



4. Establish the identities 



1 2 

12 


13 
, 13 


1 4 
, 23 


-0 = 


2 3 
1 2 


24 
, 13 


3 4 
, 14 



5. Show that the second compound of a determinant is equal to the ad- 
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jugate of the latter. Give the general theorem of which this is a case. 

6. Show that to every minor of a certain order in the m^ compound of a 
determinant there is an equivalent minor in the adjugate compound. 

7. Kesolve into factors 



123 
145 

123 
245 

123 
345 



123 
146 

123 
246 

123 
346! 



123 
156 

123 
256 

123 
356 



8. Show that any minor of |ai„| of the m^ order is expressible as the 
(^m-i,«)*^ root of a minor of the (wi-^)**» compound of loi. 



Inl* 



9. If the last column of each element of the compound determinant in Ex. 
34, p. 194, instead of being taken from |ai/3s7s| were similarly taken from 
Ni^s^l» what should the left-hand member become? 

10. Jl M^ he A minor of loml of the h^ order, ilf^_^ being its comple- 
mentary, and there be formed all the minors of |ai«| of the {h + k)^ order 
which contain neither all the rows nor all the columns of Af^, show that the 
determinant whose elements are these minors is equal to 



11. Kesolve into factors 



1 
1 

1 
2 

1 
3 



234 

457 

234 
457 

234 

457 



1234 
1467 

1234 
2467 

11234 
13467 



11234 
Il567 

1234 
2567 

1234 
3567 



12. If Mf^ be a minor of \ain\ of the h^ order, -5^.;^ being its comple- 
mentary, and there be formed all the minors of jaml of the {n-h-ky^ order 
such that neither all their rows nor all their columns belong to -^.j^, show 
that the determinant whose elements are those minors is equal to 

13. Establish the identity 

11231 1241 11341 12341 
!l78l 2781 13781 1456 



0. 



14. Show that if D' be the determinant so related to D (§ 178) that any 



element of it contains those columns of loj^l and 
talned in the corresponding element of D, then 



a. 



n+l,-2/|i 



which are not con- 
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DD'={|aJ.Ia„,,.j}V 



Establish the identities 



16. 



16. 



14 
12 



16 
13 



241 
141 



25 
15 



34i 
23 



35 
24 



34561 12456 
12341,11356 



2356 
1456 



11456! 11356 
,123461,12356 



45 
25 



11256 

,12456 



12345|« 
123451 



45 
12 



123456 
123456 



•156 

•126 



56 
34 



56 
56 



17. If Da be a minor of D (Ex. 14) of the h^ order, show that the comple- 
mentary of the corresponding minor in D' is equal to 



DETERMINANTS WHOSE ELEMENTS ARE DIFFERENTIAL 
COEFFICIENTS OF A SET OF FUNCTIONS. 

§ 181. If there be n functions all of the same n vari- 
ables, the determinant which in every case has the element 
in its r^ row and 8^ column equal to the diflferential co- 
efficient of the r^ function with respect to the 8^ vari- 
able is called the Jacobian of the set of functions with 
respect to the said variables. Thus the Jacobian of y^, 
^2* •••' y» ^^^^ respect to x^, x^, ..., aj„ is 



dx^* dx^ 



It is usually denoted by 



dx„ 



or 



dx^ 



where there is no possibility of ambiguity in regard to 
the independent variables. 

§ 182. jy Xj, Xj, ..., Xn simultaneously receive the imc^^e- 
7)ient8 ArXj, ArXj, ..., A,Xa respectively y and va consequence 
of this simultaneous change the fumctions yi, yj, ...,yn 
receive the imcrements A^y^, A^y^, ..., Aryn respectively, 
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then the limiting value of 

when the elements of the latter determinant are indefin- 
itely diminished is equal to 

From § 67 we have 



dXj* dx^* '"* dXf 



• l^i^i» AjiZJj, ..., A„a/„| — |yin|* 



where 

But in the limiting case referred to, we know that this 
sum of products is equal to A,2/r, and therefore that |Qin| 
is then equal to \A^y^, A^y^, ..., Anyn\' The theorem is 
thus established. 

Either of the two things here shown to be equal, viz. 

might have been taken as the definition of the Jacobian of the set of functions. 
If the latter instead of the former be adopted, the definition resembles that 
of the Differential Coefficient of a function, the fact at the basis of the resem- 
blance being that the Differential Coefficient is the case of the Jacobian for 
wl. The notation 

diviyVi, ...,yn) 

d{Xi, X^t ...f Xn) 

for thei, Jacobian of yi, yj, ..., yn with respect to Xi, rcj, ..., Xn is valuable as 
exhibiting this connection. 

§ 183. If y^^.!, ..., yn he constant with respect to x^... 
x^ or y^, ..., y,n he constant with respect to x^^.i, ..., Xn 
then 

d(yi> *»Mym>ym+i> «">yn) ^ d(yi> '">ym) ^ d(y^.n, ..., yn) 

\^1' •••' ^ni> ^m+l> •••! ^n/ ^V^i> •••j'Xm^ ^vX^j^ , ...^ X^y 
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and in particular 

This follows at once from either of the data and § 79. 

§ 184. // y,, y,, ...,y„ he functions of v^, v„ ..., v^, 
aTid Vj, Vj, ..., Vn be fun^ytiona of Xj, Xj, ..., x^, then 

d(x^, Xj, ..., xj d(v„ V3, ..., vj dCXj, x,, ..., x„)* 

Multiplying together the two Jacobians on the right 
after changing the columns of the second into rows, we 
have (§ 67) a determinant | X^^ \ where 

Y -^-' ^ ^ ^ ^ ^ ^^^ 

OV^ ox, OV^ ox, OVn OX, 

But this sum of products we know equals r^, 

dy^ d% dx^ 
dx^ 'dx^ '"* dXn 



X,^\ = 
as was to be proved. 



§ 185. If y^, y,, ... y^ he independent functions of x^, 
X,, ...,Xtt, the Jacohian of y^, y^, ..., y^ with respect to Xj, 
Xg, ..., Xn is the reciprocal of the Jacohian ofx^, x^, ..., x^ 
with respect to y^, y^, ..., y^. 

Since y^, y^, ...,2/n are independent functions of x^,x^, 
..., iCn it follows that x^,x^, ..., aJ« are independent functions 
of yi,y3--',yn- therefore from the preceding theorem the 
product of the two Jacobians in question 

^ djx^y a?a> •"> ^») 
a(x^f x^, ..., Xn) 

= 1. 
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§ 186. If jTj, y,, ..., jn he given implicitly va terms of 
Xj, Xj, ..., x„, im the form, 

iv 1 > • • • > ^> y^i » • • • > Yrj ^^^9 ^ a\,^> • • • > ^> Yv • • • > y**/ ~ ^» 

then 

d(ypy„...,yu) . d(F„F„...,FJ , cl( F„F,,...,F„) 
d(x„x„...,xj '^ d(Xj,X3, ...,xj • <i(yi,y2, ...,yn) ■ 

This, like the identities of §§ 182, 184, is a direct result of the multiplication 
theorem (§67) and a theorem regarding differentiation; the differentiation 
theorem now being 

§ 187. The Jdcobian of a set of n functions is always 
expressible as a product of n differential coefficients ; viz, 

d(yi, ■.» Yn) _HiHi ... ?^ 

d(Xj, ... xj 9x/3x2 3xa 
tt;Aer6 i/h is a function o/ y^, ..., y^.i, x,, ..., x^. 

Since we have y^ given as a function a?,, aj^, ..., aj„, it 
follows that ajj is a function of y^, x^, .,.,x^ and therefore 
also that y^ is a function of the latter set of variables. 
Again, from this we have x^ a function of y^ty^yX^, ...,^n; 
therefore also y^ is a function of y^, y,, a;,, ..., a3„. Simil- 
arly, it is evident that 2/^ is a function of y^, y^, y^, x^, 
. . . , a;«, and so on ; so that we have 

2/i"0i(^i»^2' ...,««) = 



Hence from § 186 there results 

a(ajj, a^g, ..., Xn) 
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= (-1)- 



90, 







.301 _?0i Hi 

dx^ dx^ '" dXn 
302 902 Ha 



dx^ dx„ 







dx. 



.905 











3^ 
dx. 



1 





. 


.. 


30, 


1 


.. 


,. 


90, 


90, 


1 





^1 


9y, 


J. 


• • v/ 


s^. 


30« 


90. 


1 


9^1 


92/i, 


9y, ■ 


■ • X 



oajj ax^ ox^ 9aj» 
§ 188. If y^, •••> 7x1 ^^ vadependent functions of x^, ..., 

d(x,, ..., Xn) d(yi, ..., yj d(x^+i, ..., xj* 



For the left-hand member 

^ (2/l> • • • > c/«»> *^m+l > • • • > ^nj 



• • » •^n) 



• • > "^ny 



(§ 183) 



(§ 184) 
(§ 183) 



§ 189. If yj, ..., yn he functions of n + 1 variables x^, 

5 d(yi,-'»y°) 9 d(y,, yj ^ . ^. „ 8 ^iv-^ yn)^ q 

axjd(x,,...,xj ax2d(Xj,x„.,.,x„+i) '" ''ax„^id(Xj,...,x„) 

For each term on the left is expressible as the sum of 
n determinants (Ex. 30, p. 68), and the n(n + 1) determin- 
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ants so obtained vanish in pairs, in virtue of the identity 

§ 190. If n functions of x^, x,, ..., x^ be not indepen- 
dent, their Jacohian with respect to x^, x,, ..., x^ vanishes- 
Let the functions be y^, y^, ..., y^, and the relation be- 
tween them 

Difierentiating ^ith respect to x^,x^, ...,a:„ in succession 
we have 

dy^ ex, dy^ dx^ dy^ So;, 



dy^ dx„ dy^ dx^ dy^ dx^ 

whence by elimination (pp. 75, 76) of g^ > g^ > • • • > ^ 
the desired result is obtained. 

^ 191. If the Jacobian of a set of functions vanislies the 
functions are not independent. 

Denoting the functions by y^, "-,yn ^^^ ^^^ variables 
by ajj, ..., iCn we have already seen that y^^, *->,yn are ex- 
pressible in the forms <p^(x^, ..., aj„), 02(^1* x^, ..., x„), 

<t>z(yi> y^y^v •••>««),..., <pn{yv •••» 2/-1' ^n) respectively, and 
that 

d(iCj, ..., ajn) 9iCi"3aj3 "" dx^ ' 
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In the present case therefore one of the factors on the 
left, the m^ say, vaniwshes. Consequently <pm does not 
involve x„„ that is, y^ is a function of y^, ..., y„»-i, oc^+u 
,..,Xn' But from this it follows that oj^+j is a func- 
tion of 2/^, ..., 2/m, a;^+2, ...,iz?„, hence ^m+i, which equals 
0m4-i(2/i» •••,2/m,a3,„+i, ...,«„), is a function of 2/1,..., y^* 
^m+2* ...,ic„. Similarly we may show that y^j^^ is a func- 
tion of 2/1, ..., 2/m+i, ^m+3. •••, ^«, and finally that y» is a 
function of yi>-">yn-i> which is what was to be proved. 

§ 192. Closely connected with Jacobians is the deter- 
minant 

9^2 M» ^ or I(v V V) 

y^' dx^' dx^' •••' dx„_, ^ ^^2/p 2/2» •••> Vn) 

whose first column consists of n functions of n-1 vari- 
ables suxd which in every possible case has the element 
in its r^ row and s*^ column equal to the difierential 
coefficient of the r*^ function with respect to the (s-1)**^ 
variable. Its most important property is that it is ex- 
pressible by means of a Jacobian, viz. we have 

This is an immediate consequence of Ex. 20, p. 77, and 
the fact that 



ixXyJ V'dx y^dxj'y^' 



dx 



§ 193. The Jacobian of the first diflferential coefficients 
of a function of n variables is called the Hessian of the 
function; in symbols. 






dx^dx^' '"' dxndocn 
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It is axi-symmetric in virtue of the identity 

§ 194. If there be n functions of one and the same 
variable aj, the determinant which has in every case the 
element in its r^^ row and 8*^ column the (?'-l)**^ differ- 
ential coefficient of the 8*^ function may be called the 
Wronskian of the functions with I'espect to x. Thus 
the Wronskian of y^, y^y y^ with respect to x is 



dy. 



dy. 



dx 

^, 

da^ da? daf 



dx dx 



or 



y^'dx^' dx* 



It may be more shortly denoted by 

W'iVK Vi. y») or \yi^y^)y„„\, 
the enclosed suffixes referring to differentiations. 

§ 195. The differential coefficient of a Wronskian is got 
by differentiating each element of the last row. 

For, of the determinants, whose sum is in general the 
differential coefficient, all vanish (§ 27) except the last. 

§ 196. i/ y^, ..., yn 6e functions of x, and x be a func- 
tion of t, then 

/dt \*"<""^' 

WxCy^, ..., yn) = (g^) Wt(y„ ..., y^). 

Changing the independent variable in each element of 
the left-hand member we readily obtain the result on the 
right by the application of §§ 26, 32. 



SEC. 197. DETERMINANTS OF SPECIAL FORM. 



225 



§ 197. If hiving n fuTictioTia we form three Wronskians, 
firstly that of all the functions except the last, secondly 
that of aU except the second hist, and thirdly that of all 
eoccept the last two, tlien the quotient of the Wronskian of 
the first and second of these hy the third is equal to the 
Wronskian of the n functions. 

Taking, for shortness, the case of four functions we have 
(§91 or pp. 140, 141) 

u V w y 

'uVii)Wi^^\ |ut;(„t/te, 



^a) '^^(i) '^(i) Va) 

U(2) %) ^(2) 2/(2) 



Uf^ V(3) -2^(3) 2/(3) 



■^\uv^)\' 



= W{ I uv^^w^^^ 1 , 1 u%,t/(2, 1)^1 utv, I (§ 195) 
= W(W{u,v,w), W(u, V, y)) 4- W{u, v). 

This is the most important case of the following widely general theorem in 
Compound Wronskians. 

§ 198. If y^y ..., Vu he functions of one and the same 
variable, then 

= W I W(yj, ..., y^ y^^i), W(y„ ..., y^, yn^+a), -v W(j'i,...,y^,yJ | 

-lW(y,, ...,y„.)}''""'"\ 

Transforming 'W{y^, ..., 2/«) by means of Ex. 20, p. 77, 
and multiplying columnwise the resulting compound de- 
terminant by the determinant of the {n-l)^ order 

^ Vi VnD ^ - ^Vm • • • 
y, 2^1,1, 22/i(,, ... 

y^ 3yxa, ... 
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in which the coefficient of any element added to that of 
the element below equals that of the element to the right 
of the latter, and then, to neutralize this multiplication^ 
dividing each element of the pi^oduct by y^, we obtain 

W(:!f„.... 2/,) = W{ W(y, y^), Wiy, y^, . . . , W(y, yO } - J/T"'. 

The case for which m = 2 being thus established, we estab- 
lish by means of it the case for m=3, and so on, exactly 
as in § 93. 

§ 199. If a set of functions of the same variable he 
connected by a Unear relation with coefficients which are 
constant with respect to the variable, the Wronshian 
of the fiinctions vanishes. 

Let the linear relation be 

Differentiating -^i-l times we have in all n equations from 
which by elimination of c^, ..., c„ the required result is 
obtained. 

§ 200. If the Wronshian of a set of fvmctiorvs vanishes, 
the functions are connected by a linear relation with co- 
efficients which are constant with respect to the 'indepen- 
dent variable. 

Let the functions be y^, ..., y„. Then from § 198 

W{ W(y,y^, W(y,y,), ..., Wiy.y^)} =0 ; 

so that, if the theorem holds for the case o£ n-1 func- 
tions, we have 

<^i ^(2/1^2) + ^a ^(ViVz) + • • • + ^'n-i W(y,yn) = 0, 
or 
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and therefore by division and integration 

or aoyi + ai2/a + a2y8+-- + »n-i2/« = 0; 

that is to say, the theorem holds for the case of n func- 
tions. But it evidently holds for the case of 2 functions, 
therefore it holds generally. 



Exercises. Set XIX 

Establish the identities 

1. Auili, ttZlj, ..., Uttn) = tt«/(«i, t«2, ..., tin) ; 

2. J{wiif UUq, ..., UUn) " 2«*»J^(Mi, ..., Un)-U^^I(u, «i, ..., Un) ', 

3. J(Ui, Wat ..., Un) ^iu'^J{uUi, ...,t«Mn) +1u*»J(m-1Mi, ..., U'^Un) ', 

4. J{2Xif ..., ^Xi3Ci ... 2Bn) =t7((a:i, ...» a5n)S ...| (flCii ...» Xn)^) 

= i"Ha^, iCa, ..., aJn). 

6. Show that if yi" 0i(y2, ..., yn, sci, ..., yn), yj- 0a(y8» ...>y«» ai> -.. J»n), 
, yn" <Pn{Xif ...| iBn) then 

d{xif ..., iCn) ei{(a;i, ..., Xn) ' 
6. If te be a function of x^ ..., Xn, |i, ..., |n show that 






11«:. 

7. If tc be a function of Xi, ..., Xn and Xi, ..., iCn be independent functions 
of ^f ..., |n, show that 

<^(^> —i ^n) ' d{Xi, ..., Xn) d{Xi, ..., aJn) * A^lt —> ^) 

Establish the identities 

8. TF(yyi, yyj, yys, ...,yyn) - y»»TF(yi, yj, ..., yn); 

rdy\i"f»»-i) 



9. TTd, 2», SJ*. .... «»-i) - »!(n-l)! ... iQ 



CHAPTER IV. 

HISTORICAL AND BIBLIOGRAPHICAL SUMMARY. 

§ 201. In dealing with the solution of a set of simul- 
taneous linear equations with literal coefficients any 
inquiring student might experience a desire to find the 
law of formation of the functions which appear as numera- 
tor and denominator in the resulting values. The first 
mathematician who when thus occupied had genius enough 
to obtain a glimpse of the possibility of a Theory of 
Determinants was Leibnitz. His idea, published in 1693, 
does not however appear to have been developed by him, 
and it soon sank into oblivion. In 1750 Cramer, inde- 
pendently of Leibnitz, came somewhat nearer the full 
conception. He gave a rule (§ 19), long afterwards known 
by his name, for the formation of the said functions ; but 
like his predecessor he failed to make the most of the 
discovery. A simpler rule (§ 15) than Cramer's was 
given by Bezout in 1764, when studying the allied subject 
of Elimination: in other respects no advance was then 
made. In 1771, however, new ground was broken by 
Vandermonde, who made the first step towards a notation. 



Taking 
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a 
a' 


a 


a 

c' ••• 


for the 


coefficients of the first equation 




|8 


|8 


fi 



a 
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» 

for those of the second and so on, he then denoted the 
functions by 

«lig «liQ|y 

a\b ' a\ b \c ' 

and wrote the law of development in the form 

a \b cb b b a' 

a|j8|y ^a ^|y a j8|y a i5|y 
a|6|c a' b \ c b c \ a c a \ b ' 

&C. Vandermonde also gave the theorem (§36) 



a 



a 



a 



noted the result of making 'two letters of the same 
alphabet equal ' (§ 27) ; and gave the development equation 



a\P 



a\ b 



\S _ a\fi y\S a\^ y\S 

i~j — z~rTr~' _ I J "" T" tttj" ~z~nr> 



c \ d a \ b c \ d c \ d a \ b 

and other instances of the theorem stated in modern form 
in §77. Nearly simultaneously with Vandermonde, 
Laplace made the very same important advances. He 
gave the same theorems, and indeed it is his name which 
one of them (§ 77) still bears : he introduced a make-shift 
notation, writing 

(abc) for a&V' + a''6c' + a'6''c-a''6'c-a'6c''-a6V, 

and he made a beginning of a nomenclature, calling such 
functions as the said {a be) resultants. In 1773 some 
service to the subject was rendered by Lagrange, who 
incidentally gave in the ordinary non-determinant notation 
certain identities which are now easily recognizable as the 
special case of § 69 and of § 96 where n = S. In the same 
indirect way the subject occurs in 1779 in a second work 
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by Bezout, where there are given many simple special 
instances of theorems, such as that of §85. Passing over 
RoTHE and other writers of the Hindenburg school we 
next come to Gauss (1801), whose connection with the 
subject was also quite similar to that of Lagrange. The 
terms 'Determinant* and 'adjugate' have their origin in 
Gauss's work. He defined 

ab^ + a'b'^ + a"¥^ - oj^jIo:' - ^Wh\ 
as the determmani^ of 

aoi? + 26ajy + ci/^, 
aaj2 + aV2 + a V^ + 26a;V + W^^ + W^, 

respectively, and the name thus given to a special form 
of the functions was afterwards adopted for the functions 
in general. Under the name of the "fonctions Schin" 
(ef) the subject was apparently familiar to Wronski 
in 1811 : he did not however treat of it directly till 1816, 
and by that time he had been forestalled by the first 
great master of it, Cauchy. 

§ 202. Cauchy's standpoint was entirely different firom 
that of any of his predecessors. His memoir (1812) deals 
professedly with Alternating Functions, and at the end of 
the First Part, the subject of which is alternating functions 
in general, he intimates that he will now examine an 
important special class of these functions, instances of 
which have appeared in the solution of simultaneous 
linear equations, in the theory of elimination, and in the 
investigation of the properties of binary forms. He refers 
to Laplace, Yandermonde, Bezout and Gauss, and says he 
will adopt from the latter the name 'determinant* for 
functions of the special kind referred to. The Second 
Part upon which he then enters is nothing short of a 
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methodically arranged treatise on determinants, extending 
to about 60 quarto pages. His definition is of course that 
which is founded on the theorem of § 118 : his notation is 

S{± rii.i 0^2-2 C&3-3 • • • (^n-n) ^nd (Oi.n) . 

He arranges Oi.i, 01.2,... in^ a square; speaks of 'lignes 
horizontales ' and 'colonnes verticales'; calls a^.^ and aa-g 
*conjugu6s'; applies the word 'principal' to Oi-i, a2.2, ..., 
a„.^ and to their product ; denotes the co-factor of a^ ^ by 
6^^^, and forming the determinant (&i„) calls it * le systfeme 
' adjoint au systeme («!„)'. The theorems of §§ 24, 36, 46, 
52, 62 are established by him in order, and the example 
of pp. 73, 74 is given as an instance of the application 
of the theory. Further on we find the theorem of § 95, 
followed by a special case of the theorem of §96, and 
towards the end a more important result still, the 
multiplication theorem (§67). He even enters on the 
subject of the compounds (systhnes ddriv^a) of (ai„) and 
obtains the identity 

which appears on page 211. 

In the light of all this and bearing in mind the isolated 
character of the results obtained before his time, it is not 
to be wondered that Cauchy has been claimed as the 
real founder of the theory of determinants. His predecessors 
had left scattered here and there stones of varied mass 
and usefulness; Cauchy brought them together, laid the 
foundation, and made progress with the superstructure. 

§203. Simultaneously with Cauchy, Binet obtained 
some of the results just mentioned, the most notable being 
the multiplication theorem. He caUs the functions 
'resultants', following Laplace instead of Gauss. In 1815 
Wronski discussed the Schin functions at considerable 
length, as has been already stated. In 1821 Cauchy, 
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returning to the subject (which indeed he did more than 
once, even as late as 1847) gave a short exposition of it in 
his Course of Analysis for the Polytechnic School; and 
from about this time forward determinants were never 
long lost sight of. Advantage was taken of them in 
analytical and geometrical investigations by Jacobi, Reiss 
(1829, 1838), Lebesgue (1837) and Catalan (1839). 
For twenty years Jacobi's writings alone would have 
suiBced to keep the subject before the world. In memoirs 
on various matters (1827, 1833, 1835 &c.) we find him 
repeatedly using determinants, and at length in 1841 he 
made them the subject of a masterly monograph. After 
Cauchy's his is the next great name. 

§ 204. Interest in determinants would now, doubtless, 
never have declined: but a sudden powerful impulse was 
given to the study of them by the researches which the 
English mathematicians began about 1840 into the theory 
of the linear transformation of quantics. In this theory 
the great instrument is determinants; and men who, like 
Cayley and Sylvester, worked with the instrument from 
day to day were sure to have new properties of it and new 
special forms of it brought before their notice. With 
Cayley, there came into use what we may call ' determinant 
brackets', viz. the now familiar pair of upright lines, and 
the determinant of a system of quantities was denoted by 
the said system itself. This facilitated the study of special 
forms: and, speaking generally, the work of the forty 
years from then till now has been work of this kind. 

§ 205. The originator of the theory and application of 
Continuants was Sylvester. A number of the identities in 
Simple Continuants were however first given in non- 
determinant form by Euler. 

§ 206. The first start in the theory of Alternants, as 
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may be inferred from §202 was made by Cauchy. Since 
his time Jacobi, Tnidi, Nagelsbach and Garbieri have 
made the most important advances. The name 'Alternant ' 
is adopted from Sylvester. 

§ 207. Perhaps the first theorem regarding Axi-sym- 
metric determinants occurs in a paper of Jacobi's: almost 
all that is known of them is due to Lebesgue, Sylvester 
and Hesse. 

Persymmetric determinants were so called by Sylvester. 
They were afterwards studied by Hankel who gave the 
expression in non-determinant notation for, a large number 
of special instances. 

The first theorem regarding Circulants was given by 
Catalan : the fundamental theorem (§ 149) however is due 
to Spottiswoode. Additions tob the theory have recently 
been made by Glaisher and Scott. 

For the conception of Centro-symmetric determinants 
we are indebted to Zehfuss, who also gave the funda- 
mental theorem regarding them. 

§208. The author of the important theory of Skew 
Determinants and Pfaffians is Cayley. The latter functions 
first occur with their law of development in a paper by 
Jacobi dealing with the subject of Pfaff 's problem ; hence 
the name which Cayley gave to them. 

§ 209. Compound Determinants occur in Cauchy, as has 
been already noted ; the name however and the origination 
of the theory are due to Sylvester. Of subsequent 
investigators the most eminent are Reiss and Picquet: 
the admirable but neglected work of the former probably 
contains all that is as yet known on the subject. 

§ 210. Jacobians were so called by Sylvester in well- 
deserved honour of Jacobi, who was the first to intro- 
duce them and who investigated their properties so 
thoroughly that little has been added to the theory 



234 THEORY OF DETEKMINANTS. chap.iv. 

since his time. The second definition of a Jacobian 
(§ 182) is due to Bertrand : the notation following upon 
this to Donkin. 

Wronskians were first used by Wronski and appear 
in his well-known expansion-theorem. After being almost 
unheard of for about sixty years they have recently come 
into marked prominence through the researches of Chris- 
tolSel and Frobenius, to whom iii the main we are in- 
debted for the discovery of their properties. Wronski's 
early connection with determinants has been so long 
unrecognised, and it is so convenient to have a short 
name for functions of which we repeatedly require to 
speak, that I think mathematicians will be glad to adopt 
the designation which I have ventured to propose. 

• 

§ 211. The first separately published treatise on Deter- 
minants was written by Spottiswoode, and appeared in 
1851. After this came Brioschi's in 1854, Baltzer's (still 
a standard work) in 1857, Salmon's in 1859, Trudi's in 
1862, Garbieri's in 1874, Giinther's in 1875, Dostor's in 
1877, Baraniecki's (the most extensive of all) in 1879, and 
Scott's in 1880. During the same time a large number 
of smaller works suited for schools have also appeared: 
good specimens are Mansion's in French, Bartl's in Ger- 
man, MoUame's in Italian, and Thomson's in English. 

§ 212. The student who desires detailed information re- 
garding the History of the subject should consult the 
memoirs of Mellberg and Studnicka and the above-men- 
tioned text-book of GUnther. 

§ 213. Perhaps the fullest possible materials for both a 
complete Theory and a complete History are to be found 
in the chronologically arranged "List of Writings on 
Determinants" (1693-1880) published by me in the 
Quarterly Journal of Mathematics for October, 1881. 
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Set I. 



I. cgm + efl + dhk-egk-dfin-chl, 2. atox + rvz + tuy-twz-svy-rvx, 

4. aek - cdh + bfg - ceg + bdk - c^k, 

5. 4abc + dh^d - 16a<jd + 26c* - 24a6« - 12a<?. 6. aeh - hfg + c^gr. 

7. a;V + «y^ 8. 2(aJ* + y* + a* + ic^^ + »^ + ^y^» 9* a' + 6* + c" - 3a6c. 
10. 0. II. ^}^, 12. -89. 13. 12. 14, 66. 15. 47. 

17. mi mi TiZs 18. 3. 19. a, b, 

fii n^ n^ 

Vi ra rs 



16. 



b 
e 

h 



c 

f 

i 



II. 2igQ. 



ff 



18. 3. 

20. 2(a« + a6 + 6«)-f3(a + 6). 

21. Sa&c. 



I. Their sum is zero, 
differs in sign. 

S, Zi Xi y2 -Zi 
X3 Vi 



14. 



i8. 



a b 
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X y 
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m n 


P 
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a 
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b 


c 


X 



Xi ys 
15 



Set II. 

2. They are equal in magnitude, but the second 

3. See §34. 6. See §27. 



19. 



+ 2» «i Vi 
9i% y% 

Xi Xi Xi 

vi y% Vi 
111 

Cti 02 di 

&i 6a &4 

Ci Ci Ci 



-Xi 



16. 



20. 



i 
a b 
d e 
X y 



+ ya 



Xi Zi 
OJs Zi 



-H 



c 

f 
z 



xz ys 



a b c 


17. 


a b d 


b c a 




bee 


cab 


. 


d e f 



Set hi. 



I. 3, 4. 
6. 1, 2. 

10. i, i i. 


2. 4, 1. 
7. 1, 2, 3. 
II. 6, 2, 


3. 3, 3. 4. 5, 1. 
8. 2, 3, 4. 9. 5, 1, 3. 

88 8S2 186 
0, 12. ^, jjj, 237. 


^ a' + 06 + 6* a& 


a+6 ' a+b 
(For *-3a;* read *-3«.') 
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Set IV. 



3. {-glin + elo-hio+gip-€kpy>. 

4. {-bio + cin - €tkn + oq^ - cjm)h. 



I. (-c^k + dg;' + chj + cfl - hgl)m, 
3. {-€^m + qfp-hep + den-ahn)k, 

5. {dek *dig + agf- ahk + cfct - cel)n, 

6. {bd - 6A1 + dif- del + aV - of^o. 7. (o/fc - agf + bgi - hek + c^ - cf^p, 

8. (^428^8 - y42i«'8 + ^iViVt - ZiVsV^ + V^y^S^ - ViPiZtlXsWi, 

9. (XiZ^Vs - XiZ^Vi + XiZiVi - X^ZiVs + X^ZiVi - aJ,24Vi)y,tt>8. 

10. (ya^Wa - ya2«tt>8 + ya^ft^a - t/tZ^Wi + y^ZgW^ - VtZ^w^iVi, 

Set V. 

I. 9, 15, 8, 14, 16, 17. 2. -,-,+, -. 

3. afkp - aflo + agin- ag;p + ahjo -ahkn + bhkm^bglm + belo-hhio + bgip-hekp 
+ cejp - qfip + chin - celn + qflm - chjm + (4(/m - dfkm + detoi - dign + <ii/o - d</o. 

Set VI. 



I. OiftiCirfi. 2. 0. 

6. (-a\,«i + a5i2o)y2«'s. 



9. 



iB*. 



r J) m n 9 



3. b^Czd^e^, 4. sB* + y*. 

7. -6a<?8^4^i/o» 8. in(w-l), 

10. +,if nbeoftheform8 4>i,4w+l; -, ifnot. Or, (-1)***<""^^ 

11. (oiC^d^-a^c^di + OsCiC^s— Oe^^i^ + a^Czdi—OiCzd^i* 

12. Number unknown : it is however an odd number. 13. (n -1)!. 



Set VII. 

I. -398. 2. 911. 3. 30. 4. 6904. 5. 2106. 6. 2660. 

7. The determinant is multiplied by (-1)*. 8. 0. 10. 0, 0. 

10. The last element was meant to be 0; and this change being made the 
result is 
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«8 
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68 
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Ci 


C2 


Ca 


1 


1 


1 


1 






15. -|axCae?8l t \bxcM* 17. 0, 0. 18. \a2b^c^\i^ + \aib^c^\x + 10068^4!. 

21. (a + 6 + cXa-6+c)(a-6-c)(a + 6-c). 

24. (a + 6 + c + d)(a + 6-c-d)(a-6 + c-d)(a-6-c + d). 25. (a5 + 3)(a!-l)'. 

26. -a(a-6)(6-c)(c-d). 27. ((fe-<w)(c?y-6w)((fc5-aw)(cy-&2)((»-a2:)(&c-ay). 

29. 



ai + a«-«8 


a* 


as 


30. 


Oo + Oi 


oa-oa 


o« 


fei + ^a-^'a 


h 


b, 




60+&1 


6a-6. 


6* 


Ci + Ca - Cs 


c* 


Cs 


• 


Co+Ci 


Ca-Cg 


c« 
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Set VIII. 



13- - 



IC4. 


toOiCi . 




7. 
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d c 


b 




b 


a d 


c 




c 


h a 


d 




d 


c b 


a 


1 



bade 
c b a d 
d c b a 
a d c b 



8. Idie^ftb^CQl, 
c b a d 
d c b a 
a d c b 
bade 



9. {ej^b^codil 
d e a b 
a ,d c b 
bade 
c bad 



Set IX. 



I. -101. 2. -336. 3. 377. 4. -240. 

6. -118424. 7. 172. 8. 22692. 9. 14940. 

n. sc*. 12. 016203(2465. 13. abcd + aJ> + ad + cd + l, 

15. a^a^ + ¥p^ + (^y'-2aba^-2bc^y-2caya, 16. (x-a)*, 

ig. a^ + l^ + (^-2ab-2bc-2ca, 19. Sabcd. 20. ahcd{l+a~^ + b'^ + c'^ + d'^), 

21. acde-*-bcde + bccP + b^e + b<^e, 22. a„ + a„_ia; + a„_2a;+...+aoa;'». 

23. (-I)"6263...6n(ai6i + a262 + ... +an+i&n+i). 28. (a5-ai)(a;-a2)(a:-a8)(a;-a|). 



S. -2660. 
10. 12228. 
14. -3abcd. 
17. (aJ-yKa^+jr*). 



30. 



'^Ol a>2 ttj <*4 

?6i 6a 63 64 

?Ci C2 Cg C4 

^e^ (^ d^g (^4 



Oi 'da-s 03 04 

61 ^62 63 64 

Ci ?(% Ci C4 

c^ ^(^2 c^ di 



61 62 ^ftg 64 
Ci C2 "dCi C4 
di d^ ^d^ d^ 



Ol «2 Os ?a4 

61 62 63 ^364 

Ci C2 Ci "dCi 

di di di "ddi 



Set X. 



I. -202. 2. -238. 3. 10173. 4. -626. 

5. a; = 1, y = 3, 2 = -1, «; - 3. 6. a; - 2, y = 4, 2 = -1, w = -3. 

7. a; = a+(i-€, y = 6 + c-a, 2 = c + a-6, vd + b-c, we + e-d. 

8. aj-(5i5-16e + 8a-46 + 2c-d)T-33, y = (5i5f-16a + 86-4c + 2ci-c)^33, .... 
if5-a + 6 + c + d + 6. . ^ Jc^-e)(c -e)(6-e) .._ ((£-e)(c-6)(a-e/ 



10. X 



abc 



y = 



^' ^^{fi-a){e-a){b-ay ^ '^ {d-b){c-'b){a-b) 
he ca ab 



» ••< 



(c-l)(b-l){ar-iy ^ (c-^)(6-a)(l^)' "^ " (c-6)(a-6)(l-6)» ^°(1=^^^)(6:^- 
II. x=-a + b-2c + 3d-2e, y = 6 + c-2d + 3e-2a, 
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IS. 
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Set XL 

I. \(hCidtCj^» 2. loo^ic^t/fl. 3. loi^^^^tl* 4* l^h^^^i!* 

S. \(hhiCi\. 6. |«o«s/«|. 7. l^iCad*!. 8. loiftg/al. 9. lOoiOiaa^aMlj l^oiOasaMl. 
10. |au«aa<*44«Ml» -|aoiaMa«|. ii« -|fla««a«l» -looi^iiOss^wl. 

14. (6flr-c/+e?c)*. 15. aj" + as" + ac"' + £2^ + a^ + jc* + 1. 

16. (/«- 6c)a:" + {jf'-ac)7^ + (^«-o6)3« + 2,{hc-gf)xy + 2(<?f-flr%2 + 2{bg-hf)2x. 

17. 4(a^ + 2^ + 2" + to'-2a!y-2ac2-2a5io-2y3-2yio-22no). 

19. -(aa? + 6y' + C2" + 2Aa^ + 2/y2 + 2flr2a;). 20. {jn(n-l)}2. 

n-k 1 ) 



1111 * 

2T + 3i + 4i--+^^) 



{n-k)\ ) • 

23. n-1, the number of positive terms being greater or less according as n 
is odd or even. 



I. 



Set XII. 

Oiaj + Oay + Oj hiX+hiP + h^ CiX + dp+Ct 
OiXi+Oiyi + iit hiXi + hiyi + bs CiXi+Cgyi + Cz 
aiajj + o^yg + as 6ia^ + 62ya + ^ CiXi + Ciyt + Cs 



f etc. 



2. a6 ac ae + hf 

hd c^ + cP ce 
ae + hf df ^ 

c^ a« (c+a)« 

1-211 8. 

11-21 
111-2 
-2111 



a' 



y etc. 
a^-a6 + 6' a^-ac+c^ 



a^-db + h* h^ h^-bc + c^ 

a*-ac+(^ h^-ah + f? <? , etc. 

5. {xyz-y2^-xi^-a?z)^ + {x:i?+7?y+t/k+xyz)^. 

6. a(6 - a) (c - 6) (d - c). 



, etc. 
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i8. {oibiCtl laJiyal. 
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Set XIIL 

2. ^ilyi^sl laiyaZfll. 3. -^ilaJiya^sl I^i^al. 4-* \<hh\ \<hh\ \<hhU 

8. (Pi-Pi){a2-ai)XiXi+ (pt-pi){(h-ai)xtXi + {pi-pi){ai~ai)xsXi 

+ (P8~P2)(«8-aa)«4«l + (P4-i?2)(a4-02)«4«2 + (l>4-P»)(a4-08)«4«8. 



lo. C7 X C7 o, 
n,a ^+7i^ 



26. 



a b 
c d 



Set XV. 



I. 



1 


X2 + Xi + Xi 


X^X^ + X^X^ + X4X2 


X^CiXi 


2. 


2a*6c+2a«6«c+2a«6V, 


1 


Xs + Xi + Xi 


X^X^-\- XiPCi + JCiflJg 


x^^ 


3. 


2a»6«c+2Sa«W. 


1 


Xi + Xi + Xi 


XiXi + X1X2 + x^x^ 


x^x^x^ 


4. 


2a«6c+22a26«c+2a«6«. 


1 


Xi + Xi + Xi 


XiX^ + X^Xi-^XtXi 


x^x^ 


• 





5. 2a36» + 2a«6«c + 2a«W. 6. 2a*6 + 2a«62 + 22a«6c + 22a%. 

7. 2a»6» + 2a«6% + l,a^bcd + 2o«W + 2a*6«cd. 

8. lai6"»{J»»*'| + |a06"»+ic"dPl + |a06"»c»+id»'| + !a06«c»dP+iI. 16. 2(a-6)«. 

18. (a + 6 + c+d)». 19.4. 24. fi(a5...0'<-4i-4a...-4^_^. 25. {2!3!...(n-l)!}* • 
26. m=0, »=1, i)=2, g=3. 27. C'^.^^x C„_j3x ... x(7^_j^_j. 

29. m+w+i)+(3r-5. 33. (-l)*"''**^HMiM2..«n}*\ where tir=(aJr-yi)(av-ya)...(»r-y„). 

34. 22»*. 36. (-l)*"^""^^Ht;iVa...v«}"S where Vr-(«r-yi)(av-y2)...(«r-y«|i)- 



Set XVI. 

I. Centro-Bymmetric, 5. (a + ^ + d + c + 6+fl' + c+/)(a+A + (i+e-6-flr-c-/ 

(a+A-d-6 + 6+flr-c-/)(a + A-<i-e-&-fi' + c+/)(a-^+<i-e + 6-fir + c-/) 
(a-A+d-c-6+fir-c+y)(a-^-d + c+6-flr-c+/)(a-A-d+e-6+if+c-/). 

9. jr(a + 6"'**,a + 6""*,a + 6"'**,a + 6). 14. att»"'^iiie.»Tf 

'5* a-b + c-d ^ a + b-c-d 

24. n X complementary minor of Oi. 
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35. The next case is 

2aia,-5 aihf*-aibi OiC^ + OsCi Oidf + e^di 
0162 + 0461 26x6|-<S> hiCt + h^Ci bidt + h^di 
OiC^ + OiCi biCi + h^Ci 2ciCi-S Cidt + Ctdi 
aid^ + ci^i hidf^bfdi Cidi-^e^j 2didt-S 

where S^OiO^ + bibf + CiCt + didf. 

27. (»-2p)(-2r"\ 29. 0. 

36. p or 0, according as n is or is not prime to p. 



-5»(a54*2+<:«-K^)(a|+624,^) 



Set XVII. 



3. 1.3.5...(2n-l). 

8. If the determinant be D (ai») , we have X = 22)' or according 

as n is even or odd. 



9. 


1 O) Os 04 


+ \(h (h a* 


+ \<h fh as 


-»- 1 Oy Oe a^ 


• 




bz 64 


h 6, 


h 64 


^6 &« 






C4 


Ci 


C4 c« 




14. 


The a; inside the second Pfaffian would require to be deleted, the ta oat- 




side changed to u^. 


15. 


The next case is 




i(xa-a;a)» (a^-ac*)* ... {xt-x^^ 


--Cfci'* Cij * f K»i ... acg). 




(a 


Sa-ajJ* ... {xs-XiY 






(x.- 


•'K.^» 





4 

20. (rtja* - na6^ + ?iiC^ - nin^ntS?) . 



I. 4*»». 



Set XVIII. 

2. 4**» row and 9*** column. 3. I 



9. -laiftTsll^iya^sl 



a 6 c 
b d e 
c € f 



II. 



1231 

6891. 



1234 
1237 



1234 
4567 



123 
123 



123i« 

456 
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Magnetical and Meteorological Observations. 25^. 

Appendix A. Report on the Pressure Errors of the Challenger 

Thermometers. 2s, 6d, 
Appendix B. Report on the Petrology of St. Paul's Rocks. 2s, 6d^ 
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CELL LIFE AND PATHOLOGY. By JOHir CtJELANX»» ItD., 
F.K.S.» Processor o£ Anstomy in the UniTenity of C^Mgow. 
Crown 8¥0. 51. 

Clifford.— SEEING AND THINKING By the hrtc Professor W. 
K. Clifford, F.R.S. With Diagrams. Crown 8vo. y. 6(L 

[Nature Sines, 

Coal : ITS HISTORY AND ITS USES. By Professors Gaxsn, 
MiALL, Thorpe, Rucker, and Marshall, of the Yodkshire 
College, Leeds. With Illustrations. 8vo. I2J. 6d» 

Cooke (Josiah P., Jun.).— Works by JosiAK P. Cooke, 
Jun., Ervine Professor of Chemistry and Mineralogy in Harvard 
College. 

FIRST PRINCIPLES OF CHEMICAL PHILOSOPHY. New 
Edition, revised and corrected^ Demy 8vo. idf. 

RELIGION AND CHEMISTRY. A Re^statemexrf: of an Old 
Argument. Crown 8vo. is. 6d, 

SCIENTIFIC CULTURE AND OTHER ESSAYS. Royal 
i6mo. 4r. 

CroSSley.— HANDBOOK OF DOUBLE STARS, WITH A 
CATALOGUE OF 1,200 DOUBLE STARS AND EXTEN- 
SIVE LISTS OF MEASURES FOR THE USE OF AMA- 
TEURS. By E. CROSSLEY, F.R.A.S., J. Gleduill, r.R.A.S., 
and J. M. Wilson, F.R.A.S. With Ulnstrations. 8y«>. 2i.s, 

CORRECTIONS TO THE HANDBOOK OF DOUBLE 
STARS.. 8vo. IX. 

Oawkins* — Works by W. Boyd Dawkins, F.R.S., &c., Pro- 
fessor of Geology and Palaeontology at Owens College Manchester, 
Hon. Fellow of Jesus College, Oxford. 

CAVE-HUNTING : Researches on the Evidence of Caves respect- 
ing the Early Inhabitants of Europe. With Coloured Plate and 
Woodcuts. 8vo. 3IJ. 

EARLY MAN IN BRITAIN, AND HIS PLACE IN THE 
TERTIARY PERIOD. With UJastrations. 8vo. 25^. 

Dawson (J. W.). — ACADIAN geology. The Geologic 
Structure,' Organic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
William Dawson, M.A., LL.D., F.R.S., F.G.S., Principadand 
Vice-Chancellor of M*GiU College and University, Montieal, &c. 
With a Geological Map and numerous Illustrations. Third Edition, 
with Supplement 8vo. 2ix. Supplement, separately, 2s^6d, 
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Day.— ARITHMETIC OF ELECTRIC LIGHTmG. ]^ R. 
£. DAT, M.A.» Evening Lecturer in Experimental Physics at 
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Fisher.— PHYSICS OF THE EARTH'S CRUST. By Rev. 
OsAftOND Fisher, Rector of Harlton, Hon. Fellow of King's 
College, London, late Fellow and Tutor of Jesus College, Cam- 
bridge. 8vO. I2X. 

Fiske. — Works by JOHN FiSKE, M.A., LL.D., formerly Lecturer 
on Philosophy in Harvard University. 
DARWINISM ; AND OTHER ESSAYS. Crown Svo. yx. 6d. 
EXCURSIONS OF AN EVOLUTIONIST. Crown 8vo. 7^. 6d. 

Fleischer.— A system OF volumetric analysis. 

By Dr. E. Fleischer, Translated from the Second German 
Edition by M. M. Pattison Muir, F.R^S.E., with Notes and 
Additions. Illustrated. Crown 8vo. 7x. 6d. 

Flower.— FASHION IN DEFORMITY, as Illustrated in the 
Customs of Barbarous and Civilized Races. By William Hbnuy 
Flower, LL.D., M.D., F.R.S., &c., Hunterian Professor ot 
Comparative Anatomy, and Conservator of the Museum of the 
Royal College of Surgeons of England. With numerous Illus- 
trations. Crown 8vo. 2s. 6d, {Nature Series. 

Fl'iickiger and Hanbury.— pharmacographia. a 

History of the Principal Drugs of V^etable Origin met with in 
Great Britain and India. By F. A. FlIjckiger, M.D»» and 
D. Hanbury, F.R.S. Second Edition, revised. 8vo. 21 j. 

Forbes,— THE TRANSIT OF VENUS. By George Forkes, 
B.A., Professor of Natural Philosophy in the Andersonian Univer- 
sity of Gla^^o<w. With numerous Illustrations. Crown 8vo. 3^. 6d, 

\ Nature Series, 

Foster.— A TEXT-BOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.S., Professor of Physiology in the University 
of Cambridge, and Fellow of Trinity College, Cambridge. With 
Illustrations* Fourth Edition, revised.. 8vo. 21J. 

Foster and Balfour.— the elements of EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and 
Walter Heape, Demonstrator in the Morphological Laboratory 
of the University of Cambridge. With Illustrations. Crown 8vo. 
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Frankland,— AGRICULTURAL CHEMICAL ANALYSIS, 
ft Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and Agri- 
cultural Demonstrator of Practical Chemistry in the Normal School 
of Science and Royal School of Mines, South Kensington Museum. 
Founded upon ** Leitfiiden fur die Agricultnr-Chemi%he Analyse^" 
von Dr. F. Krocker. Crown 8vo. *js. 6d. 

Galloway. — Works by Robert L. Galloway, Mining Engineer. 

THE STEAM ENGINE AND ITS INVENTORS. A Historical 
Sketch. With numerous Illustrations. Crown 8yo. lOf. 6d. 

THE HISTORY OF COAL-MINING IN GREAT BRITAIN. 
Crown 8vo. 7^. 6d. 
Galton. — ^Works by Francis Galton, F.R.S. 

METEOROGRAPHICA, or Methods of Mapping the Weather. 
Illustrated by upwardsof 600 Printed LithographicDiagrams. 4to. 9^. 

HEREDITARY GENIUS : An Inquiry into ite Laws and Con- 
sequences. Demy 8vo. 12s, 
The Times calls it **a most able and most interesting book,** 

ENGLISH MEN OF SCIENCE; THEIR NATURE AND 
NURTURE. 8vo. 8j. 6d. 
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INQUIRIES INTO HUMAN FACULTY AND ITS 
DEVELOPMENT. With Illustrations and Coloured and Plain 
Plates. Demy 8vo. ids. 

RECORD OF FAMILY FACULTIES, consisting of Tabular 
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4to. 2s, 6d, 
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Gamgee.— A text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. By Arthur 
Gamgeb, M.D., F.R.S., Professor of Physiology in Owens College, 
Manchester. With Illustrations. In Two Vols. Medium 8vo. 
Vol. I. 18/. [ Vol. II in the Press. 

Geikie. — Works by Archibald Geikie, LL.D., F.R.S., 
Director General of the Geological Surveys of the United King- 
dom, late Murchison Professor of Geology and Mineralogy at 
Edinburgh. 
A TEXT-BOOK OF GEOLOGY. With Illustrations. Medium 
8vo. 2%S. 

" It will certainly step into the foremost rank among our standard 
(ext-bjoks, ** — ^Athenaeum. 
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8vo. 31. 6d. 
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PRIMEROF PHYSICAL GEOGRAPHY. Illustrated. i8mo. is. 

Gladstone — Tribe. — the chemistry of the 

SECONDARY BATTERIES OF PLANTE AND FAURE. 
By J. H. Gladstone, Ph.D., F.R.S., and Alfred Tribe, 
F. Inst. C.E., Lecturer on Chemistry at Dulwich College. Crown 
8vo. 2J. 6d, [Nature Seiies. 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Asa Gray, LL.D., Fisher Professor ot 
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ISLANDS. By John Richard Grbbn and Alice Stopford 
Grben. With Maps. Fcap. 8vo. 3^. 6d. 
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Grove.— A dictionary of music and musicians 

(A.D. 1450— 1883). By Eminent Writers, English and Foreign. 
With Illustrations. Edited by Sir George Grove, D.C.L., 
Director of the Royal College of Music. In 3 vols., 8vo. Parts 
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Hanbury.— SCIENCE papers : chiefly Pbarmacolc^ical sad 
Botanical. By Daniel Hanbury, F.R.S. Edit^ with 
Memoir, by J. Ince, F.L.S., and Portrait engraved faj C. H. 
Jekns. 8vo. I4f. 

Henslow.— THE THEORY OF EVOLUTION OF LIVING 
THINGS, and Application of the Principles of Erolntion to 
Religion 9onsidered as Illustrative of the Wisdom and Benefi- 
cence of the Almighty. By the ReT. Gxoroe Henslow, 
M.A., F.L.S. Crown 8va 6r. 

Hooker. — Works by Sir J. D. Hooker, K.C.S.L, C.B., 
r.R.S., M.D., D.C.L. :— 

THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 
Second Edition, revised and improved. Globe 8vo. lor. 6^ 
** Certainly the fiUlest and most accurate manual of the kind that 
has yet appeared. Dr. Hooker has shown his characteristic industry 
and ability in the care and skill which he has thrown into the 
characters cf the plants. These are to a great extent original^ and 
are really admirable for their combination of clearness^ brevity^ 
and completeness,"— VzSl Mall Gazette. 

PRIMER OF BOTANY. With Illustrations. New Edition, 
revised and corrected. iSmo. is. 

Hooker and Ball.— journal of a tour inmarocco 

AND THE GREAT ATLAS. By Sir J. D. Hooker, K.C.S.L, 
C,B., F.R.S., &c, and John Ball, F.R.S. With Appendices, 
inckiding a Sketch of the Geology of Maiocco. By -G. Maw, 
F.L.S., F.G.S. With Map and Illustrations. 8vo. 2i#. 
" This is, without doubt, one of the most interesting and valuabU 
books of travel published for many years," — Spectator. 

Huxley and Martin. — a COURSE OF PRACTICAL IN- 

STRUCTION IN ELEMENTARY BIOLOGY. 1^ T. H. 
HUXLEY, LL,D., P.R.S., assisted by H. N. Martin, M.A., 
F.R.S., M,B., D.Sc., Fcikjw of Christ's OilkfiB, Cambridge. 
Crown 8vo. 6f. 
" This is the most thoroughly valuable hook to teachers and students 

of biology which has ever appeared in the English tongue," — 

London Quarterly Review. 

Huxley (Professor). — Works by T. H. Huxley, LL.D., 

P.RS. 

LAY SERMONS, ADDRESSES, AND REVIEWS. New 

and Cheaper Edition. Crown 8vo. 7'^* 6^* 

Fourteen Discourses on ihefoUmving subjects: — ( i ) On the Advisable^ 

ness of Improving Natural Knowledge: — (2) Emancipation — 

Black and White : — (3) A Liberal Education, and where to find 

^..^(4) ScientificEducation:-^S) On the Educational Value of 

the Natural History Sciences:— {6) On the Study of Zoology: — 
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(7) On the Phyacal Basis of Ufe>-{^ Tike SnmUfic Aspects of 
PasUknsm:'-is) On a Piece ^f €halk:'-{\o) Gedi^al Content^ 
^rcmeky and PersisietU Types of Life ;-— ( 1 1 ) GeologicalR^frm ;— 
(12) The Origin of Species i-^lt-^ CriUcitms on tie ** Origin of 
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using Onis Reason rightly and of seeking Scientific Tru/A," 

ESSAYS SELECTED FROM "LAY SERMONS, AD- 
BRESSES, AND REVIEWS." Second Edition. Crown 8m ix. 
CRITIQUES AKD ADDRESSES. 8to. 10s, 6d. 

Contents: — i. AdminisiraHve Nihilism. 2, The School Boards: 
what they can do^ and what they may do, 3. On Medical Edu* 
cation. 4. Vettst, 5. On the Formation of Coal, d. On Corcu 
and Coral Reefs, 7. On the Methods and Results of Ethnology, 
8. On some Fixed Points in British Ethnology, 9. Pcdceontology 
and the Doctrine of Evolution, la Biogenesis and Abiogenesis, 
II. Mr, Darwin* s Critics, 12. The Genealogy <f Animals. 
13. Bishop Berkeley on the Metaphysics of Sensation, 

SCIENCE AND CULTXJRE AND OTHER ESSAYS. 8vo. 

los. 6d. 
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Universities Actual and Jdeai, Technical Education, Joseph 
Priestley, the Border Territory between the Animal and Vegetable 
Kingdoms, ETfoluOon in Biok^y^ The coming tf ctge of ** The 
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volume, 

LESSONS IN ELEMENTARY PHYSIOLOGY. Withwnmerous 
niustrations. New Edition. Fcap. 8vo. 4^. 6^. 
" Pure gold throughout, " — Guardian. * * Unquestioned the clearest 
and most complete elementary treatise on this subject that we possess 
in any language," — Westminster Review. 

AMERICAN ADDRESSES: with a Lecture on the Study of 
Biolojjr. Svo. 6/. dd, 

PHYSIOGRAPHY: AnlfttrodnctiontotheStndy of Natuie. With 
Coloured Plates and numerous Woodcuts. New and Cheaper 
E^licn. drown 8vo. 6:r. 

*^ it ^ondd ie hardly possible to place a .more us^l or su^estive 

ioA in the hands ef learners and teachers, 9r one that is better 

calculated to make physiography a favourite eubje^ in ike science 

^hotds^^-PijaeAitvKy^, 

INTRODUCTORY PRIMER. iSma tr. [Science Pnmers. 

Jellet (John H., B.D,).— a treatise on the 

THEORY OF FRICTION. By John H, Jm-let, B.D., 
Senior Fellow of Trinity Cd[l^;te, Dublin ; Ftesident of &e Royal 
2n^ Academy. Svo. 8r. 6d, 



i6 SCIENTIFIC CATALOGUE. 

Jones. — ^Works by Francis Jonbs, F.R.S.E., F.C.S,, Chffmiol 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Pre&oe by Professor RoscoK. 
New Edition. l8mo. With Ulustrations. 2s. ^ 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. i8mo. 3j. 

Kiepert.— MANUAL of ancient geography. AuthOT- 
ised translation from the German of HsiNRiCH Kiepsrt, Ph.D., 
Member of the Royal Academy of Sciences, Berlin, &c. Crown 
8vo. 5^. 

** AUogiiher the English edition of the * Manual* wilt form an 
indispensable companion to Kiej^rfs * Atlas f* now used in many 
of our leading schools" — The Times. 

King8ley« — Works By Charles Kingsley, late Canon of West- 
minster. 
GLAUCUS: OR, THE WONDERS OF THE SHORE. 
New Edition, with numerous Coloured Plates. Crown Svo. dr. 

SCIENTIFIC LECTURES AND ESSAYS. Crown 8vo. Ex. 

SANITARY AND SOCIAL LECTURES AND ESSAYS. 
Crown Svo. 6s, 

MADAM HOW AND LADY WHY ; or, Lessons in Earth-Lore 
for Children. Illustrated. Crown Svo. 6s. 

Landauer. — blowpipe analysis. By j. landauer. 

Authorised English Edition, by Jambs Taylor and W. E. Kay, of 
the Owens CoUege, Manchester. With Ulustrations. Extra fcap. 
Svo, 4J. 6d, 

Landolt.— HANDBOOK OF THE POLARISCOPE AND 
ITS PRACTICAL APPLICATIONS. Adapted from the 
German Edition. By D. C. Robb, B.A., and V. H. Veley, 
B. A., F. C. S. With an Appendix by J. Steiner, F.C. S. With 
Illustrations. Demy Svo. lOr. 6d. 

Langdon.— THE application of electricity to 

RAILWAY WORKING. By W. E. Langdon, Member of the 
Society of Telegraph Engineers. With numerous Illustrations. 
Extra fcap. Svo. 41. td. 

" There is no officer in the telegraph service who will not profit by 
the study oj this Aw^."— Mining Journal. 

Lankester. — DEGENERATION. A Chapter in Darwinism. 
By Professor E. Ray Lankester, F.R.S., Fellow of Exeter 
College, Oxford. With Illustrations. Crown Svo. 2s. 6d. 

[Nature Series. 
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Lockyer (J. N.). — Works by J. Norman Lockyer, F.R.S.— 
ELEMENTARY LESSONS IN ASTRONOMY. With nu- 
merous Illustrations. New Edition. Fcap. 8vo. 5^. 6(1, 
** The book is full^ cUar^ sounds and worthy oftOUwtum^ not only as 
a poptUar exposition^ but as a scientific * Index,* ** — Athenaeum. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 'j! 
Norman Lockyer, F.R.S. With Coloured Plate and numerous 
Illustrations. Second Edition. Crown 8vo. 3^. 6d, [Nature Series. 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman 
Lockyer, F.R.S. I. A Popular Account of Inquiries into the 
Physical Constitution of the Sun, with especial reference to Recent 
Spectroscopic Researches. II. Communications to the Royal 
Society of London and the French Academy of Sciences, with 
Notes. Illustrated by 7 Coloured Lithographic Plates and 175 
Woodcuts. Royal 8vo. cloth, extra gilt, price 31J. 6d, 

PRIMER OF ASTRONOMY. With lUustraUons. i8mo. is. 

Lockyer and Seabroke.— star-gazing; past and 

PRESENT. An Introdaction to Instrumental Astronomy. By 
J. N. Lockyer, F.R.S. Expanded from Shorthand Notes of a 
Course of Royal Institution Lectures with the assistance of G. M. 
Seabroke, F.R.A.S. With numerous Illustrations. Royal 8vo. 21s, 
**A book 0/ great interest and utility to the astronomical student,** 
— Athenaeum. 

Lubbock. — Worksby Sir John Lubbock, M.P., F.R.S., D.C.L., 
FIFTY YEARS OF SCIENCE. Being the Presidential Address 
delivered at York to the British Association, 188 1. Third 
Edition. 8vo. 2s. 6d. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. 3J. 6d. 

[Nature Series, 

ON BRITISH WILD FLOWERS CONSIDERED IN RELA- 
TION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4r. 6d. [Nature Series. 

SCIENTIFIC LECTURES. With Illustrations. 8vo. Ss. 6d. 
CovTEtiTS i^ Flowers and Insects — Hants and Insects — The 
Habits of Ants — Introduction to the Study of Prehistoric 
Archaology^ dr'f. 

Macmillan (Rev. Hugh). — For other Works by the same 
Author, see Theological Catalogue. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents m 
search of Alpine Plants. Globe 8vo, cloth. 6/. 

FIRST FORMS OF VEGETATION. Second Edition, corrected 
and enlarged; with Coloured Frontispiece and numerous Illustra- 
tions. Globe 8vo. 6s, 
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Mansfield (C. B.) — Works by the late C. B. Mansfield:— 
A THEORY OF SALTS. A Treatise on the Constitution of 
Bipolar (two-oicmbered) Chemical Compoimds. Crown 8vo. 14^. 

AiiRIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by R. B. Mansfield. With a Preface by 
J. M. Ludlow. With Illustrations. Crown 8vo. lor. 6d, 

Mayer.— SOUND: a Series of Simple, Entertaining, and In- 
expensive Experiments in the Phenomena of Sonnd, for the \J%/t of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology,. &c With numerous 
Illustrations. Crown 8vo. 31. dd. INialmre Snies. 

Mayer and Barnard.— light, a Series of Simple, Enter- 
taining, and Useful Experiments in the Phenomena of Light, for 
the use of Students of every age. By A. M. Mayeb. and C. 
Barnard. With Illustrations. Crown 8vo. 2j. 6d, [Nature Series, 

Miall.— STUDIES IN COMPARATIVE ANATOMY. No. i. 
The Skull of the Crocodile. A Manual for Students. By L. C. 
Ml ALL, Professor of Biology in Yorkshire College. 8vo. 2/. 6d. 
No. 2, The Anatomy of the Indian Elephant. By L. C. Miall 
and F. Greenwood. With Plates. 5J. 

Miller.— THE romance of ASTROJ^OMY. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St. Peter^s Col- 
lege, Cambridge. Second Edition, revised and enlarged. Crown 
8vo. 4x. 6d, 

Mivart (St. George).— the COMMON frog. By St. 

George Mrv ART, F.R.S. &c., Lecturer in Comparative Anatomy 
at St. Mary*s Hospital. With Numerous Illustrations. - Crown 8vo. 
3j. 6d. [Nature Series, 

Moseley.— NOTES BY A NATURALIST ON THE "CHAL- 
LENGER," being an accoimt of various observations made during 
the vcym»e of H.M.S. ** Challenger" round the world in the years 
1872—76. By H. N. Moseley, M.A.. F.R.S., Member of the 
Scientific Staff of the "Challenger." With Map, Coloured 
Plates, and Woodcuts. 8vo. 21s, 

" This is certainly the most interesting and suggestive ^ook, descrip- 
tive of a naturalisfs travels, which has been published since Mr, 
Darwin^ s ^Journal of Researches^ appeared, now more than forty 
years ago. That it is worthy to be placed alongside that delightful 
record of the impressions, speculations, and reflections of a master 
mind, is, we do not doubt, the highest praise iMck Mr. Moseley 
would desire for his book, and we do not hesiUtte to say HUH such 
praisi is its desert,'* — Nature. 
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MttlT.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS, Specially arranged for the first M. B. Course. By 
M- M. Pattison MtJiR, F.R.S.E. Fcap. 8vo. u. 6d. 

MuUer— THE fertilisation of flowers. By Pro. 
lessor Hermann Mueller. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
lUustratioas. Medium 8vo. zu. 

Murphy .— HABIT and INTELLIGENCE: a Series of 
Essays on the Laws of Life and Mind. By Joseph John 
Murphy. Second Edition, thoroughly revised and mostly re- 
written. With Illustrations. 8fo. i6x. 

Nature.— A weekly illustrated journal of 

SCIENCE. Published every Thursday. Price 6d, Monthly 
Parts, 2 J. and 2J. 6d. ; Half-yearly Volumes, 15^. Cases for binding 
V<rfs. is, 6^. 
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7%is able and welt-edited jfimrnal, which posts up the science of 
the day promptly^ and promises to be of signal service to students 

and savants Scarcely any expressions that we can employ 

would exaggerate our sense of the moral and theological value of 
ike work. — British Quarterly Review. 

Newcomb. — popular astronomy. By Simon New- 
comb, LL.D., Professor U.S. Naval Observatory. With 112 
Engravings and Five Maps of the Stars. New Edition. 8vo. lis, 
** As affording a thoroughly reliable foundation for more advanced 
rtading^ Professor Neweoml^s * Popular Astronomy' is dessruing 
of strong recommendation"— ^Nziure, 

Nordenskiold. — the voyage OF THE VEGA ROUND 
ASIA AND EUROPE. By Baron A. E. VoN Nordenskiold, 
Commander of the Expedition. Translated by Alexander Leslie, 
Author of Nordenskiold's ** Arctic Voyages.*' Popular Edition. 
With numerous Portraits engraved on Steel by G. J. Stodart, 
Biustntions, Map, ftc. Crown 8vo. 6s. 

diver.— Works by Daniel Oliver, F.R.S., F.L.S., Professor of 
Botany in University College, London, and Keeper of the Herba- 
rium and Library of the Royal Gardens, Kew : — 
LESSONS IN ELEMENTARY BOTANY. With nearly Two 

Hundred Illustrations. New Edition. Fcap. 8vo. 4s. 6d, 
FIRST BOOK OF INDIAN BOTANY. With naaerous 
Illustrations. Extra fcap. 8vo. 6;. 6d, 

Paateun-^STUDIES on fermentation. Th« Diseases 
of Beer ; their Causes and Means of Preventing them. By L. 
Pasteur. A Translation of <' Etiides sur la Bike," With Notes, 
lUostratioxu^ &c By F. Faulkner & D. C. Robs^ 6. A. &pq, 21s. 

B 2 
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Pennington.— NOTES ON the barrows and bone 

CAVES OF DERBYSHIRE. With an account of a Descent 
into Flden Hole. By RooKB Pxnnington, B.A., LL.B., 
F.G.S. Svo. dr. 

Penrose (F. C.)— on a method of predicting by 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. T<^ther with more ligoroas methods 
for the Accurate Calcuktion of Longitude. By F. C. Penkosi^ 
F.R.A.S. With Charts, Tables, &c. 4to. I2x. 

Perry.— AN elementary treatise on steam. By 

John Perry, B.E., Whitworth Scholar; Fellow of the Chemical 
Society, late Lecturer in Physics at Clifton College. Witk 
numerous Woodcuts, Numerical Examples, and Exercises. New 
Edition. i8mo. 4J. 6d, 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
By E. C. Pickering, Thaver Professor of Physics in the Massa- 
chusetts Institute of Technology. Part I., medium Svo. 12s, 6d, 
Part II., 14s, 

** When finished * Physical Manipulation* will no doubt be con- 
sidered the best and most complete text'book on the subject of 
which it treats y — ^Nature. 

Prestwich.— THE past and future of geology. 

An Inaugural Lecture, by J. Prestwich, M.A., F.R.S., &c.. 
Professor of Geology, Oxford. Svo. 2J. 

Rendu.- THE theory of the glaciers of savoy. 

By M. LE Chanoine Rendu. Translated by A. Wells, Q.C, 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles by Professors Tait and Rus- 
kin. Edited with Introductory remarks by George Forbes, B.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Svo. 7x. 6d. 

Richardson— THE FIELD OF DISEASE: a Book of 
Preventive Medicine. By B. W. R^jhardson, M.D., F.R.S., 
F.R.C.P., Hon. Physician to the Royal Literary Fund ; Author 
of ** Diseases of Modem Life," ** On Alcohol," &c. Svo. 2^, 

Romanes.— ORGANIC evolution, the scientific 

EVIDENCES OF. By G. J. Romanes, M.A., F.R.S. Crown 
8yo. 2j. 6d. [Nature Series. 

Roscoe. — Works by Henry E. Roscoe, F.R.S., Professor of 

Chemistry in the Victoria University, the Owens ColIq;e^ 

l^snchester * 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 

AND ORGANIC. With numerous Illustrations and Chromo- 
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RoSCOe — continued. 

litho of the Solar Spectrum, and of the Alkalis and Alkaline 
Earths. New Edition. Fcap. 8vo. 4^. 6d. 

CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorpe. New Edition, with Key. 2s, 

** IVe unhesitatingly pronounce it the best 0/ all our elementary 
treatises on Chemistry J^ — ^Medical Times. 

PRIMER OF CHEMISTRY. Illustrated. i8mo. is. 

Roscoe and Schorlemmer. — a treatise on che- 
mistry. With numerous Illustrations. By Professors 
Roscoe and Schorlemmer. Vols. I. and II. Inorganic 
Chemistry. 

Vol. I., The Non-metallic Elements. 8vo. 21s 

Vol. II., Part I. Metals. 8vo. i8j. 

Vol. II., Part II. Metals. 8vo. i8j. 
Vol ni. Organic Chemistry. 

Part I. llie Chemistry of Hydrocarbons and their Derivatives. 
8vo. 2is. 

Part II. in the press. 

**' Regarded as a treatise on the Non-metallic ElementSy there can be 
no doubt that this volume is incomparably the most satisfactory one 
of which we are in possession." — Spectator. 

** It would be difficult to praise the work too highly. All the merits 
which we noticed in the first volume are conspicuous in the second. 
The arrangement is clear and scientific; the facts gained by modem 
research are fairly represented and Judiciously selected; and the 
style throughout is singularly ludd." — Lancet. 

Rumford (Count).— the LIFE AND complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notices of his Daughter. By George Ellis. With Portrait. 
Five Vols. 8vo. 4/. 14J'. 6d. 

Schorlemmer.— -A MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS OR ORGANIC CHEMISTRY. 
By C. Schorlemmer, F.'R.S., Professor of Chemistry in the 
Victoria University, the Owens College, Manchester. 8vo. 14J. 
"// appears to us to be cu complete a manual of the metamorphoses of 
carbon as could be at present produced, and tt must prove eminently 
us^l to the chemiccU student." — Athenaeum. 

Shann.— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4J. 6^. 

Siemens— ON the conservation of solar 

ENERGY : a Collection of Papers and Discussions. By Sir 
r. William Siemens, F.R.S., D.C.L., LL.D., Ph.D., Mem. 
Inst. C.E. With Illustrations. Demy 8vo. 5 J. 
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Smith. — Works by J. Smith, A.L.S., ex-Cmator of tHe Royal 
Botanic Garden, Kew. 

HISTORIA FILICUM : An Exposition of the Nature, Nnmber, 
and Organography of Ferns, and Review of the Principles 
upon which Genera are founded, and the Systems of Classification 
of the principal Authors, with a new General Arrangement, &c 
With Thirty Lithographic Plates by W. H. Fitch, F.L.S. Crown 
8vo. I2f. dd. 

'* No one anxious to work up a thorough knowUdge of ferns can 
afford to do without it,** — Gardener's Chronicle. 

ECONOMIC PLANTS, A DICTIONARY OF : THEIR HIS- 
TORY, PRODUCTS, AND USES. 8vo. 14J. 

DOMESTIC BOTANY : An Exposition of the Stmcture and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With Illustrations. 
New Is:»ue. Crown 8vo. 12s. 6d, 

South Kensington Science Lectures. 

Vol. I. — Containing Lectures by Captain Abn£Y, F.RS., Professor 
Stokes, Professor Kennedy, F. J. Bramwell, F.R.S., Pro- 
fessor G. Forbes, H. C. Sorby, F.R.S., J. T. Bottomley, 
F.R.S.E., S. H. Vines, B.Sc, and Professor Carey Foster. 
Crown 8vo. 6s. 

Vol. II.— Containing Lectures by W. Spottiswoode, P.R.S., Prof. 
Forbes, H. W. Chisholm, Prof. T. F. Pigot, W. Froude, 
F.R.S., Dr. Siemens, Prof. Barrett, Dr. Burden-Sander- 
son, Dr. Lauder Brunton, F.R.S., Prof. McLeod, Prof. 
RoscoEjF.R.S., &c. Crown 8vo. 6s. 

Spottiswoode. — POLARIZATION OF LIGHT. By W. 

Spottiswoode, late President of the Royal Society. With 
numerous Illustrations. Third Edition. Cr. 8vo. 3^. 6d. (Nature 
Series.) 

" The illustrations are exceedingly well adapted to assist in making 
the text compreheftsibleJ* — Athenaeum. *^*A dear, trustworthy 
manual, ** — S tandard. 

Stewart (B.). — Works by Balfour Stewart, F.R.S., Professor 
of Natural Philosophy in the Victoria University, the Owens 
College, Manchester: — • 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and ChromoUthos of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 4J. 6d. 
The Educational Times calls this the beau-ideal of a scicfiiific text- 
book, clear, accurate, and thorough,** 

PRIMER OF PHYSICS. With Illustrations^ New Edition, with 
Questions. iSmo. is. 
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Stewart and Tait.— the unseen universe: or, 

Physical Speculations on a Future State. By Balfour Stewa&t, 
F.R.S.,and P. G. Tait, M.A. Sixth Edition. Cisown 8vo. 6j. 

" The book is one which well deserves the attention of thoughtful and 
religious readers, , , , It is a perfectly sober inquiry, on scientific 
grounds J into the possibilities of a future existence," — Guardian. 

Stone.— ELEMENTARY LESSONS ON SOUND. By Dr. 
W. H. Stone, Lecturer on Physics at St. Thomas' Hospital. 
With Illustrations. Fcap. 8vo. y. 6d. 

Tait— LECTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. Tait, M.A., Professor of 
Philosophy in the University of Edinburgh. Second edition, 
reused and enlarged, with the Lecture on Force delivered before 
the British Association. Cro>vn Svo. 9^. 

Tanner. — Worlcs by Henry Tanner, F.C.S., late Professor of 
Agricultural Science, University College, Aberystwith, Examiner in 
the Principles of Agriculture under the Government Department 
of Science. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 

THE ABBOTT'S FARM ; OR PRACTICE WITH SCIENCE. 
Crown Svo. 3F. 6</. 

THE ALPHABET OF THE PRINCIPLES OF AGRICUL- 
TURE, being a First Lesson Book in Agriculture for Schools. 
Extra fcap. Svo. 6d, 

FURTHER STEPS IN THE PRINCIPLES OF AGRICUL- 
TURE. Extra fcap. Svo. u, 

ELEMENTARY SCHOOL READINGS IN THE PRINCIPLES 
OF AGRICULTURE FOR THE THIRD STAGE. Extra 
Fcap. Svo. is, 

ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. Svo. 3*. Sd, 

Taylor. — sound and music : A Treatise on the Physical 
Constitution of Musical Sounds and Harmony, including the Chief 
Acoustical Discoveries of Professor Helmholtz. By Sedley 
Taylor, M.A., late Fellow of Trinity College, Cambridge. With 
Illustrations. New Edition. Extra crown Svo. &f. 6d, 

** In no previous scientific treatise do we renieniber so exhaustive and 
so richly illustrated a description of forms of vibration and of 
wave-motion in fluids!'*— Musical Standard. 

Thompson (Silvanus P.). — electricity and mag- 
netism, ELEMENTARY LESSONS IN. By Silvanus 
P. Thomjpson, B.A., D.Sc, F.R. A. S., Professor of Experimental 
Physics in University College, Bristol. With Illustrations. New 
Edition. Fcap. Svo. 4^*. td. 
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Thomson. — ^Works by SiE WwnxE Thomson, K.C.B., F.R.S. 

THE DEPTHS OF THE SEA : An Account of the General 
Results of the Dredging Cruises of H.M.SS. "Porcupine" and 
" Lightning " during the Summers of 1868-69 and 70, under the 
scientific direction of Dr. Carpenter, F.R.S., J. Gwyn Jeffir^jrs, 
F.R.S., and Sir Wyville Thomson, F.R.S. With nearly 100 
Illustrations and 8 coloured Maps and Plans. Second £<Ution. 
Royal 8Ta doth, gilt. 3IJ. 6^. 

The Athenaeum says : ** The book is fidl of miensHng matier, and 
is wriiien by a master of the art of popular expositioH. It is 
excdlently illustrated^ both coloured maps and woodcuts possessing 
high merit.** 

THE VOYAGE OF THE " CHALLENGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Vo3rages of H.M.S. 
" Challenger," during the year 1873 and the early part of 1876. 
With numerous Illustrations, Coloured Maps & Charts, & Portrait 
of the Author, engraved byC. H. Jeens. 2 Vols. Medium 8vo. 45^. 

The Times says : ** The paper ^ printings and especially the numerous 
illustrations f are of the highest quality. . . . We have rarely^ if 
ever, seen more beautiful specimens of wood engraving than abound 
in this work, . , . Sir WyviUe Thomson^ s style is particularly 
attractive ; he is easy and graceful, but vigorous and exceedingly 
happy in the choice of language, and throughout the loork there 
are touches which show that science has not banished sentiment 
from his bosom" 

Thudichum and Dupri. — a treatise ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnology. By J. L. 
W. Thudichum, M.D., and August DuPRfe, Ph.D., Lecturer on 
Chemistry at Westminster Hospital. Medium 8va cloth gilt. 25^. 

" A treatise almost unique for its usefulness either to the wine-grower^ 
the vendor, or the consumer of wine. The analyses of wine are the 
most complete we have yet seen, exhibiting at a glance the constituent 
principles of nearly all the wines known in this country.** — ^Wine 
Trade Review. 

Tyler.— ANTHROPOLOGY : an Introduction to the Study of 

Man and Civilization. By E. B. Tylor, D.C.L., F.R.S. With 

numerous Illustrations. Crown 8vo. 'js, 6d. 

'* 1/ all manuals were like this, a generation over educated for its 

intellect would have no reason to complain, . , , A most attractive 

and entertaining introduction to the science of anthropology, • . . 

His writing is clear and luminous, and his arrangements masterly, 

. . . Mr, jyior writes with as much caution as learning" — 

Saturday Review 
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lAf allace (A. R.). — Works by Alfred Russel Wallace. 
THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 
with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Earto's Surface. With Maps, 
and numerous Illustrations by Zwecker, 2 vols. 8vo. 42/. 
ISLAND LIFE; OR, THE PHENOMENA AND CAUSES 
OF INSULAR FAUNAS AND FLORAS, including a re- 
vision and attempted solution of the problem of geological 
climates. With Maps. 8vo. i8j. 
TROPICAL NATURE: with other Essays. 8vo. \2s. 

" Nowhere amid the many descriptions of the tropics that have been 
given is to be found a summary of the past history and tutual 
phenomena 0/ the tropics which gives that which is distinctive of 
the phases of ncUure in thetn more clearly^ shortly^ and impres* 
sively" — Saturday Review. 

Warington.— THE week of creation; or, the 

COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George War- 
INGTON, Author of " The Historic Character of the Pentateuch 
Vindicated." Crown 8vo. 41. 6^. 

Wilson. — RELIGIO CHEMICI. By the late George Wilson, 
M.D., F.R.S.E., Regius Professor of Technology in the University 
of Edinburgh. With a Vignette beautifully engraved after a 
design by Sir Noel Paton. Crown 8vo. 8j. dd, 

Wilson (Daniel).— CALIBAN : a Critique on Shakespeare's 

"Tempest" and "Midsummer Night's Dream." By Daniel 

Wilson, LL.D., Professor of History and English Literature in 

University College, Toronto. 8vo. I or. 6d. 

" 77te whole twlume is most rich in the eloquence of thought and 

imagination as well as of words. It is a choice contribution at 

once to science, theolo^, religion, and litercdure,** — British 

Quarterly Review. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., Lee- 
turer on Chemistry in St. Mary's Hospital SchooL Extra fcap. 
8vo. jj. 6d, 

Wright (Lewis). — light. a Course ot Experimental 
Optics, chiefly with the Lantern. By Lewis Wright. With 
nearly 200 illustrations and Coloured Plates. Crown 8vo. 
7j. 6d. 

WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Watts, F.R.S. Crown 8vo. dr. 
" The discourse, as a r^umi of chemical theory and research, unites 
singular lunUnousness and grasp, A few judicious notes are added 
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V/VLTtZ—coHtimted. 

hy the translator.*' ^ViH Mall Gazette. ** The treatment of the 
snbject is admira^U, and the translator has evidently done his duty 
moU efficiently.** — Westminster Review. 

Zieglei^Macalister — text-book of pathological 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLER, of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A., M.B., B.Sc, Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part I.— GENERAL PATHOLOGICAL ANA- 
TOMY. 12S, 6d. [Part II. in the press. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

Introductory. By Prof essbr Huxley, P. R.S. i8mo. is. 

Chemistry — By H. E. Roscok, F.R.S., Professor of Chemistry 
in the Victoria University, the Owens College, Manchester. "With 
numerous Illustrations. i8mo. is. New Edition. With 
Questions. 

Physics.— By Balfour Stewart, r.R.S., Professor of 
Natural Philosophy in the Victoria University, the Owens Coll^^ 
Manchester. With numerous Illustrations. i8mo. is. New 
Edition. With Questions. 

Physical Geography. —By Archibald Geikie, F.R.S., 
Director General of the Geological Surveys of the United Kingdom. 
With numerous Illustrations. New Edition With Questions. 
iSmo. IS. 

Geology. — By Archibald Geikie, F.R.S. With numerous Illus- 
trations. New Edition. i8mo. cloth, is. 

Physiology — By Michael Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. i8mo. is. 

Astronomy. — By J. Norman Lockyer, F.R.S. With numerous 
Illustrations. New Edition. iSmo. ix. 

Botany.^By Sir J. D. Hooker, K.C.S.I., C.B., F.R.S. With 
numerous Illustrations. New Edition. i8mo. is. 

Logic.— By Stanley Jevons, LL.D., M.A., F.R.S. New Edition. 
i8mo. is. 

Political Economy.— By Stanley Jevons, LL.D., M.A., 
F.R.S. i8mo. I J. 

Others in preparation. 
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ELEMENTARY SCIENCE CLASS-BOOKS. 

Agriculture. — ^elementary lessons in agricul- 
tural SCIENCE. By Professor H. Tannkr, F.C.S., 

Examiner in the Principles of Agriculture under the GoTCmment 
Department of Science. Fcap. 8vo. 31. 6d, 

Astronomy.— POPULAR ASTRONOMY. With niustrations. 
By Sir G. B. Airy, K.C.B^ late Astronomer Royal. New 
Edition. i8mo. 41. 6d, 

Astronomy — ELEMENTARY LESSONS IN ASTRONOMY. 

With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. NoRMAN LoCKYER, 
F.R.S. New Edition. Fcap. 8vo. 5J. 6</. 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS 
IN ASTRONOMY. For the Use of Schools. By John 
Forbes Robertson. i8mo, cloth limp, is, 6d, 

Botany — LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. New 
Edition. Fcap. 8vo. 4J. 6d, 

Chemistry — ^LESSONS IN ELEMENTARY CHEMISTRY, 
INORGANIC AND ORGANIC. By Henry E. Roscoe, 
F.R.S.» Professor of Chemistry in the Victoria University, the 
Owens College, Manchester. With numerous Illustrations and 
Chromo-Litho of the Solar Spectrum, and of the Alkalies and 
Alkaline Earths. New Edition. Fcap. 8vo. 4J, 6d, 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science;, Leeds. 
Adapted for the" preparation of Students for the Government, 
Science, and Society of Arts Examinations. With a Preface by 
Professor Roscoe. New Edition, with Key. i8mo. 2s, 

Practical Chemistry — the OWENS COLLEGE JUNIOR 

COURSE OF PRACTICAL CHEMISTRY. By Francis 
Jones, F,R.S.E., F.C.S., Chemical Master in the Grammar School, 
Manchester. With PrefSace by Professor Roscoe, and Illustrations. 
New Edition. i8mo. 2s. td. 

Chemistry.— QUESTIONS ON. a Scries of Problems and 
Exercises in Inorganic and Organic Chemistry. By F. J0NES» 
F.R.S.E., F.C.S. i8mo. 3^. 

Electricity and Magnetism. — By Silvanus P. Thompson, 

B.A., D.Sc, F.R.A.S., Professor of Experimental Phyj-ics in 
University College, BxistoL With lilustrations. TKurd Edition. 
Fcap. 8vo. 4r. td. 
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Elementary Science Class-books — continued. 
Physiology ^lessons in elementary physiology. 

With numerons Ulustrations. By T. H. Huxlet, F.R.S., Pio- 
fesftor of Natural History in the Royal School of Mines. New 
Edition. Fa^. Syo. 4f. td, 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. iSmo. is, td. 

Political Economy — ^political economy for be- 
ginners. By MiLLlCENT G. Fawcett. New Edition. 
i8mo. 2J. td, 

Logic ELEMENTARY LESSONS IN LOGIC ; Deductive and 

Inductive, with copious Questions and Examples, and a Vocabulary 
of LogiaU Terms. By W. Stanley Jevons, LLD., M.A., 
F.R.S. New Edition. Fcap. 8vo. jf. (4. 

Physics.— LESSONS IN ELEMENTARY PHYSICS. By 
Balfour Stewart, F.R.S., Professor of Natural Philosophy in 
the Victoria University, the Owens College, Manchester. With 
numerous Illustrations and Chromo-Litho of the Spectra of the 
Sun, Stars, and Nebulae. New Edition. Fcap. 8vo. 4;. dd, 

QUESTIONS ON STEWARTS LESSONS IN ELEMENTARY 
PHYSICS. By Professor T. H. Core. i2mo. 2s, 

Anatomy — LESSONS IN elementary anatomy. By 

St. George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital With upwards of 400 Illustrations. Fcap. 
8vo. 6j. 6d, 

Mechanics — an ELEMENTARY TREATISE. By A. BT 
W. Kennedy, C.E., Professor of Applied Mechanics in University 
College, London. With Illustrations. \2n preparation, 

Steam.~AN elementary treatise. By John Perry, 
B.E., Whitworth Scholar; Fellow of the Chemical Society, Lec- 
turer in Physics at Clifton College. With numerous Woodcuts and 
Numerical Examples and Exercises. New Edition. i8mo. 41. 6(/. 

Physical Geography. — elementary LESSONS in 

PHYSICAL GEOGRAPHY. By A. Geikie, F.R.S., Director 
General of the Geological Surveys of the United Kingdom. With 
numerous Illustrations. Fcap. 8vo. 4;. (id, 

QUESTIONS ON THE SAME, is, 6d. 

FIELD GEOLOGY, OUTLINES OF. By the same Author. 
^^ith numerous Illustrations. Third Edition. Fcap. 8vo. 31. 6d, 

GEOLOGY, ELEMENTARY LESSONS IN. By the same 
Author. [In preparation. 
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Elementary Science Class-books — conHnued. 

Psychology.— ELEMENTARY LESSONS IN PSYCHO- 
LOGY. By G. Groom Robertson, Professor of Mental 
Philosophy, &c., University College, London. [In prepartUion, 

Geography — class-book of geography. By c. b. 

Clarke, M.A., F.G.S., F.R.S. New Edition, with eighteen 
coloured Maps. Fcap. 8vo. 3J. 

Moral Philosophy.— AN ELEMENTARY TREATISE. 
By Professor E. Caird, of Glasgow University. [Tn preparation. 

Natural Philosophy.—NATURAL PHILOSOPHY FOR 
BEGINNERS. By I. Todhunter, M.A., F.R.S. Part L 
The Properties of Solid and Fluid Bodies. i8mo. 3^. 6</. Part 
II. Sound, Light, and Heat. i8mo. 5^. (hI. 

The Economics of Industry.— By A. Marshall, M.A., 

late Principal of University College, Bristol, and Mary P. 
Marshall, late Lecturer at Newnham Hall, Cambridge. Extra 
fcap. 8vo. 2J. 6t/. 

Sound— AN ELEMENTARY TREATISE. By Dr. W. H. 
Stone. With Illustrations. i8mo. 51. 6^. 

Electricity and Magnetism. — ABSOLUTE MEASURE- 
MENTS IN. By Andrew Gray, M.A., F.R.S.E., chief 
Assistant to the Professor of Natural Philosophy in the University 
of Glasgow. Pott 8vo. 3^. 6^. 

Easy Lessons in Science. — Edited by Professor W. F. 
Barrett. 
I. HEAT. By C. A. Martineau. Illustrated. Extra fcap. 
8vo. 2J. 6^. 
II. LIGHT. By Mrs. W. Awdry. Illustrated. Extra fcap. 
8vo. 2f. 6</. 

Others in Preparation, 

MANUALS FOR STUDENTS. 

Crown 8vo. 

Cossa. — GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. Luigi Cossa, Professor of Political 
Economy in the University of Pavia. Translated from the Second 
Italian Edition. With a Preface by W. Stanley Jevons, F.R.S. 
Crown 8vo. 4J. 6^. 

Dyer and Vines.— the structure of plants. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney 
ViNESf B.Sc, Fellow and Lecturer of Christ's College, Cambridge. 
With numerous Illustrations. \in preparation. 
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Manuals for Students — t&uHnusfL 

Fawcett..A manual of political economy, b^ 

Right Hon. Henry Fawcett, M.?.* F.R.S. New JEdidon, 
reused and enlaxged. Crown 8yo. I2j. 

Fleischer— A system of volumetric analysis. 

Translated, wkh Notes and Additions, from the second Cterman 
Edition, by M. M. Pattison Muir, F.R.S.E. With Binstra- 
tions. Crown 8vo. 7^. 6d, 

Flower (W. H.) — an introduction to the oste- 
ology OF THE mammalia. Being the Svbstanoe of the 
Course of Lectures delivered at the Royal College of Suigocms of 
England in 1870. By Professor W. H. Flowek, F.R.S., 
F.R.C.S. With numerotts Illustrations. New Edition, enhu^ed. 
Crown Syo. lor. 6d, 

Foster and Balfour. — the elements OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour^ 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fdloir 
and Assistant Lecturer of Trinity CoU^e, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown £vo. 
loj. 6d, 

Foster and Langley.— a COURSE OF ELEMENTARY 

PRACTICAL PHYSIOLOGY. By Professor Michael Foster, 
M.D.,F.R.S., and J. N. Langley, M. A., F.R.S. New Edition. 
Crown Svo. p. 6d, 

Frankland— AGRICULTURAL CHEMICAL ANALYSIS, 
a Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and 
Agricultural Demonstrator of Practical Chemistry in the Normal 
School of Science and Royal School of Mines, South Kensington 
Museum. Founded upon ** Leitfaden fiir die A^ricultur-Cho- 
mische Analyse," von Dr. F. Krocker. Crown 8vo. 7j. &f. 

Hooker (Dr.)— THE STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D, Hooker, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. jos» 6d, 

Huxley.— PHYSIOGRAPHY. An Introduction to tlie Stn«y of 
Nature. By Professor Huklky, F.R.S. With numerous 
Illustrations, aad CcHaaxtd Plates. New and cheaper Edition. 
Crown Svo. 6s, 
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Manuals for Students — amHmud, 

Huxley and Martin.— a COURSE OF PRACTICAL IN. 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, F.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6j. 

Huxley and Parker. —elementary biology, part 

II. By Professor Huxley, F.R.S., assisted by T. J. Parker. 
With Illustrations. [In preparation. 

Jevons.— By W. Stanley Jevons, LL.D., M.A., F.R.S. :— 

THE principles OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 12s. 6d. 

STUDIES IN DEDUCTIVE LOGIC. A Manual for Students. 
Crown 8vo. 6s, 

Kennedy.— MECHANICS OF machinery. By a. b. w. 

Kennedy, M. Inst. C.E., Professor of Engineering and 
Mechanical Technology in University College, London. With 
Illustrations. Crown 8vo. [In the Press* 

Kiepert. — ^A manual of ancient geography. From 
the German of Dr. H. Kiepert. Crown 8vo. Sj. 

Lang.— experimental physics. By P. R. Scott Lang,' 
M.A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation. 

Lankester. — a TEXT-BOOK of zoology. By Professor 
E. Ray Lankester, F.R.S. Crown 8vo. [In preparation, 

Martin and Moale.— on the dissection of verte- 

BR ATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation, 

Oliver (Professor) FIRST BOOK OF INDIAN botany. 

By Professor Daniel Oliver, F.R,S., F.L.S., Keeper of the 
Herbarium and Library of the Royal Gardens, Kew. With 
numerous Illustrations. Extra fcap. 8vo. 6s, 6d, 

Parker.— A COURSE OF instruction IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. Lond., 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown 8vo. [In the Press, 

Parker and Bettany ^the MORPHOLOGY of the 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. lor, dd. 
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Manuals for Students — amtinued. 
Robinson.—MARiNE surveying, an elementary 

TREATISE ON. Prepared for the use of yoaoger Naval 
Officers. With Questions for Examinations and Exercises prind- 
pally from the papers of the Royal Naval College. With Results. 
By Rev. John L. Robinson, Chaplain and Instractor to the 
Royal Naval College, Greenwich. With Illustrations. Crown 
8vo. 7^. 6</. 

Contents. — Symbols used in Charts and Surveying — The CoH" 
sirucHon and Use of Scales — Laying off Angles — Fixing 
Positions by Angles — Charts and Chart- Drawing — Instruments 
and Observing— Base Lines — Triangulation — Levelling — Tides 
and Tidal Observations — Soundings — Chronometers — Meridian 
Distances — Method of Hotting a Survey — Miscellaneous Exer- 
cises — Index. 

Tait.— HEAT. P. G. Taitj M.A., Sec. R.S.E. Formerly Fellow 
of St. Peter's College, Cambridge; Professor of Natural Philosophy 
in the University of Edinburgh. Illustrated. Crown 8vo. yj. 6^. 

Ty lor.— ANTHROPOLOGY : An Introduction to the Study of Man 
and Civilization. By E. B. Tylor, M.A., F.R.S. Illustrated. 
Crown 8vo. *js, 6d. 

Other volumes of these Manuals will follow, 

SCIENTIFIC TEXT-BOOKS. 
Balfour.— A treatise on comparative embry. 

OLOGY. With Illustrations. By F. M. Balfour, M.A., 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. In 
2 vols. 8vo. VoL I. i8x. Vol. II. zis. 

Ball (R.S.,A.M.). —EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science for 
Ireland. By R. S. Ball, A.M., Professor of Applied Mathema- 
tics and Mechanics in the Royal College of Science for Ireland. 
Royal 8vo. lOr. 6^. 

Brunton. — TABLES OF MATERIA MEDIC A. A Companion 
to the Medica Museum. By T. Lauder Brunton, M.D., 
F.R.S., Editor of The Practitioner^ &c. New Ed. 8vo. lOf. 6</. 

Brunton. —A TREATISE ON MATERIA MEDICA. By T. 
Lauder Brunton, M.D., F.R.S. 8vo. [/« preparation. 

Chalmers. — graphical determination of forces 

IN engineering STRUCTURES. By James B. Chal- 
MKRS, C.E. With Illustrations. 8vo. 241. 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. lox. td. 
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Scientific Text-Books— f^«A««^^. 

Cotterill — a treatise on applied mechanics. 

By James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illus- 
trations. 8vo. \In preparation. 

Daniell. — a TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A. Lecturer on Physics 
in the School of Medicine, Edinburgh. With Illustrations. 8yo, 

Fawcett— A MANUAL OF POLITICAL ECONOMY. By 

Right Hon. Henry Fawcett, M.P., F.R.S. New Edition, 
revised. With a Chapter " On the Nationalisation of the Land," 
and an Index. Crown Svo. I2x. 

Foster.— A TEXT-BOOK OF PHYSIOLOGY. By Professor 
Michael Foster, M.D., F.R.S. With Illastiations. Fourth 
Edition, revised. Svo. 21J. 

Gamgee.— A textbook of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
account of the chemical changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Phy:^iology in the Victoria 
University, the Owens College, Manchester. 2 vols. 8vo. With 
Illustrations. Vol. I. i&f. [Vol II, in the Press. 

Gegenbaur.— ELEMENTS OF comparative ana- 

TOMY. By Professor Carl Gegenbaur. A Translation by 
F. Jeffrey Bell, B A. Revised with Preface by Professor E. 
Ray Lankester, F.R.S. With numerous Illustrations. 8vo. 
2 If. 

Geikie.— A TEXTBOOK OF GEOLOGY. By Archibald 
Geikie, LL.D., F. R.S., Director-General of the Geological 
Surveys of the United Kingdom. With numerous Illustrations. 
Medium Svo. 28^. 

^^ It is a manual worthy to take rank beside SacKs * Botany * or 
HermantCs ^ Physiology ^^ as a complete elucidation of all the most 
fundamental ideas in the department of knowledge with which it 
deals, . . // will be clear to our readers from this brief analysis 
that Dr, Geikiis text-book must remain for some time to come the 
great digest of general geological authority and reasoning for the 
entire English-speaking world " — St. James's Gazette. 

Gray.— STRUCTURAL botany, or, ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Fhytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL.D. Sva los. ^, 

C 
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Scientific Text-Books— f<>/i/««ifta/. 

Miiller.-^THE fertilisation of flowers. Bv Pro- 
fessor Hermann MiJLLER. Translated and Edited by d(a.rcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With niunerous 
Illustrations. Medium 8vo. 2IJ. 

Newcomb.— POPULAR astronomy. By S. Nkwcomb, 

LL.D., Professor U.S. Naval Observatory. With 112 lUustia- 

tions and 5 Maps of the Stars. Second Edition, revised. Svo. \%s, 

** It is unlike anything dse of its kind, and will be of more use in 

circulating a knowledge of astronomy than nine- tenths of the books 

which have appeared on the subject of laie years" — Saturday 

Review. 

Reuleaux.— THE KINEMATICS OF MACHINERY. Ont- 
lines of a Theory of Machines. By Professor F. Rhuleaux. 
Translated and Edited by Professor A. B. W, Kennedy, C. E. 
With 450 Illustrations. Medium Svo. 2ij. 

Roscoe and Schorlemmer. — inorganic chemis- 
try. A Complete Treatise on Inorganic Chemistry. By Pro- 
fessor H. E. Roscoe, F.R.S., and Professor C. Schorlemmer, 
F.R.S. With numerous Illustrations. Medium Svo. VoL I. — 
The Non-Metallic Elements. 2IJ. Vol. II.— Metals.— Part I. 
iSj. Vol. IL— Metals. Part IL iSj. 

. ORGANIC CHEMISTRY. A complete Treatise on Organic 

Chemistry. By Professors Roscoe and Schorlemmer. With 

numerous Illustrations. Medium Svo. Part I. 2ij. Part II. 
2 1 J. 

Schorlemmer.— A manual of the chemistry 

OF the carbon compounds, or ORGANIC 
chemistry. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, the Victoria University, the Owens College, Manchester. 
With Illustrations. Svo. I4r. 

SidgWick.— the PRINCIPLES OF POLITICAL ECONOMY. 
By Henry SiDGWiCK, M.A., Professor in Moral Philosophy in 
the University of Cambridge, Author of "The Methods of 
Ethics." Svo. ids. 

Smith. — A DICTIONARY OF ECONOMIC PLANTS. Their 
History, Products, and Uses. By John Smith. Svo. 14J. 

DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. By the same Author. 
With Illustrations. New Issue. Crown Svo. I2j. 6^. 
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Thorpe and Riicker. — a treatise on chemical 

PHYSICS. By Professor Thorpb, F.R.S., and Professoi 
RiJCKER, of the Yorkshire College of Science. Illustrated. 8vo. 

\In preparation. 

Walker.-— POLITICAL economy. By Francis A. Walker. 
M.A., Ph.D., Author of '^The Wages Question," "Money,'' 
** Money in its Relation to Trade," &c. 8vo. icxf. 6^. 

Ziegler — Macalister.— TEXT-BOOK OF PATHOLOGI- 
CAL ANATOMY AND PATHOGENESIS. By ProfessoT 
Ernst Ziegler of Tubingen. Translated and Edited for English 
Students by Donald Macalister, M.A., M.B., B.Sc, Fellow 
of St. John's College, Cambridge. With numerous Illustrations. 
Medium 8vo. Part L— GENERAL PATHOLOGICAL ANAr 

TOMY. I2J.6^. Part II.—SPECIAL PATHOLOGICAL 
ANATOMY. \25, 6d, 

WORKS ON MENTALr AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle. — AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By^. 
M. Cope, Trinity College, Cambridge. 8vo. i\s, 

ARISTOTLE ON FALLACIES ; OR, THE . SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M.A., Fellow of Oriel College, Oxford. 8vo. 8j. 6d, 

THE METAPHYSICS, BOOK L Translated into English 
Prose, with Marginal Analysis, and Summary of each Chapter. 
By a Cambridge Graduate. Demy 8vo. 5^. 

THE POLITICS. Translated by J. E. C. Welldon, M.A., 
Fellow of King's College, Cambridge, and Master of Dulwich 
College. Crown 8vo. loj. (>d, 

Balfour.— A defence of philosophic doubt : being 
an Essay on the Foundations of Belief. By A. J. Balfour, 
M.P. 8vo. I2J. 

** Mr. Balfour's criticism is exceedingly brilliant and suggestive,** — 
Pall Mall Gazette. 

** An able and rejreshing contribution to one of the burning questions 
of the age, and deserves to make its mark in the fierce battle now 
raging between science and theology,*^ — Athenaeum. 

Birks. — Works by the Rev. T. R. BiRKS, late Professor of Moral 
Philosophy, Cambridge : — 
FIRST PRINCIPLES OF MORAL SCIENCE; or, a First 
Course of Lectures delivered in the University of Cambridge- 
Crown 8vo. 8j. (>d. 
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B irk S — continued, — 
MODERN UTILITARIANISM; or, The Systems of Paley, 

Bentham, and Mill, Examined and Compared. Crown 8vo. dr. 6</. 
SUPERNATURAL REVELATION; or, First Principles of 

Moral Theology. Svo. &r. 

Caird. — an introduction to the philosophy of 

RELIGION. By John Caird, D.D., Principal and Vice- 
Chancellor of the University of Glasgow, and one of Her Majesty's 
Chaplains for Scotland. 8vo. lar. (>d, 

Caird. — A critical account of the philosophy 

OF KANT. With an Historical Introduction. By E. Caird, 
!M.A^> Prof* of Moral Philosophy in the University of Glasgow. 
8vo. \%5, 

Calderwood. — ^Works by the Rev. Henry Calderwood, M. A., 
LL.D., Professor of Moral Philosophy in the University of Edin- 
burgh : — 
A HANDBOOK OF MORAL PHILOSOPHY. Sixth Edition. 
Crown Svo. 6j. 

**A compact and use/vl taork, going^ over a great deal of ground 

in a manner adapted to suggest and facilitaie further study, . . . 

His book will be an assistance to many students outside his own 

University of Edinburgh, — Guardian. 

THE RELATIONS OF MIND AND BRAIN. Second Edition, 

Revised and Enlarged, with additional Chapter on "Animal 

Intelligence." Svo. I2s, 

•* Contains the suggestion of a principle which may prove to be 

capabli of explaining much that is at present obscure in the relations 

between the mind and the body,** — Scotsman. 

THE RELATIONS OF SCIENCE AND RELIGION. Being 

the Morse Lecturer, iSSo, connected with Union Theological 

Seminary, New York. Crown Svo. 51. 

ClifFord,— LECTURES AND ESSAYS. By the late Professor 
W. K. Clifford, F.R.S. Edited by Leslie Stephen and 
Frederick Pollock, with Introduction by F, Pollock. Two 
Portraits. 2 vols. Svo. 25J. [See also page 2. 

•* The Times of October 2,2nd says : — **Many a friend of the author 
on first taking up these volumes and remembering his versatile 
genius and his keen enjoyment ofaU realms of intellectual activity 
must have trembled^ lest they should be found to consist of fragmen- 
tary pieces of work, too disconnected to do justice to his powers of 
consecutive reading, and too varied to have any effect as a whole. 
Fortunately these fears are groundless, , , , It is not only in 
subject that the various papers are closely related. There is also a 
sins^ular consistency of view and of method throughout. „ . , It 
is in the social and metaphysical subjects that the richness of his 
intellect shows itself, most forcibly in the rarity and originality of 
the ideas which he presents to us. To appreciate this variety it is 
necessary to read the book itself, for it treats in some form or other 
of all the subjerts of deepest interest in this ape of questioning J* 
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^ISke. — OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
FiSKE, M.A., LL.B., formerly Lecturer on Philosophy at 
Harvard University. 2 vols. 8vo. 25J. 

** The work constitutes a very effective encyclopcedia of the evolution- 
ary philosophy ^ and is well worth the study of all who wish to see 
at once the entire scope and purport of the scientific dogfnaiism of 
the day." — Saturday Review. 

Fowle.— A NEW ANALOGY BETWEEN REVEALED 
RELIGION AND THE COURSE AND CONSTITUTION 
OF NATURE. By Rev. T. W. Fowle, Rector of IsUp, 
Oxford (Cellarius). Crown 8vo. 6s, 

Harper. — the metaphysics of the school. By the 

Rev. Thomas Harper (S.J.). In 5 vols. 8vo. Vol. I, 8vo. i8j. 
Vol. 11. 8vo. i8j. [Vol, HI, in the press, 

Herbert.— THE realistic assumptions of modern 

SCIENCE EXAMINED. By T. M. Herbert, M.A., late 

Professor of Philosophy, &c., in the Lancashire Independent 

College, Manchester. 8vo. 14J. 

•* Mr, Herbert's work ap^-ears to us one of real ability and import- 
ance. The author has shown himself well trained in philosophical 
literature, and possessed of high critical and speculative powers,** — 
Mind. 

Jardine.— THE ELEMENTS OF THE PSYCHOLOGY OF 
COGNITION. By Robert Jardine, B.D., D.Sc, Principal of 
the General Assembly's College, Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown 8vo. 6s. 6d, 

Jevons. — Works by the late W. Stanley Jevons, LL,D., 
M.A., F.R.S. :— 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Cheaper Edition, revised. Crown 
8vo. 12^. 6d. 

^ No one in future can be said to have any true knowledge of what 
has been done in the way of logical and scifntific method in 
Encland without having carefully studied Professor Jevon^ 
book.** — Spectator. 

ELEMENTARY LESSONS IN LOGIC, DEDUCTIVE AND 
INDUCTIVE. With Questions, Examples, and Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. y, 6d, 

STUDIES IN DEDUCTIVE LOGIC. A Manual for Students. 
Crown 8vo. 6s, 

METHODS OF SOCIAL REFORM, and other Papers. Demy 
8vo. iQf. 6d, 

PRIMER OF LOGIC. New Edition. i8mo. u. 
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Kant; — critique of pure reason. Centenary Trans 
lation. By F. Max Muller. With an Historical Introdnction 
by LuDWiG Noir£. 2 vols. 8vo. 32J. 

** Through this translation Kant^s work has for the first time become 
international — tfu common property of the whole world,** — Times. 

" Professor Max Miiller has here performed a service for his great 
countryman, which as years roll by^ will be more and more recog- 
nised by our own countrymen as Jiaving supplied a new starting 
point Jor their thought-lives^ and given them the means of account- 
ing to themselves for experience,^* — British Quarterly Review. 

M'Cosh. — Works by JAMES M'CosH, LL.D., President of Princeton 
College, New Jersey, U.S. 

" He certainly shows himself skilful in that application of logic to 
psychology^ in that inductive science of the human mind which is 
the fine side of English philosophy. His philosophy as a whole is 
worthy of attention," — Revue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. Svo. los, 6d, 

THE INTUITIONS OF THE MIND. A New Edition. Svo. 
cloth. I or. 6d. 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 
Being a Defence of Fundamental Truth. Second edition, with 
additions, iolt. 6^. 

**Such a work greatly needed to be done^ and the author wets the man 

to do it. This volume is important^ not merely in reference to the 

views of Mr. Mill, but of the whole school of writers, past and 

present, British and Continental, he so ably represents," — Princeton 

Review. 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crown Svo. 5^. 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natural Theology and Apologetics. Crown Svo. 
7j. (id, 

THE SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biographical, Critical, Expository. Royal Svo. its 

THE EMOTIONS. Crown Svo. 9J. 

Masson.— RECENT BRITISH PHILOSOPHY: A Review, 
with Criticisms; including some Comments on Mr. MiU's Answer 
to Sir William Hamilton. By David Masson, M.A., Professor 
of Rhetoric and English Literature in the University of Edinburgh. 
Third Edition, with an Additional Chapter, Crown Sva 6f; 
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MaSSOn — continued, 

*• We can nowhere point to a work which gives so clear an exposi* 
iion of the course of philosophical speculation in Britain during 
the past century, or which indicates so instructively the mutucU in^ 
fiuences of philosophic and scientific thought, " — Fortnightly Review. 

Materialism, Ancient and Modern. By a late Fellow 

of Trinity College, Cambridge. Crow^i 8vo. 2s, 
In this small volume the writer deals in six chapters with Nature, 
Ancient Materialism, Modern Materialism, the Theory of Development, 
the Hypothesis of an Intelligent Cause, and the Hypothesis of Self- 
Existent Matter and Intelligence, 

Maudsley. — Works by H. Maudsley,- M.D., Professor of Medical 

Jurisprudence in University College, London. 
THE PHYSIOLOGY OF MIND ; being the First Part of a Third 

Edition, Revised, Enlarged, and in great part Re-written, of **The 

Physiology and Pathology of Mind." Crown 8vo. lar. 6^. 
THE PATHOLOGY OF MIND. Revised, Enlarged, and in great 

part Re -written. 8vo. i8j. 
BODY AND MIND : an Inquiry into their Connexion and Mutual 

Influence, specially with reference to Mental Disorders. An 

Enlarged and Revised edition. To which are added, Psychological 

Essays. Crown 8vo. 6j. dd, 

Maurice. — Works by the Rev. Frederick Denison Maurice, 
M. A., late Professor of Moral Philosophy in the University of Cam> 
bridge. (For other Works by the same Author, see Theological 
Catalogue.) 
SOCIAL MORALITY. Twenty-one Lectures delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo. 
I ox. dd. 

** Whilst reading it we are charmed by the freedom from exclusiveness 
and prejudice, the large charity, the loftiness of thought, the aiger- 
ness to recognize arid appreciate whatever there is of real worth 
extant in the world, which animates it from one end to the other. 
We gain new thoughts and new ways of viewing things, even more, 
perhaps, from being brought for a time under the influence of so 
noble and spiritual a mind. — Athenaeum. 
THE CONSCIENCE : Lectures on Casuistry, delivered in the Uni- 
versity of Cambridge. New and Cheaper Edition. Crown 8vo. 5^, 
The Saturday Review says: *^We. rise from them with detestation 
of all that is selfish and mean, and with a living impression that 
there is such a thing as goodness after all. " 
MORAL AND METAPHYSICAL PHILOSOPHY. Vol. L 
Ancient. Philosophy from the First to the Thirteenth Centuries ; 
Vol. II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Prefece. 2 Vols. 8vo. 25 j. 
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Paradoxical Philosophy. — a Sequd to "The Unseen Uni- 
verse. " Crown 8vo. yj. 6i. 

Picton. — ^THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of " New Theories 
and the Old Faith.'' Cheaper issue with New Preface. Crown 
8vo. 6f. 

Pollock. — ESSAYS IN JURISPRUDENCE AND ETHICS. 
By Frederick Pollock, M.A., LL.D., Corpus Christi Pro- 
fessor of Jurisprudence in the University of Oxford, late Fellow 
of Trinity College, Cambridge. 8yo. ioj. (>d. 

Sidgwick.— THE METHODS OF ETHICS. By Henry 
SiDGWiCK, M. A., Professor in Moral Philosophy in the University 
of Cambridge. Second Edition, revised throughout, with impor- 
tant additions. 8yo. 14X. 
THE PRINCIPLES OF POLITICAL ECONOMY. Demy 8vo. 
1 6 J. 

The Alternative : a Study in Psychology. Crown 8vo. %s, 6d. 
After having read about half of this work, Mr. Henry Sidgwick 
writes of it : *"* I fel no doubt that the book deserves the attention 
of all students of philosophy from the amount oj vigorous, precise, 
and indepefident thinking it contains — thinking which appears 
to me generally consistent so far as it has been completely developed. 
. . . . / also find the terse, forcible individuality of the style 
attractive" 

Thornton.— Old-fashioned ethics, and common- 
sense METAPHYSICS, with some of their Applications. Bv 
William Thomas Thornton, Author of ** A Treatise on Labour." 
8vo. lor. td. 

Thring (E., M. A.).— THOUGHTS ON LIFE-SCIENCE. 
By Edward Thring, M.A. (Benjamin Place), Head Master of 
Uppingham School New Edition, enlarged and revised. Crown 
8vo. ^s, 6d, 

Venn. — Works by John Venn, M.A., Fellow and Lecturer of 

Gonville and Caius College, Cambridge. 
THE LOGIC OF CHANCE : An Essay on the Foundations and 

Province of the Theory of Probability, with especial reference to 

its logical bearings, and its application to Moral and Social Science. 

Second Edition, rewritten and greatly enlarged. Crown 8vo 

iO(. 6d. 
SYMBOLIC LOGIC. Crown 8vo. loj. 6^. 

Walker.— POLITICAL ECONOMY. By Francis A. Walker, 
M.A., Ph.D., Author of "The Wages Question," "Money," 
"Money in its relation to trade," &c. 8vo. lOf. 6d. 

Watson.— KANT AND HIS ENGLISH CRITICS. A Com- 
parison of Critical and Empirical Philosophy. By John Watson, 
M. A., LL.D., Professor of Moral Philosophy in Queen's University, 
Kingston, Canada. 8vo. I2j. 6d, 

LONDON : a. C1.A.Y, SONS, AND TAYLOK, PKINTBRS. 
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